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Chapter 1

Topology I, Winter term 2024/ 2025

Organizational matters:

o Exams at the end of the semester. Allowance criteria:

1. 50 percent of the points for the weekly excercises

2. present a solution
Exam Date: January 28th, 3-5 pm.

e Exercices: One exercise sheet per week (starting today, always uploaded by monday
evening). Turn in in pairs of two before the monday lecture (submit electronically).

e Here are the dates for the exercises:

1  Wednesday 14-16 David Eigendorf
2 Thursday 14-16  Yash Jolly

Subscribe in the Learnweb tonight.
e Literature:

— Bredon: Topology and Geometry
— Liick: Algebraische Topologie

— Hatcher: Algebraic Topology

— tom Dieck: Algebraic Topology

Weibel: Homological Algebraic

Bott, Tu: Differential forms in algebraic topology

o We assume knowledge of the basic material from “Grundlagen der Analysis, Topologie,
Geometrie” such as
— Notion of a topological space
— Examples of spaces (projective spaces, spheres etc.)
— (path) connected components
— fumdamental groups

— techniques to compute 7 (Covering theory,...)

3
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1.1 Preface: What is algebraic topology?

Goal of Topology: understand topological spaces. This can mean:
e classify them up to homeomorphism (picture circle, square)
e classify them up to homotopy equivalence (picture: thickened circle)

e Understand geometric properties of the spaces (e.g. how many covering spaces does it
admit).

Example 1.1.1. Given two spaces X, Y, decide whether they are homemorphic or homotopy
equivalent. Take R™ and R™ for n # m or S™ and S™ for n # m. Clearly R" ~ R™ for all
n,m. Need: Invariants to distinguish.

Definition 1.1.2 (Preliminary). An invariant is an assignment which assigns some algebraic
object F'(X) to a topological space, such that for homotopy equivalent (resp. homeomorphic)
spaces X ~ Y we have FI(X) = F(Y).

Example 1.1.3. e The assignment X + my(X) is an invariant (under homotopy equiv-
alence). We have my(S°) = {1,2} and m(S™) = x for n > 1. Thus we can conclude
that SY can not be homotopy equivalent to S™ for n > 0.

e The assignment (X, x) — 7 (X, x) is an invariant. We have m;(S?,1) = Z and 7, (S") =
0 forn # 1 E] Thus we can conclude that S can not be homotopy equivalent to S™
for n # 1.

What makes these good invariants:

1. They can distinguish spaces (and help us understand geometric properties). Unfortu-
nately they see only low dimensional phenomena.

2. They are computable
If we want to know whether a space X is the n-sphere consider the invariant

Fn(X):{l ifX~8

0 else

Completely useless. For 71 (X, z) we have a lot of tools to compute:
e Covering theory
e long exact sequences
e Seifert van Kampen

Recall that 7 (X,z) = [S',1; X, z].

IThis was not shown last term and will be shown on an exericise sheet
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Definition 1.1.4. The higher homotopy groups of a pointed space (X, x) are defined as
(X, z) :=[S", 1; X, x]
It turns out these are abelian groups. But very hard to compute.
Example 1.1.5. For X = S? it is known that:
e There are infinitely many m, (5%, 1) # 0.
e All groups 7,(52,1) for n > 3 are torsion (Serre).

e Here is a short list
n 12|34 | 5] 6 | 7] 8] 9|10
mm(S?) |0 Z | Z|Z/2|Z/2 | Z/12 | Z/2 | Z/2 | Z/3 | Z/15

e unknown for large n

e no satisfactory pattern.

The invariants 7, are very good from perspective (1), i.e. the can in principle distinguish
many spaces. In fact, one can show that up to homotopy, every reasonable space can be
glued together from spheres (— CW complexes).

But from perspective (2) they are not as good, since computing them is practically
impossible apart from specific cases.

We will get to know other invariants in this course called homology and cohomology,
denoted H,(X) and H™(X) which can be computed quite efficiently and which can be also
be used to distinguish a lot of spaces. Unfortunately not as easy to define...

1.2 Singular homology

Definition 1.2.1. The standard n-simplex is defined as
A" = {(x0, ... n) | Y i =1,2; > 0} C R
with the subspace topology.
Examples 1.2.2. 1. A°={1} CR
2. A': Bild. We have a Homeomorphism
[0,1] =AYt (1,1 —1)

since it is clearly bijective, continuous and inverse is also continuous (given by (zg, z1) —
l’g).

3. Bild vom 2-simplex.
4. In general the n-simplex A" is homeomorphic to the subspace

{(tr,ostn) | D>t <1,t; >0} CR"

We prefer the parametrization as a subspace of R""! which is called barycentric
parametrisation/barycentric coordinates.
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Definition 1.2.3. Let V be a real vector space. Given n + 1 elements vy, ..., v, € V define
the affine n-simplex spanned by the v; to be the map

n
[V0, ooy ) t A" =V (X0y vey Tp) > invi
i=1

Note that the image of [vy, ..., v,] is the convex span of the v;’s. Also note that they need
not be linearly independent, for example [eg, €1, e;] € R? spans a line. We write a hat over
one of v;’s if it is omited.

Definition 1.2.4. For 0 < i < n the ¢ — th-face map of the n-simplex is defined to be the
map

dr A" A"
induced by [eg, ..., &, ..., €,] : A" — R*1 je. sends
(X0y ooy Tno1) = (X0, eey Ti1, 0, T4,y ooy )
Example 1.2.5. 2-simplex draw the picture.
Lemma 1.2.6. We have the equalities

n+1 mn __ ~ ~ . n—1 n+1 . .
AT} = [eg, ooy €40y €5y ey g T AT = A for j >
n+1 n ~ ~ . n—1 n+1 . .
dj dz = [607---76]’7--~7€i+17~-~;€n+1] : A — A fOTj <1
g = forj <i

Proof. Let (zg,...,xp—1) € A" 1. Then we have
djdi(ilio, ...,l’n,1> = dj(l’o, ey i1, O,Q}i, ...,.Tnfl)
= (ZL'(), vy Li—1, 0, Ly ouny l'j_g, O, Zlfj_l, ceey $n—1)

This shows the first assertion. The second works similar. Finally the third follows from the
second and the first. O

Definition 1.2.7. 1. Let X be a topological space. A (singular) n-simplex in X is a
(continuous) map o : A" — X P| The group of singular n-chains C,,(X) is defined to
be the free abelian group generated by the n-chains.

This means elements of C,,(X) are formal finite sums ) |_n,o where n, € Z (i.e. only
finitely many no # 0). Addition is defined componentwise.

2. The i-th face of an n-simplex ¢ in X is the n — 1 simplex defined by the composition
AU I AT S X

We denote it by ¢®. The boundary of and n-simplex o is defined to be the element

n

Ono =Y (=)o € C i (X)

i=0
This extends to a group homomorphism (is this clear?)

Op : Cp(X) — Ch1(X)

2We agree on the convention that all maps are automatically continuous.
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Diagramatically

Lemma 1.2.8. The composition 0,,0,+1 = 0 for every n.

Proof. We calculate for o : A" — X:

n+1

OnOni10 =0,y _(=1)/a1)

=0
n n+l

SDIPNCICNCRIR

= Z Z(—l)iﬂ(a odjod;)

i=0 j=0

= > (-D)M(oodjod)+ Y (-1)H(0od;od;)

0<i<j<n+1 0<j<i<n

By Lemma the second summand is equal to
Y (=) (oodiod) = > (=1)" Y ood;od;)
0<j<i<n 0<j<i<n+1
which is the negative of the first. O
Example 1.2.9. Draw a picture for the 2-simplex.
Definition 1.2.10. The group of n-cycles in a space X is defined to be the group
Zn(X) :=ker 9, C C,(X)

for n > 0 and Zy(X) := Cy(X). The group of n-boundaries

Bn(X) :=1m 0,11 C C,(X)

By Lemma we have B,(X) C Z,(X) and we can define the n-th singular homology
group of X as the quotient
H,(X) := Zu(X)/Bn(X)

Remark 1.2.11. Intuitively this measures holes.
Picture of R? with simplex and hole.

Example 1.2.12. Consider X = pt. Then C,(X) = Z for every n and we have

n

Ou(pt) = Y (=1)"

i=0
Thus we have 9, = 0 for n odd and 0,, = id for n even. We have the complex
Y7572 72%7
Thus
Z. n=0

0 sonst

Hn(pt) = {
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Before doing first computations we discuss functorial properties

Definition 1.2.13. Let f : X — Y be a map of topological spaces. Then we get an induced
group homomorphism C,(f) : Cp,(X) — C,(Y) uniquely determined by

(0: A" 5 X) = (fo: A" = Y)

Lemma 1.2.14. For a continuous map f : X — Y we have the equality 0, o C,(f) =
Cr_1(f) 0 0y, for all n. In other words, the ladder diagram

2 Oy(X) 2 Oy (X) -2 O (X) =2 Oy (X)
c(f) c(f) c(f) c(f)
) ) ) )
. —— Cg(Y) — CQ(Y) — C’l(Y) — CO(Y)
commutes.

Proof. We have

n

C(f)(00) = (1)’ fo

= Z(—w’ fod,
= d(C(f)o) O

Corollary 1.2.15. For every map X — Y the induced map C(f) sends cycles to cycles and
boundaries to boundaries.

Proof. Let © € C,(X) be a cycle, i.e. d(x) = 0. Then we have 0(C(f)z) = C(f)0x = 0.
Thus C(f)z is also a cycle.
Consider a boundary 0y € C,(X). Then C(f)dy = 9(C(f)y) is also a boundary. O

Definition 1.2.16. Let f : X — Y be a continuous map. According to the last corollary
C(f) induces a map on homology

Hy(X) = Ho(Y)
which we denote by f..
Proposition 1.2.17. We have id, = idg,x) and (f o g)« = f« 0 gs.

Corollary 1.2.18. We have that for homeomorphic spaces X and Y the homology groups
H,(X) and H,(Y) are isomorphic.

Proof. Let f: X — Y be a homeomorphism with inverse g : Y — X. Then we have
fxog.= (fog)* =1d, = id

and the same for g, o f,. Thus we can concude that f, and g, are also inverse to each
other. O

Thus clearly H,(X) are invariants in the sense of definition [I.1.2 But can they be
computed and can they distinguish spaces? (Remark: we will see later, that they are even
invariant under homotopy equivalence, but that is an actual theorem).
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1.3 The groups Hy and H;

We have Cy(X) is the free group generated by points of X. Thus an element is a formal
sum Y n,x where n, € Z and x € X and only finitely many n, # 0. Define a group

homomorphism
e:Co(X)—Z anxHan

Proposition 1.3.1. The morphism € induces a homomorphism €, : Hy(X) — Z which is an
isomorphism for X path-connected. Moreover every point x € X generates Hy(X).

Proof. First we have to show that for a boundary z € Cy(X) we have e¢(z) = 0. It is enough
to check this for boundaries of the form z = do. But we compute

e(r) = 6(0'(0) - 0(1)) =1-1=0.

As a second we want to show that the morphism e, : Hy(X) — Z is an isomorphism. For an
arbitrary point « € X we have that e([nz]) = n, thus e, is surjective.

Let z = > n,x be an element in the kernel of €, i.e. Y n, = 0. Choose a point y € X
and for every point z € X a path ~, from y to x. Then we find

8(2 NgYe) = an(x —y) = anx - (Z Ng)y = 2
Thus [z] € Ho(X) = 0 and therefore €, injective as well. O

Remark 1.3.2. For us the empty space is not path-connected. Path-connected means
exactly one path-connected component. For the empty space we have Hy()) = 0.

Proposition 1.3.3. For a not necessarily connected space X the group Ho(X) is the free
abelian group on the set of path components wo(X), i.e. there is a canonical isomorphism

Ho(X) = Z(mo (X))
Proof. Follows directly from Proposition using that for a space X with path-components

X, we have
H,(X)= @ Hu(Xa)

a€emo(X)

which follows since the simplices A™ are path connected. [
We now come to Hy(X).

Definition 1.3.4. Let G be a (not necessarily abelian) group. Then define its abelianization
to be the group G* := G/|G, G| where [G,G] is the subgroup generated by commutators
ghg~'h=t.

For this definition to make sense we use that the commutator subgrop is actually normal.
This straighforward and left to the reader.

Examples 1.3.5. 1. For G abelian the canonical morphism G' — G is an isomorphism.
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2. For G = 33 we have [G, G| = ((123)) = Z/3 because we can write the generator
(123) = (23)(12)(23)(12) € [G, G]

and |G, G] C kersign = Z/3. Where sign : 3 — Z/2 is the signum of a permutation.
Thus X% = 7Z,/2.

Proposition 1.3.6. Let G be a group. Then we have
1. G™ is abelian.

2. G satisifies the following universal property: for every group homomorphism G — A
with A abelian there exists a unique group homomorphism G — A which makes the
following diagram commutative:

Proof. Ad 1) Let [g] and [h] be elements in G?°. Then we have
l9] - [h] = [gh] = [ghg™"h™"] - [hg] = [hg].
Ad 2): Let ¢ : G — A be a group homomorphism with A abelian. Then we have
plghg™ h™") = ¢(g)e(h)e(g)  e(h) ™ =0
Thus we have [G, G] C ker ¢. Thus we get a well-defined and unique group homomorphism
o] : G/IG,Gl = A gl = ¢(9). 0

For the rest of the section let X be path-connected topological space and fix a basepoint
x € X. Recall that a based loop is a map S' — X which sends 1 to . We can consider it
also as a map A! — X which sends the boundary of A! to x. In particular every (based)
loop in X gives an element in Z;(X) which we will abusively identify with the loop.

Lemma 1.3.7. Let f and g be paths in X. Then

1. the 1-chain f*g— f — g € C1(X) is a boundary (here we assume the composition
makes sense).

2. The chain f+ f~% and constant paths are boundaries.
3. If f and g are based homotopic, then f — g € C1(X) is a boundary.

Proof. ad 1) Consider the map p : A? — A! given by the perpendicular projection depicted
as follows (1 goes to the middle between 0 and 2): Consider the map

o A2 AL T x

Then we have 0® = f, 0 = gand 0 = fxg. Thus do =g+ f*g— f.
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ad 2) Consider the 2-simplex o : A? — X constant at x € X. Then 0o = ¢, — ¢, +¢, = ¢,
is constant at x.
Now Consider the projection p’ : A?2 — A! to the side on the right. Then we define
/ -1
o A2 2y Al f—> X
and have that
o' = f 4, +f

ad 3) Consider a based homotopy h : I x I — X between f and g. Then it factors
through I x I — A? given by the map depicted as follows
and we obtain a map ¢ : A? — X. Then we have

0o = [ — g+ const O
Corollary 1.3.8. The assignment
m(X,z) = H(X) [y = [A' = 5" 5 X]

is a well-defined group homomorphism. Therefore aplying the universal property we
find a well-defined homomorphism

¢ (X, 2)® — Hy(X)

Theorem 1.3.9 (Hurewicz). For a pathconnected space X with basepoint x the homomor-
phism ¢ : w1 (X, 2)%® — Hy(X) is an isomorphism.

Proof. Pick for every y € X a path A\, from = to y. We choose the path A, to be constant.
For a 1-simplex v : A — X in X we set ¢/'(7) := Ay() * 7 * A;(ll) € m (X, ). and extend
to a group homomorphism
w/ : Cl(X) — 7Tl(X, .T)ab

Now we claim that ¢ sends boundaries in C;(X) to the unit in 7 (X, x)®. To see this
compute:

(90) = ¥/(0 — oV 4 o)
= Po01.0) * 0 % A0 % (Ma100) %0 ¥ A 01) 7 * Astrooy * 0P ¥ Ak )
=0
Thus we get an induced homomorphism
¢ Hi(X) — m (X, 2).
and we want to show that its inverse to ¢. To this end we compute

Yo d([]) = ¥'(v) = Aoy x v * Ay = 1l

and conversely

¢o¢( Z n00> :Zn0¢¢(0)

oAl X
=D 1e(Aoo) + 0 = Aoy)

— Z Neo + Z Ne(Ao(0) = Ao(1))
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Now consider the homomorphism
)\ZCOX—>01X $'—>/\x

For ¢ = > n,o we have \g. = > No(Ao(1) = As(0)) On the one hand, and on the other hand
Oc = 0, thus Ay, = 0. Thus the additional term is zero. O

Corollary 1.3.10. We have
H(SY)~7Z

H(S¥) =0 fork >1
H{(RP™) =2 Z/2 forn > 2

For X contractible we have Hy(X) = Hy(X) = 0. More generally the groups Hy and H,
are invariants under homotopy equivalence in the sense that for a map X — Y that is a
homotopy equivalence the induced map

1s an 1somorphism for i = 0.1.

Again we note that this invariance will later be shown for every 1.

1.4 Categories and functors

In this section we want to formalise a bit more systematically what an invariant is.
Definition 1.4.1. A category C consists of

e a large set (aka. class) of objects

e for every pair of objects a, b a set Home(a, b).

e for every triple of objects a, b, c a composition map

o : Home(b, ¢) x Home(a, b) — Home(a, ¢)

such that the following axioms are satisifed:

e composition is unital, that is for every object a there is a morphism id, € Hom(a, a)
such that foid, = f and id, o g = g for each pair of morphisms f and g such that the
composition is defined.

e composition is associative, that (fog)oh= fo(goh).

We will also write Hom(a, b) for Home(a, b) if the ambient category is clear and fg for
feog.

Example 1.4.2. Consider the category Set whose objects are sets. For two sets A, B the
set Homge (A, B) is given by the set of maps from A to B. The operations o is composition
of maps and the units are the identities.
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Remark 1.4.3. What is a large set? It is a like a set, but it is too large to be a set. There
are two equivalent ways of implementing this, the easier one is to fix two nested models of
ZFC, called (small) sets and large sets such that the the set of all (small) sets is a large set.

Formally in order to speak of large sets, we have to add an axiom to the usual ZFC
(Zermelo—Frankel set theory plus axiom of choice), a so-called large cardinal axiom (the
obtained set theory is called ZFCU):

For every cardinal 7 there exists a inaccessible cardinal £ with 7 < k.

Here a cardinal x is called inaccessible if the collection V,, of all subset of V,, of cardinality
< k (this has to be defined correctly!) satisify the axioms of ZFC set theory (power sets,
unions, contains ¥y). Then Vj is called a universe. This axiom can not be proven from ZFC
and is in fact logically independent. In particular every uncountable inaccessible cardinal is
larger then all N;’s.

We now fix (once and for all) a chain of inaccessible cardinals kg < k1 < k2 < ... and
thus a nested sequence of universes

Vio @ Viy @ Vi, & o0

It is easy to see that |V,,| < k;11. Finally we agree on the notation

A (small) set means a set of cardinality < .
A large set (aka class) means a set of cardinality < k.
A very large set means a set of cardinality < ko.

In particular we have that the set of all small sets is a large set. The set of all large sets is
a very large set etc...

Examples 1.4.4. 1. The category Ab of abelian groups, whose objects are abelian groups
and morphisms are group homomoprhism.

2. The category Top of topological spaces, objects topological spaces and maps are con-
tinuous maps.

3. The category Top? of pairs of spaces, whose objects consist of a topological space X
together with a subspace A C X. Morphisms (X, A) — (Y, B) are given by continuous
maps f : X — Y such that f(A) C B (note that we get an induced continuous map
A— B.

4. The category Top, of pointed topological spaces.

5. The category HTop, called homotopy category of topological spaces. Objects are
topological spaces. Morphisms are homotopy classes of continuous maps .

6. The empty category

7. Let G be a group, then there is a category BG which is a single object denoted .
Then the set of morphisms Hompg(*,*) = G. Composition is given by the group
multiplication of G.

We depict morphisms f € Home(c,d) in a category C as arrows c Iy d and call ¢ its
source and d its target.
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Definition 1.4.5. An isomorphism in a category is a morphism f : ¢ — d such that there
exists a morphism ¢ : d — ¢ such that gf = id and fg = id.

Examples 1.4.6. In Set and isomorphism is a bijection, in Ab it is a group isomorphism,
in Top it is a homeomorphism.

Definition 1.4.7. Let C and D be categories. A Functor F': C — D is given by an assign-
ment of an object F/(C) for every object C' of C and a morphism F(f) € Homp(F(c), F(d))
for every morphism f : ¢ — d in C such that F(f o g) = F(f) o F(g) and F(id.) = idp(c).

Examples 1.4.8. e For every category C there is the identity functor C — C.

e There is a ‘forgetful functor’ Top — Set which assigns to every topological spaces X
the underlying set of X (i.e. forgets the topology). A continuous map is sent to the
underlying map of sets.

e There is a similar forgetful functor Ab — Set.

e Abelianization is a functor from the category of groups to the category of abelian
groups.

e Homology is a functor H,, : Top — Ab (by Proposition [1.2.17)).
e The fundamental group is a functor 7y : Top, — Grp

Proposition 1.4.9. Functors preserve isomorphisms, that is for an isomorphism f : ¢ — d
the induced map F(f): Fc— Fd is also an isomorphism. Composition of functors F : C —
D and G:D — & is a again a functor Go F:C — &.

Proof. Clear ]

Definition 1.4.10 (Improvement of Definition [I.1.2). A homotopy invariant is a functor
F : Top — C where C is some algebraic category, which factors through the homotopy
category, i.e. we have an induced functor F' : HTop — C. Equivalently F'(f) = F(g) for f
and g homotopic.

So if we have a homotopy invariant functor F' and we find that F'(X) # F(Y') then we can
conclude that X cannot be homotopy equivalent to Y. That is how we will use invariants.

Examples 1.4.11. e 7, : Top — Set is an invariant.
e 7 : Top — Gr is an invariant.
e Hj: Top — Ab is an invariant.
e H; :Top — Ab is an invariant.

e H, : Top — Ab are functors, but we do not yet know whether they are homotopy
invariant.
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Definition 1.4.12. For a category C we define another category C°, called the opposite
category. Objects of C? are the same as objects of C and we set

Homeor (a,b) := Home(b, a) .
Composition is defined using the composition in C:

Homgor (b, ¢) X Homeor (a, b)
= Home (¢, b) x Home(b, a)

=~ Home (b, a) x Home(c, b) = Home(c, a) = Homees (c, a).
It is straightforward to verify that this is indeed a category.

Definition 1.4.13. A contravariant functor from C to D is a functor F' : C°? — D. That
is explicitly: an assignment that assigns to every object of ¢ € C an object F'(¢) € D and
to every morphism f : ¢ — ¢ in C a morphism F(f) : f(¢) — f(c) such that F'(fog) =
F(g)o F(f) and F(id.) = idp(). If we want to explicitly distinguish functors in the sense of
Definition [[.4.7] from contravariant functors we refer to the former as covariant functors.

Example 1.4.14. Consider the assignment which takes a vector space V' to its dual space
V*. This is canonically a contravariant functor from the category of vector spaces to itself.

Definition 1.4.15. A natural transformation 7 : ' — G between functors F,G : C — D is
a map 1. : F'(¢) — G(c) for every object ¢ € C such that for every morphism f : ¢ — d the
diagram

F(f)L lcm
F(d) > G(d)

commutes, i.e. the clockwise composition and the counterclockwise composition agrees. We
will often abusively say: there is a morphism F'(C') — G(C') which is natural in C.

Example 1.4.16. Consider the functor F : Top, = Grp and the functor G : Top, —
Top M1 Ab. Then we have a natural transformation F' — G which is given by the morphisms

m(X,z) = Hi(X) [ =D
This is clear, since for a given map by ...

Definition 1.4.17. A natural transformation n : F© — G is called natural isomorphism if
for every ¢ € C the morphism F'(¢) — G(c) is an isomorphism. In this case we write F' ~ G.
A functor F': C — D is an equivalence of categories if there exists a functor G : D — C such
that Go F ~id and F o G ~ id.

Example 1.4.18 (Covering theory). Let (X, z) be a pointed, connected space which admits
a universal cover X — X (e.g. locally simply connected). We consider the category Cov,x
of coverings of X. The objects are given by coverings Y — X (we do not require Y to be
connected itself). A morphism is a covering transformation, i.e. a map Y — Y’ over X.

By Set™®) we denote the category of sets equipped with a left action by the group

(X, z) and morphisms the equivariant maps.
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Now we have the functor
Cov,x — Set™ () Y5 X)) (Y, =p ()

and the main result of covering theory is that this functor is an equivalence of categories,
The inverse is given by the functor

Set™(Xw) Cov,x S X Xm(x2) S = (X x 8)/m(X, 7).

Proposition 1.4.19. A functor F : C — D s an equivalence of categories if an only if it
satisfies the following conditions:

1. It is fully faithful, that is for each pair of objects ¢, € C the map Home(c,cd) —
Homp(Fe, Fd) is a bijection.

2. It is essentially surjective, that is for each object d € D there exists an object ¢ € C
such that Fc = d.

Proof. Assume that F'is an equivalence with inverse G. We first want to prove that (1) and
(2) hold. For (1) we consider the composition map

Home(c, ¢) — Homp(Fe, F') — Home(GFe, GFd) = Home(c, ) (1.1)

where the last map is obtained using the natural isomorphisms GFc¢ — ¢ and GFd — ¢
which are part of the natural equivalence GF — id. We claim that this composite map is
the identity. To see this we have to argue that for each f: ¢ — ¢ the diagram

GFcﬂGFc’

|,

c—>c’

commutes. But this is part of the naturality of the transformation. Thus is a bijection
which shows that the map Home(c, ) — Homp(F¢, F'¢) is injective and Homp(Fe, Fc') —
Home(GFe, GF() is surjective. Applying the same reasoning with interchanged roles of G
and G we deduce that the map Homp(F¢, F'¢’) — Home(GFe, GF(') is also injective, thus
both are bijective. This shows that F' is fully faithful. To see that F' is essentially surjective,
we simply note that for d € D, the object ¢ := Gd does the job since Fe = GFd = d.

Now for the converse: assume that F': C — D satisfies (1) and (2). We want to construct
an inverse GG : D — C. First by essential surjectivity of F' we can choose for every d € D an
object ¢ € C together with an isomorphism 7, : F¢ — d (this required the axiom of choice).
Now we set

G(d):=c.

This defined G for objects. For a morphism f : d — d’ we let Gf be the unique morphism
such that F'G f makes the diagram

Fad L raa

L,

!

d———d
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commutative (this defines Gf by fully faithfulness). Now it is easy to see that G defines

a functor and that 1 defines a natural isomorphism GF = id. It remains to show that
GF = id. But we have a natural isomorphism

Nre : FGF(c) — F(c) .
By fully faithfulness of F' this gives rise to a morphism
te : GF(c) = c.

Now it is straightforward to see that pu. is also an isomorphism and that it is natural in ¢
(by using the uniqueness and reducing to the respective properties of 7g.). O

Example 1.4.20. Consider the category Vect of finite dimensional R-vector spaces. We
consider the ‘sub-category’ Vect’ C Vect consisting of the vector spaces R" for each n and
all linear maps between them. Then the inclusion is an equivalence of categories.

1.5 Chain complexes and relative homology

Definition 1.5.1. A graded abelian group is a collection of abelian group C; indexed by
the integers. We denote the graded group by C.. A morphism of graded groups C, — D,
is a sequence of morphisms f; : C; — D;. This defines the category grAb of graded abelian
groups.

Example 1.5.2. The homology groups H,(X) of a space X form a graded abelian group.
It follows from Proposition that the assignment X — H,(X) together with the mor-
phisms f, for continuous maps f: X — Y form a functor

H, : Top — grAb
where we set H(X) := 0 for £ < 0.

Definition 1.5.3. A chain complexes is a graded abelian group C, together with a sequence
of morphisms 0 : C; — C;_; such that 0% = 0, depticted as

d 9 9 3 ) d
o= O =0, >5Cy—>C 4 —=C9g— ...

A morphism of chain complexes is a sequence of morphisms f; : C; — D; such that
0f = f0i.e. the ladder diagram commutes. The category of chain complexes is denoted Ch.

Example 1.5.4. e The assigment X — C,(X) defines a functor
C, : Top — Ch
For that we let the chain complex C,(X) be defined as
= C3(X) 2 (X)L X)) S Co(X) 0 =0

This is a chain complex by Lemma and the assignment C is functorial by Defi-
nition [[.2.13] and Lemma .2
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e Let C, be a chain complex. Then we define its homology H,,(C,) as Z,(C\)/B,(C.).
This defines a functor
H, : Ch — grAb

as shown in Corollary [1.2.15 and Proposition [1.2.17]

e The composition H, o C, is the singular homology functor from example [1.5.2]

Recall that a sequence A — B 2 C of abelian groups is called exact (at B) if im i = ker p.
It is called short exact if the sequence 0 - A — B — C' — 0 is exact at A, B and C.
Concretely this means that ¢ is injective, p is surjective, p o7 = 0 and the induced map
B/A — C'is an isomorphism.

Definition 1.5.5. A sequence of chain complexes 0 — A, — B, — C, — 0 is called short
exact, if for each index ¢ the induced sequence 0 — A; — B; — C; — 0 is short exact. A
morphism of chain complexes A, — B, is called monomorphism (resp. epimorphism) if the
morphisms A; — B; are injective (surjective).

Lemma 1.5.6. For every monomorphism of chain complexes 0 — A, — B, the quotient
complex defined as C, := B, /A, is a well defined chain complex and the sequence 0 — A, —
B, — C, — 0 is short ezact.

Proof. We only have to check that the differential of B descends to a well defined map
0: B,/A, — B,_1/A,_1. But this is clear as the differential of B takes A, to A,,_; by the
fact that A — B is a chain map. m

Example 1.5.7. Let A C X be a subspace. Then C,(A) — C.(X) is injective, thus we get
the exact sequence
0— Ci(A) = Cu(X) =» Cu(X,A) = 0

with C, (X, A) := C.(X)/Ci(A). We define relative Homology groups as
H,.(X,A):= H,(C.(X, A))
and have H,,(X,0) = H,(X) and H,(X,X) = 0.

Theorem 1.5.8. For every short exact sequence of chain complexresO) — A, — B, — Cy, — 0
there is an induced long exact sequence

2 HL(A) 5 H,(B) 25 H,(C) 2 Hy 1 (A) 5 Hy 1(B) 25 H, 1(C) 2 ..
This sequence is natural in the sequence 0 — A, — B, — C, — 0.
Here naturallity in 0 — A, — B, — C, — 0 means that for a diagram

A, — B, —C,

N

A, —— B, —= (!

commutative diagram of short exact sequences the induced ladder diagram involving the
long exact sequences is commutative as well (How is this a natural transformation?).
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Proof. We assume that A, — B, is actually a subset inclusion for every n for simplicity of
notation. We look at the diagram

% p
An+1 > BnJrl > CnJrl

ok, b

A, —~~B —2 -,

bk

p
An—l — Bn—l - Cn—l

We first want to define the natural map 8, : H,(C') — H,_1(A). Given a class [c] € H,(C)
with ¢ € Z,(C) pick a preimage b € B, with pb = ¢. Then pdb = 9dpb = dc = 0. Thus
0b € A,,_1. Moreover we have that 9(0c) = 0 (here the 0 is the differential of the complex A
but this ‘agrees’ with the one of the complex B under the inclusion by assumption). Thus
we get a class [0b] € H,_1(A). We claim that the assignment

lc] € H,(C) v [0b] € Ho_1(C)

is well-defined. We have made two choices: the choice of ¢ representing the class and the
choice of lift b. First assume we had chosen a different lift ¥ € B. Then b—1¥' lies in A,, and we
have that 9(b—10") = 9b— 0. Thus [0b] = [0V'] € H,,_1(A). This shows independence of the
lift b. Now assume we had picked another representative of the class ¢’ so that ¢ —c¢ = dc¢,, 1.
Then pick a preimage b,,1 € B,1 and consider the element ¢/ := b+ 0b,,1 € B,,. We find
that p(b+ 0by41) = ¢+ pdb,+1 = ¢+ (¢ —¢) = ¢”. Thus we can use b’ as our choice of lift
to compute the image of 6 on ¢ to get the class [0V] € H,,—1(A) . But 0b' = 0b which show
that we get the same class as for the representative c.

This establishes the map . By construction it is clear that this map ¢ is natural in the
initial sequence since for a map f of sequences A -+ B — C to A’ — B’ — (' and an
element in the image of the map H,C' — H,C’ we can pick the image of the choice of ¢ and
b as the choices of ¥' and ¢ and then the diagram

Hy(C) —— H,(C")
| |
Hy, 1 (A) —= Hp 1 (A)

commutes.

Now it remains to show that the resulting long sequence
L2 HL(A) S Hy(B) 25 HL(C) 25 Hyy(A) S Hy (B) 25 H, 1 (C) S5 ...

is exact. We distinguish three cases:

Im(i,) = ker(p,) Clearly pyi. = 0 thus Im(i,) C ker(p.). For the converse assume that
[b] € ker(p), i.e. there is ¢ € C, 41 with dc = pb. Choose a preimage b,,1 € B,y1. Then
[b] = [b— 0b,11)] € Hy(B) and p(b— 9b,1) = 0 thus b — 9b, 1 € A,,. Since it is also a cycle
this shows that [b]inIm(i,).

Exactness at the other spots works similar. [
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Corollary 1.5.9. For a subspace A C X we obtain a long exact sequence
2 HL(A) S Hy(X) 2 Hoy (X, A) 2 Hy o (A) 2 Hy (X)) 25 Hyy (X, A) 2
This sequence is natural in the pair (X, A).

Definition 1.5.10 (Homology with coefficients). Let X be a space and G an abelian group.
Define the abelian group of G-valued n-chains on X the be the group

Ch(X;G) = { Z neo | n, € G, almost all n, = 0}
o A" =X
-@Da
Ar—X
Then with the same definition as ... this becomes a chain complex C,(X; G) and we define

Example 1.5.11. H,(X) = H,(X,Z). If R is a ring, then H,(X; R) is an R-module. Most
important R = Fy = Z/2. Then H,(X;Z/2) is a vector space over Z/2. Similarly H,(X;Q)
is a rational vector space.

Corollary 1.5.12 (Bockstein sequence). o Let0 -G = H — K — 0 be a short exact
sequence of abelian groups and X be a space. Then we obtain a long exact sequence

L0 Hy (X5 G) 25 Ho(X5 L) 25 Hy(X3 K) 25 Hy (X3 G) 25 Ho y(X3L) 2
e For the sequence Z 5 7 5 Z/p we get the induced long exact sequence

D HA(XGZ) B HA(XGZ) TS Hy(XZ/p) S He (X 2) 5 Hy (X5 2) T

Proof. We have to argue that the induced sequence 0 — C,,(X,G) — C,(X, H) — C,(X,L) —
0 is exact. But this is just a direct sum of the short exact sequences 0 - G — H — K — 0,
summed over all simplices o : A" — X. Clearly, direct sums of short exact sequences are
short exact since kernel (resp. image) of a direct sum of morphisms is the direct sum of the
kernels (resp. images). O

Example 1.5.13. Compute H'(S',Z/p) = Z/p. Conclude that H'(S',G) = G for every
finitely generated abelian group.

Lemma 1.5.14 (Fivelemma). Consider a diagram of the form

Ay Ay As Ay As

N

Bl BQ BB B4 B5

in which the horizontal morphisms are exact and f1, fa, f3 and fy are isomorphisms. Then
also fs is an iso.
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1.6 Axioms for homology
In this section we want to isolate the important properties of the functors H,.
Definition 1.6.1 (Eilenberg-Steenrod). A homology theory is a functor
E, : Top* — grAb
together with morphisms
§: B (X, A) = E,_1(A) (here we set E,_1(Y) := E,_1(Y,0))

called connecting homomorphisms, which are natural in the pair (A, X) such that the fol-
lowing axioms are satisfied:

1. (Homotopy invariance) If f ~ g : (X, A) — (Y, B) then f, = g, : E,(X,B) — E,(Y, B)

2. (Long exact sequence) For a pair i : A C X (with morphism j : (X,0) — (X, A) the
sequence
B By (A) = En(X) = Eo(X,A) S B, 1 (A) — ...

is exact.
3. (Excision) Given (X, A) and U C A with U C int(A) then the morphisms
H,(X\U,A\U) = H,(X, A)
induced by the inclusion is an isomorphism.

4. (Additivity) For a topological space X = | ., X, the canonical morphism

P E.(X.) = E.(X)
is an isomorphism.
5. (Dimension axiom) We have E,(pt) = 0 for all n # 0.

Theorem 1.6.2. Singular homology H,(, —; G) is a homology theory for every abelian group
G. Conversely every homology theory E agrees on a huge class of spaces (CW-complezes)
with singular homology with coefficients in G := E(pt).

Proof. The (long exact sequence) axiom is Corollary and the additivity follows (as in
the proof of Proposition [1.3.3). We will proof the other axioms later but use this theorem
for now (the proof is independent from everything that follows). Uniqueness will follow from
the comparison with cellular homology. O

Remark 1.6.3. e If all axioms except for the dimension axiom are satisfied, then the
theory is called generalized homology theory. There are much more homology theories
than singular homology.

e The Additivity axiom for a finite index set A follows from the other axioms (exercise).
So its really only an axiom for infinite disjoint unions.
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e [t is essential for the Excision axiom that the closure is contained in the interior,

otherwise there are counterexamples (exercises).

e The group Ey(x) = G is called the coefficient group of the homology theory. So singular

homology with coefficients in GG has coefficients group G. If not otherwise specified and
we use singular homology, we implicitly assume G = Z.

In what follows let E be a (generalized) homology theory and define the reduced homology
groups

En(X) = ker(E,(X) %5 E, (%))

where p : X — * is the unique map.

Proposition 1.6.4 (Easy properties). 1. If (X, A) ~ (Y, B) then E.(X,A) = E.(Y,B).

2.

If (X, A) EN (Y, B) has the property that f : X —Y and f|a : A — B are homotopy
equivalences, then f. : E.(X, A) — E.(Y, B) is an isomorphism.

If X is contractible, then E,(X) =0 for all n.
If A — X is a homotopy equivalence, then E,(X,A) =0 for alln.

If X is contractible, then E,1(X,A) = E,(A).

Every point * € X induces an isomorphism E,(X) = E,(X) ® E,({z}) which is
natural in (X, ). Moreover we have E,(X) = E, (X, {x}).

Proof. 1. Easy from homotopy invariance and functoriality.

2.

3
4

Use the long exact sequence and the 5-Lemma

. The map E,(X) — E.(x) is an isomorphism.

. Use the long exact sequence.

Use the long exact sequence plus the observation that E,(X) — E.(X, A) is zero since
it factors over E, (X, {a}) for some a € A and the latter is contractible by the previous
point.

. A point x exhibits a retract of X — pt and thus a decomposition of F,(X) into E,(X)

and FE,(pt). This also show that the maps E.({z}) — E.(X) are injective, thus the
connecting homomorphisms in the long exact sequence vanish showing the last claim.

]

Recall that an inclusion A C V is said to be a deformation retract, if there is a homotopy
H:V xI — V with H(z,0) = , H(z,1) € A for all x and H(a,t) = a for all a. In
particular the inclusion A ~ V' is a homotopy equivalence..

Proposition 1.6.5. Let A — X be a closed subspace which has a open neighborhood that
deformation retracts onto A. Then the canonical morphism

E,(X,A) = E,(X/A)

s an isomorphism for all n.
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Proof. First observe that E,(X/A, AJA) = E,(X/A) by proposition m
Let ACV C X. Consider

(X\ A,V 4)

(X, V)
alx\a q

(X/ANAJA, V/AN AJA) — (X/A, A/A)

Then the assumptions imply that ¢|x\ 4 is a homeomorphism (here we use that A is closed).
In particular it induces an isomorphism in homology. Now by excision the two horizon-
tal maps induce isomorphisms in homology. Thus we can conlude that ¢ also induces an
isomorphism in homology

G : B, (X, V) = E,(X/A, AJA)

Now we use that V' deformation retracts onto A. Thus we have that the inclusion (X, A) —
(X, V) induces an isomorphism in homology (by Proposition [1.6.4] ). Similarly we have that
(X/A,AJA) — (X/A,V/A) induces an isomorphism in homology. Thus we consider the
square

(X,A) (X,V)
(X/A, AJA) — (X/A, V/A)

Since the two horizontal maps and the right vertical map induce isomorphisms in homology;,
also the left hand morphism has to induce an isomorphism. [

Definition 1.6.6. Let X be a topological space. The (unreduced) suspension is
SX = (X x [0,1]/(X x {0})/(X x {1}).

This can also be seen as the quotient of X x [0, 1] by a single equivalence relation. Draw a
picture. If X has basepoint x € X, then the reduced suspension XX is defined as the space

X x [0,1]

2 I U X x (U} < [0.1]

= S5X/({z} x [0,1])

Example 1.6.7. S(S") = S"*! through the isomorphism (z,t) — (sin(7t) - x, cos(nt)) .

Remark 1.6.8. Note that we have if X is well pointed (that is the inclusion of the point is
neighborhood deformation retract), then

E.(SX) 2 E,(SX, (2,0)) 2 E(5X,z x I) 2 E,(SX)
Otherwise we are lost...

Theorem 1.6.9 (Suspension isomorphism). There are canonical isomorphisms

Bu(X) = Byt (SX)

which are natural in X.
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Proof. We compute
Eni1(SX) = Eg(SX, {2} x [0,1]) & E,q(SX, CL X)

Similarly we have

1 1
En+1(C—X7X) = En—l—l <SX \ §C+X’ C+X \ §SX+> = En+1(SX7 C+X>

and then E, ., (C_X, X) = E,(X) since C_X is contractible. O

1.7 Applications

For this chapter we let H, be a homology theory. For these applications we really only have
to assume the existence of a homology theory.

Theorem 1.7.1. For k > 0 we have

Z  fork=0andk=n

0 else

H,(S") = {

Proof. We use that S™ = 5" ! and compute
HR(S™) = HFH(Sm Yy = o B R(SY) = Hh(x). O

Corollary 1.7.2. The spheres S™ and S™ can not be homotopyequivalent (or homeomor-
phic). The sphere S™™1 is not a retract of the disk D™ (i.e. there is no continuous left inverse
to the inclusion i : STt — D™).

Proof. First is clear since homology groups differ. The second follows since for a retract
r: D" — S"~! we would obtain a factorization

H, 1(S"Y) & H, (D) 25 H, (5"
but H,_1(D™) =0 and r.i, = (r7), = id. O
Corollary 1.7.3 (Brouwer Fixed Point theorem). Any map D™ — D™ has a fized point.

Proof. Assume f : D™ — D" had no fixed point. Then define a new map r : D* — S™ ! by
r(x) is the intersection point between the line L, ,(, originating in r(x) and ranging through
x and S" ' — Dm,

Picture
Then clearly r is continuous and defines a retraction of D" to S™~! which is impossible
by Corollary O]

Definition 1.7.4. A topological manifold of dimension n is a second countable Hausdorff
space M such that every point in M has a neighborhood homeomorphic to R".

Examples 1.7.5. e Spheres S™ and R” for n < 0 are manifolds of dimension n.

e Projective spaces RP" and CP" are manifolds of dimension n and 2n.



CHAPTER 1. TOPOLOGY I, WINTER TERM 2024/ 2025 25

e Genus g surfaces Y.
e The figure 8 as a subset of R? is not a manifold.
e Knot complements in S* (or R?).

Theorem 1.7.6 (Invariance of dimension). Let M™ and N™ be manifolds of dimensions
m # n. Then M™ and N™ cannot be homeomorphic. In particular R™ and R™ cannot be
homeomorphic.

Proof. We embed a closed disk D™ around m into M and compute:
Hy(M, M\ {m}) = Hy(D", D"\ {0}) = Hy_y(D™\ 0) = Hy_1(S™")

Thus we obtain
7Z fork=mn

0 else

Hp(M, M\ {m}) = {
This implies the claim since every homemorphism f : M™ — N™ would induces isomorphisms
Hy (M, M\ {m}) = H,(M, M\ {f(m)}) O

Remark 1.7.7. Note that the last argument fails for homotopy equivalences. In fact man-
ifolds of different dimension can be homotopy equivalent as R™ and R"™ shows. But for
compact manifolds this cannot happen as we will see later using Poincaré-Duality.

Definition 1.7.8. Let f : S™ — S™ be a continuous map. Then
fo i Hy(S™) — H,(S™)
is given by multiplication with an integer, which we denote by deg(f).
Clearly homotopic maps have the same degree.

Example 1.7.9. For n = 1 this is the winding number. Consider the map f : S — S, z —
z®. Then we have that the induced map 7 (S) — 71(S?) is multiplication with k. Thus by
naturality also the map H;(S') — H;(S") is multiplication by k. Thus deg(f) = k. We see
that

deg : [S*, S = Z

is bijective.
Lemma 1.7.10. 1. Let f,g:S™ — S™. Then deg(fg) = deg(f)deg(g).
2. Consider the map
f:8"— 8" (1, ooy Tp) > (=21, Toy ooy )

Then deg(f) = —1.
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Proof. The first follows from functoriality and the second assertion we prove inductively.

First for S° we have
Hy(S%) = aZ @ bZ

and the map induced by f is given by (a,b) — (b,a). Then we get
Hy(S°) = (a — b)Z

and the induced map is thus given by

7 — 7., n— —n
Thus we have deg(f) = —1. Since the suspension isomorphism is natural in X we get a
commutative diagram
Hpiy(S™1) 2 H,(S™)
ldegE(f) Ldegf
iy (™) = H, (57)
and thus we get ® o deg(X(f)) = deg(f) o ®, i.e. deg(f) = deg(X(f)). But its easy to see
that X f is the map f for n 4 1. O

Corollary 1.7.11. 1. The antipodal map A : S™ — S™ defined by A(xo, ..., x,) = (—xq, ..., —Zy)
has degree (—1)"1.

2. For n even, A is not homotopic to the identity.

3. Formn even and f : S™ — S™ there is a point x € S™ such that f(z) = .

4. Forn even: if a map f:S™ — S™ has degree # —1, then f has a fixed point.
Proof. 1. Clear by Lemma [1.7.10| since its the composition of n-maps of degree —1.

2. Clear, since homotopic maps have the same degree.

3. If there is no point x with f(x) = x, then we have f ~ A since we can take the ray
between f(z) and z and let it run around the sphere. Formula:

tf(z) +(t—1)(—=)

H =
0= @)+ (- D)
Similarly, if there is no point with f(x) = —x then f ~ id.

Thus if there is not point = with f(z) = £z then id ~ f ~ A which contradicts the
last statement.

4. As before, if f had no fixed point, then f ~ A which shows degree equals —1.
O

Remark 1.7.12. The theorem of Hopf shows that if f, g : S™ — S™ have the same degree,
then they are homotopic.
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Definition 1.7.13. A tangent vector field for the sphere S™ is a continuous map V' : S —
R™™ such that (V(z),z) = 0 for every x € S™ (this is the same as a comtinuous section of
the tanget bundle 7™ — S™).

Example 1.7.14. Consider the map V : S' — R? defined by V(z,y) = (—y,z) (picture).
This is a nowhere vanishing vector field. More generally we have V : $?"~! — R?" given

by V(21, ey Ty Yty ooy Un) = (=YL, ey =Yy T1y eey Tiy)-

Theorem 1.7.15 (Hairy ball theorem / Satz vom Igel). Every vector field on S*" has a
zero.

Proof. Assume V' : S** — R™! is a vectorfield. Norm it to get a map VS s 52 We
have V(X)) # £ since (z, V(z)) = 0. This contradicts Corollary [1.7.11} O

1.8 Colimits

Recall the definition of CP™ as a topological manifold as the quotient CP™ = S*"+1/U(1).
In the exercises we showed that

Cp™tt =CP"u; D**?
where f : S?"*1 — CP". In particular the square

SQn+1 q (Cpn

L

pD2+2 _ 9o pn+t
is a pushout.
Definition 1.8.1. A square
A-L.pB
a
C——D

in a category is called a pushout, if it satisfies the following universal property: for every
other square (consisting of A, B,C, F)

there is a unique morphism D — D’ making the whole diagram commutative. In this case
D is called the pushout of the diagram A — B and B — C.
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Remark 1.8.2. The pushout is, if it exists, uniquely determined. Namely if D and D’ are
both pushouts, then using the universal property of D we get a map D — D’ and using the
universal property of D’ we get a map D’ — D such that all the relevant diagrams commute.
Now both composite have to be the identities again using universal properties.

Example 1.8.3. In topological spaces the pushout of a diagram A — B and A — C'is given
by the ‘glueing’ construction B U4 C'. This can be seen by verifying the universal property:
for another space E with maps B — F and C' — FE such that the composites A - B — E
and A — C' — FE agree we first get an induced map

BIIC—FE
and this factors over the quotient
Bu,C=BlIC/~

precisely because the maps from A agree. Then the resulting map is continuous by definiton
of the quotient topology.

Example 1.8.4. In abelian groups the pushout is given by the quotient
BaC
im(A L2 B )

Bo,C =

In particular for any morphism f : A — B of abelian groups the square

A—1 .p
I
0 —— B/im(f)

is a pushout.

Definition 1.8.5. Let C be a category and ¢y — ¢; — ¢c3 — c3 — ... be a sequence of
objects. A cone (under ¢;) is an object d in C together with morphisms j, : ¢, — d such
that the triangles all commute

Co C1 Co C3 Cy

A cone (¢, iy,) is called limit of the sequence ¢;, if for every other cone (d, j,,) there is a unique
morphism f : ¢ — d such that fi, = j, for all n. In this case we write ¢ = coligci.

Proposition 1.8.6. o [f the limit of the sequence ¢; exists, then it is unique up to unique
isomorphisms. More precisely: if (¢,i,) and (¢',i) are limits, then there is a unique
isomorphism f : ¢ — ¢ that commutes with the structure maps.

e [n the category Top let X be a space together with an open sequence Uy C Uy C Uy C
Us C ...in X. Then coligUi & U,en Ui with the subspace topology and the canonical
inclusions from Uj.
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o [n the category of abelian groups, the limit for every sequence
Ag LAy LAy =

exists and is given by the following set

[T/~

where a € A; ~ f(a) € Aip1. The group structure is given by adding a € A; and b € A;
as adding the images in some common Ay for k >1,7.

Proof. The first is clear. For the second assertion we simply note that a map O]

Definition 1.8.7. For I a small category an I-indexed diagram in C is simply a functor
F : I — C. A cone under such a diagram is given by an object ¢ € C together with
morphisms F'(i) — ¢ for every i such that for every morphism i — j in I the resulting
diagram F'(i) — F(j) — ¢ commutes. A cone is called colimit cone if it satisfies the
universal property: for every other cone d under F' there exists a unique map ¢ — d such
that all the diagrams

commute. In this case we also write ¢ = colim;F .

The definitions so far are just special cases of this general definition (for different I’s).
We recommend working this out. Also of course in the general case colimits are, if they exist
unique.

1.9 The Jordan Curve theorem

First recall that an embedding of topological spaces f : X — Y is an injective continuous
map which induces a homeomorphism X — f(X). In this case we abusively write Y \ X
for Y\ f(X). The classical Jordan Curve theorem states that an embedding S' — R? sep-
arates the plane R? into two regions out of which one is bounded and the other is unbounded.

Picture....

In this section we want to give a proof of this theorem and a generalization thereof. But
first we need to introduce some terminology.

Lemma 1.9.1. Let Uy C U; C Uy C ... € X be a sequence of open sets in X such that
Uien Ui = X. Then we have
H,,(X) = colimH,,(U;)

Proof. Invoking the universal property we get a map

¢ : colimH,,(Uy) = H,(X)
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We check that it is an isomorphism. If C' C X is compact, then C' C U, for some n. Consider
an element [a] € H,(X) with o € C,(X) a singular chain. Then since A™ is compact we
have that o € C,,(U;) for some i.

Now let [a] € H,(X) with a € C,,(U;). But since A is compact we have o € C,,(U;) since
its a sum of simplices. Hence ¢ is surjective. Conversely Let [o] € H(U;). If ¢la] = 0 then
there is 8 € Cpy1(X) with 08 = a. But then § € C,(U;) for some i and thus [a] = 0 in

colim H, (U5). O

Theorem 1.9.2 (Mayer-Vietoris Sequence). Let E be a generalized homology theory and
U,V.C M an open covering of M. Then there are long exact sequences

- E,UNV)=E,U)®E,(V)— E,(M)— E, 1 (UNV)— ..
— E,(UNV) = Ey(U)& E,(V) = Ey(M) = E, 1(UNV) — ...
with the maps given by....
Proof. Exercises. ]

Remark 1.9.3. Along the same lines we obtain a reduced long exact sequence for a pair
(X, A):
— E,(A) = E(X) = E(X,A) = E,1(A) —

Lemma 1.9.4 (Alexander, Dieudonné). Fiz n and suppose Y is a compact space which has
the following property (*)

for every embedding Y — S™ we have I;T*(S” \Y)=0
Then I xY (with I =10,1]) also has the property (*).

Proof. Let f: 1 xY — S™ be an embedding. Note that the image is closed by virtue of
compactness, thus the complement is open. We consider

U:=S"\ f([0,1/2] xY) V=5"\ f([1/2,1] xY)
and have that
UNnvV =8"\fIxY) UUuV =8"\ f({1/2} xY)

Then by assumption we have that the reduced homology of U U V' vanishes. Thus by the
Mayer-Vietoris sequence we deduced that

H.UNV) = H(U)® H.(V)
is injective. B
Now assume that we have a non-trivial class a € H;(U N'V). We find that the image

cither in H,(U) or H,(V) is non-trivial. We replace the interval I by the respective half
intervall I; and repeat the argument. By this we find a sequence of descending intervalls

I>DL[ DD D ...

of length 27% such that the image of alpha in the respective open set ]TIZ(S” \ f(Ix X Y) is
non-zero. As a result we conclude that also the image of « in

colimH;(S™ \ f(Iy x Y)) = H;(S™\ f(NI; x Y)

is non-zero. But since N/ is a point this contradicts the assumption. [
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Corollary 1.9.5. If f : D" — S™ is an embedding. Then H,(S™\ D") = 0, in particular
S™\ D" is connected.

Proof. Clear for r = 0. Then by Lemma if follows inductively for all » > 0 since
Dr~1xDr 1 O
Theorem 1.9.6 (Generalized Jordan Curve theorem). If S™ — S™ is an embedding then

Z fori=n—r—1
0 else

H;(S"\ ™) = H;(S" ") = {

Proof. We use induction on r. For r = 0 we have S™\ S 2 R™\ (0 ~ S" 1.
Assume the result is known for »—1, i.e. ... and that we have an embedding f : S™ — S™.
Put
U:=8"\f(Dy) V:i=8"\f(D")
We have U NV ~ S\ S™7! and consider the reduced Mayer-Vietoris Sequence
o= Hy(S"\ S") = Ho(U) @ Ho (V) = Ha(S™\ S"™Y) = Hyq(S™\ S7) = ..
Then the sums are zero by corollary [1.9.5] thus the morphisms are equivalences. O

Corollary 1.9.7 (Jordan Brouwer Separation Theorem). If f : S"™1 — S™ is an embedding
then S™\ S™! consists of exactly two components, both of which are acyclic (i.e. have trivial
reduced homology). Moreover S™™1 is the topological boundary of both components.

Proof. By (and Proposition we know that Hy(S™\ S"') = Z @ Z and zero in
other degrees. This implies the first part.

Now let U and V be the connected components of S™\ S" ! which are open subsets of
S™ by compactness of S"~!. Thus no point in U or V is contained in U, i.e. OU C f(S™1).

Assume z € S™! is such that f(x) ¢ OU. Find neighborhood N > f(z) st N C U*.
Then there is ball B € S™! such that f(B) C N C U° Since B® ~ D" ! we find by
Corollary that S™\ f(B°) is connected. But

"\ F(B%) = (S"\ F(S" ) UF(B) S (UUV)UN) = UL (VUN)
This is a contradiction. O

Corollary 1.9.8. If f : S™1 — R for n > 2 is an embedding then R™\ f(S™ ') has
exactly two components, one is bounded and acyclic and the other is unbounded and has the
homology of S™ 1.

Proof. For the number of components we consider the embedding S™~! ENG NS By
the complement has two components U and V. One of them contains co € S™ \ R",
wlog oo € U. Then V C R" is a connected component of R™\ f(S™"1) and acyclic by .
For the set U we use the sequence of the pair (U, U \ o0):

. = Hy(U\ 00) = Hy(U) = Hy(U,U \ 00) = H;_1(U \ 00) — ...
The homology of U is trivial by corollary and thus
ﬁi(U \00) = His1 (U, U \ 00) = H; 11 (D", D"\ 0) = ﬁz’(sn_l)

which shows that for n > 2 the set U \ oo is connected and the statement about the
homology. O
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Lemma 1.9.9. Let f: D™ — S™ be an embedding. Then f(intD") is open in S™ and equals
a connected component of S™\ f(S™71).

Proof. Let U and V be the open components of S\ f(S"1), i.e.
UUV =8\ f(S"71) = 8"\ f(D") U f(D")\ f(S")
By Corollary the set S™ \ f(D") is connected, hence we have that
FD")\ f(S"H) = f(intD")
is either equal to U or V. O

Lemma 1.9.10. If M™ is an n-manifold and f : M™ — R" is injective and continuous then
f is open (note: f is not asssumed to be an embedding).

Proof. Let V.C M™ open, z € V. We have to show that f(V') contains a neighborhood of
f(x).

Pick U € V and homeo g : R® — U (chart of M") with ¢g(0) = z. Consider the
composition:
fglpn: D" - R" - U — R"
This is an embedding by compactness of D™. Thus using Lemma we see that fog(int D™)
is open in R™. Moreover it contains f(z). Thus
f(V) D fg(intD")
is a neighborhood of f(z). ]

Theorem 1.9.11 (Brouwer Invariance of Domain). If M™ and N™ are n-dimensional man-
ifolds and f - M™ — N" is injective and continuous. Then f is open.

Proof. Let x € M™ and pick an open subset U C N™ containing f(z) such that U = R™ and

consider |
fle—
qg: f_l(U) —>f @) U—R"

Then g is open by Lemma [1.9.10] Therefore let V' be a neighbourhood of z € M™. Then
F(VNf~Y(U)) is open in N". In particular it contains an open neighbourhood of f(x). Thus
f is open. O]

Theorem 1.9.12 (Classical Schoenflies). Let f : S' — S? be an embedding. Then the
closure of each of the components of S*\ f(S') is homeomorphic to the disk D?.

Proof. Without proof. O

Question: is this also true for embeddings S™*~1 — S"?
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Example 1.9.13. Counterexample: Alexander’s horned sphere:

We will construct an embedding g : D* — R3 such that the complement R\ g(D?) is not
simply connected. Then for the boundary embedding f : S? — R3 the space R?\ f(S?) has
the two connected components f(int(D?)) and R?\ g(D?) which can not be homeomorphic
to a disk.

Construct inductively subsets of R?

XODX13X2DX33...
and B; C X; as follows:

e Start with a ball By = D3 C R®. Attach a handle I x D? along 0I x D? to obtain X,.

e To obtain X; from X, delete part of a splice such that two linked handles remain
(Picture). Set By as the union of the ball By with the two ‘horns’. Thus X is obtained
from B; by attaching two handles. Moreover choose a homeomorphism h, : By — By
which is the identity outside a small neighorhood of B; \ By.

e To obtain X,, from X,_; remove a part of the 2"~! short handles of X,,_;. Then
B,, is the ball consisting of B,_; and the 'Horns’. Now choose a homeomorphism
hn : anl — Bn

Now we set X, := () X;. Moreover we consider the maps g, : By — R> defined as the
composition
By& B % 2B, CR?

Now consider the map
oo : By = R’ goo(w) = lim gn(x)
n—oo
It is continuous since the convergence is uniform and its also not hard to see that f is injec-

tive. Thus it is an embedding with image X ..

It remains to compute 71 (R*\ Xoo) = 71 (U, R* \ X,,). We only sketch this Set G, :=
m(R3\ X,,). Then Gy = Z. To compute G; consider the space Z := X; \ Xy. We find that
m(Z) = (o, B) is the free group on two generators. We have the decomposition

R\ X; = (R*\ Xo)U Z
with intersection and annulus A. Using Seifert-van-Kampen we find that
Gl = <Oé, B>

with inclusion Gy — G given by 1 — [a, 8]. Using similar arguments we find that G, is the
free group on 2" generators and the maps GG,, — G,,;1 sends each generator to a commutator
of two new generators. These maps are injective. Thus we find that

m(R*\ X)) = olimGy,
is nontrivial. As a side note: abelianization is trivial.

Definition 1.9.14. An embedding of manifolds f : M"™ — N™ is called locally flat (or tame),
if for every point x € M" there is a neighboorhood U" such that U — M"™ — N can be
extended to an embedding U" x [0, 1]"™" — N™.



CHAPTER 1. TOPOLOGY I, WINTER TERM 2024/ 2025 34

Note that every smooth embedding is automatically locally flat.

Theorem 1.9.15 (Generalized Schoenflies Theorem). Let f : S*™1 — S™ be a locally flat
embedding. Then for each component of S™\ f(S™™1) the closure is homeomorphic to a disk
D",

Proof. Without proof. O]

1.10 CW complexes

Definition 1.10.1. Let (X, A) be a pair of topological spaces with A Hausdorff. A relative
CW-structure on (X, A) is a filtration

A:XfngOQXngQQ.... (XngX)
such that

o (cell structure) for every n € N there is a pushout of topological spaces

n
n—1 %
|_|ieln S Xn1

. |
Qr

Uier, D" —— X

here j, : S"~' — D™ and the right vertical morphism X,,_; — X,, are the inclusions.

e (weak topology) X is the direct limit of the X,,’s. In other words X = J,,cny X» and X
has the weak limit topology for the filtration, i.e. C' C X is closed if C' N X, is closed
for all n € N.

Then (X, A) together with the filtration is called a relative CW-complex. If A = () then X
is a CW-complex.

A map of pairs (X, A) — (Y, B) between relative CW complexes (X, A) and (Y, B) is
called cellular, if f(X,) CY,, for all n > —1.

Remark 1.10.2. e Note that the cell structure only asserts the existence of the pushouts.
The pushout itself is not part of the structure of a relative CW-complex.

e We call X,, the n-skeleton of the (relative) CW-complex.
e For a cellular homeomorphism the inverse is automatically also cellular.

e The space X,, \ X,,_1 is homeomorphic to a disjoint union of open disks (indexed by
the set I,,).

e We call a connected component e C (X, \ X,,) C X an open n-cell in X (note that it
is in general not open in X). The closure of € C X,, C X is called the corresponding
closed n-cell. The boundary of the cell is de =€\ e C X,,_1. The map

q; S5 9e C X,
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is called the attaching map of the cell e and the map
QD" —=eC X,
is called the characteristic map of the cell.

Examples 1.10.3. 1. The sphere S? has for every x € S¢ a CW-structure given by the
filtration
{z} c 5

(e. X 1=0, X1 =Xo=..=X,,={x}and Xg = Xg;1 = ... = S There is
precisely one 0-cell and one d-cell.

2. Another CW-structure on S¢ is given by the filtration
stcstcsrc.. s

with the standard inclusion S™ C S¢. Here we have precisely two n-cells for every
0 <n < d. To see this, consider the pushout

gn—1 ) gn—1 iduid gn—1

| |

Dy D" S

3. A CW structure on the 2-sphere S? is given by its dissection as a tetrahedron. Then
we have four 0-cells, six 1-cells and four 2-cells. (Picture)

4. the real and complex projective spaces RP? and CP¢ admits cell structures given by
the filtrations

RP° C RP! C RP?
CP’ C CP' Cc CP?

.. CRP?

-
Cc..ccp?

In this CW structure RP? has an n-cell for every n < d and CP? has a 2n-cell for
n < d. To see this use the pushout from the exercises

gn_ I _rpn

L,

prtl F R P+l

5. We define RP*> := coligRP" and CP> := colig(CPoo, then cell structures...

6. Genus g-surface. Recall that the genus g surface is the quotient of the regular 4g-gon
Sy by identifying the edges according to the word aibya; 'b7 - ... - agbpay b, Consider

the filtration
{pt}c\/S'c%,
g

where the basepoint is the image of the vertices and \/ g ' =98,/ ~ is the image of
the boundary. This (clearly) defines a CW structure on X,.
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7. A CW-structure on R is given by the filtration
7ZCR

For R? by
7 C(ZxR)U (R x Z) C R?

and for R" likewise.

8. Q C Ris not a CW complex, since otherwise it had to be locally path connected. Also
the Hawaiian earring is not a CW complex.

Proposition 1.10.4. Let X be a CW-complex.
1. The subset X,, C X 1s closed.

2. as a set we can write X as a disjoint union of open cells, i.e. X = J, cnic;. € (note
that this is not a decomposition as a topological space)

3. The space X 1is Hausdorff
4. a subset C C X 1is closed if C'N€ is compact for each cell e.

5. a subset C' C X is compact if and only if it is closed and intersects only finitely many
open cells.

6. the subsets € and Oe are compact and intersect only finitely many cells (closure finite).

Proof. Ad 1) By the weak topology axiom of a CW complex it suffices to check that X, is
closed in X, ,,. For this it suffice to check that X,, C X, is closed.

Choose a pushout as in the definition of a CW complex. We set D := | |,., D" and
oD = |—|ieln OD". Then we have X,, = X,,_1 Uspp D. Then the complement X¢_, is closed,
since its preimage under

kn: Xooa| |D = X,

is given by | |intD,,.
Ad 2) Clear
Ad 3) Easy (show inductively that each X, is Hausdorff using the explicit decomposition)

Ad 4) If C C X is compact, then C'Ne compact as a closed subset of a compact Hausdorff
space. Conversely assume C'Ne is compact for each cell e. It is enough to show that C'N X,
is closed for each n. We will show that by induction: the case n = —1 is trivial. Thus for
the inductive step consider the quotient map

ko Xooa | |D— X,
Then C'N X, is closed in X, if and only if
ENCNX,) = CN X, Q) (CNe)

is closed. This is true by inductive hypothesis for the left hand summand and by assumption
of the statement for the right hand summand.
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Ad 5) Assume C' C X is closed and intersects only finitely many open cells. Then consider
the union K of closed cells € such that C' intersects the interior e. Then K is compact since
its a finite union of compact sets (the closed cells are images of compact cells under the
characteristic maps). Thus C' is a closed subset of a compact set, hence itself compact.

Let conversely C' C X be compact. Then as a compact subset of a Hausdorff space it
is closed. Assume C' hits infinitely many open cells e;* for & € N. We can assume that
n1 < ny < ng < .... Choose a sequence of pairwise different points x; € er NC and let M
be their union.

We distinguish two cases:

e we have limy_,o, ny = co. Then we can assume (WLOG) that n; < ny < ns.... Let e
be any cell. Then e C X,, for some n. For every subset N C M we have that N Ne is
finite and therefore closed. By the criterion (4) this implies that NV is closed. Together
this shows that every subset of M is closed, i.e. M is discrete. But since M C C'is
also compact this implies that M is finite, which is a contradiction.

e if ny is bounded, we can assume (WLOG) that n := ny = ny = n3 = .... Consider
N C M a subset. Then N C X, \ X,,_; and the intersection of N with a closed cell €
contains at most one point and is therefore closed. Thus again N is discrete which is
a contradiction. O

Lemma 1.10.5. Given a sequence ... C X; C ... C X of closed subspaces of a Hausdorff
space X, such that X = colim X, and for each n, a map

I[P - x.
that restricts to a homeomorphism || Dn — Xn \ Xn—1, then the diagram

[[0D" —— X,

| !

[[D" — X,

is already a pushout, and hence X a CW complez.

Proof. We do get a map ([[ D") Hjjopn Xn—1 — X,, which by assumption is a bijection. To
see that it is a homeomorphism, it is thus sufficient to check that it is closed. But this can
be checked on the summands, and then follows since X,_; — X, is a closed inclusion, and
the maps D" — X,, are automatically closed since D" is compact and X,, is Hausdorff. [

Lemma 1.10.6. (i) Let p : X — Y be a covering where Y is a CW-complexr. Then X
becomes a CW-complex with the filtration X,, := p~1(Y,).

(ii) Let G be a (discrete) group that acts on X such that for every g and every open cell e
with g-eNe# 0 we have g-x = x for each x € e. Then X/G admits a CW-structure
gwen by (X/G), = X,/G.
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Proof. Part (i) is done in the exercises. For (ii), G acts on X, \ X,,_1, and thus on the set
7o(X, \ X—1) of n-cells. We choose one representative for each orbit, and for each of those
representatives a characteristic map D" — X,,. Now these extend uniquely to a well-defined

equivariant map
mo(Xn \ Xo1) X D" — X,

where the well-definedness uses the condition that cells that are sent to themselves are
actually fixed by the action. We can now use Lemma [1.10.5| to obtain a pushout

7T0(Xn \ Xn71> x 0D" —— anl

| |

7T0<Xn\Xn,1) X D" — Xn,
which, after passing to G-orbits, yields a pushout (since colimits commute)

7T0(Xn \ Xn—l)/G X 0D" —— Xn—l/G

! |

’/'T()(Xn\Xn,l)/G X D" — Xn/G

Finally, we have X/G = colim X;/G, again because colimits commute.
[

Example 1.10.7. The sphere S¢ — RP? inherits a CW structure this way from the cell
structure on RP?. This is the decomposition S C S* C §2 C ... C S The real numbers
inherit a CW structure from the covering R — S* which agrees with the structure given in

Example [1.10.3]

Definition 1.10.8. A CW-complex X is called finite, if it has only finitely many cells. It
is called of finite type, if it has only finitely many n-cells for each n. It is called finite
dimensional if for some n we have X,, = X, otherwise its called infinite dimensional. The
dimension is the smalles n such that X, = X.

Clearly finite implies finite type and finite dimensional. But there are no other implica-
tions between the three notions.

Examples 1.10.9. S¢ RP? CP? are finite. The spaces RP>® and CP> are finite type,
but not finite or finite dimensional. The space R™ with the standard cell structure is finite
dimensional, but not of finite type. Here is a more interesting (i.e. not contractible) example
which is finite dimensional but not of finite type: Let X :=\/, S? (the infinite wedge sum
of circles) with filtration

Dc{zrc\ s

keN

where z € S is the basepoint.

0-dimensional CW complexes are discrete spaces. 1-dimensional CW complexes are
graphs (note that every graph is homotopy equivalent to a wedge of spheres). Genus g-
surfaces are two dimensional.
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Corollary 1.10.10. A CW complex X is finite if and only if it is compact.
Proof. This follows immediately from Proposition [1.10.4] O

Lemma 1.10.11. For a relative CW-complex (X, A) the pair (X, A) is a neighborhood de-
formation retract, i.e. A is closed and admits a neighborhood U that deformation retracts
onto A.

Proof. We construct inductively for every n sets U,, C X,, with the following properties:
e U, C X, open.
e U,NX, 1=U,1
e U,_; — U, is a deformation retract.

We set U_; := A. Construct inductively U,, as follows: choose a pushout

n
n—1 %
|_|ieIn S Xn1

I—IiGIn ]HL l
Q7

I_lieln D" ——X,

Set
Up = U {r-a|re(1/2,1],z € (¢") 'U,_1}

i€ln

This is obviously a deformation retract.

Now set U := |J nUn = coligUn. Then U is open in X and A C U. Now the proof

neN = n
follows by the following lemma. O]

Lemma 1.10.12. Given subset Yo C Y, C Y, C ... of Y such that

1. Y, — Y,.1 is a deformation retract

2.Y = oligYn.

Then Yo — Y is a deformation retract.

Proof. We only sketch the proof. First choose retract v, : Y,,11 — Y,,. Thenset R,, : Y,,11 —
Yy as the composition ...

Universal property: R:Y — Y.

Homotopy: Choose h,, : Y, — Y, that deforms the identity onto r,. Then set H} :
Y, x [0,1] = Y, by

o HY(z):=ux.

[ ]
y for t € [0,27"]
HP(y) == h"(z,27" - (t —27") forte[27", 27"
H" Y (r,(z),t) else



CHAPTER 1. TOPOLOGY I, WINTER TERM 2024/ 2025 40

]

Lemma 1.10.13. Let X and Y be CW-complex with either X or Y locally compact (as
topological space). Then X x'Y becomes a CW complex with

(X xY)= | XixV
1+j=n
and the open cells of X XY are given by ! x e;l- forp+q=n.

Proof. We first want to show that the respective pushouts are true. It suffices to show that
the diagram

-1 -1
Ly ST x DTUDP x ST ——J;, ;o Xi X Y]

| |

|_|Iqu1qY DP x D1 Ui+j:n X x'Y;

is a pushout (since we clearly have homeomorphisms DP x D? = DPF4 that send SP~1 x DU
DP x D971 to the boundary sphere SPT4~1). This follows from Lemma [1.10.5
In the end, unifying all the cells we have to show that the map

fi||DpPx D= X xY

that runs over all cells is an identification map, i.e. the image has the quotient topology. We
factor this map as

|_|D7’><Dq—>X><D‘1—>X><Y

The first map is the product of an identification map with the identity on DP. The second
is the product with an identification map with X. Now we use that the product of an
identifying map with a locally compact space is again identifying (in this case X has to be
locally compact, otherwise interchange X and Y). [

Example 1.10.14. The standard CW-structure on R™ (see example [1.10.3)) is the product
structure obtained from the CW structure on R.

Consider the d-dimensional torus 7% := S' x ... x S1. We obtain a CW structure from
the CW structure on S* given by

0C{x}Cst

In this CW structure on T there are precisely (i) cells of dimension n. Compare this with
the cell structure on the 2-torus obtained as identifying the square. Then the cell structure
has one 0-cell, two 1-cells and one 2-cell.

1.11 Fundamental group of CW complexes

In this section we want to explain how to read off the fundamental group and the homology
from a CW structure on a space X. But to do this we need an important result about
fundamental groups.
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Theorem 1.11.1 (Seifert-van-Kampen). Let X be the union of two open subsets U,V C
such that U,V and UNV are connected’} Then for every point x € U NV the diagram

7r1(Uﬂ Vv,l') —>7T1(U, iL’)

l |

m(V, z) m (X, )

induced by the inclusions is a pushout of groups.

In order to understand what it means let us first try to understand the pushout of groups.
The first instance is to understand the coproduct. This is given by the so-called free product.
For any pair of (not-necessarily abelian) group G, H the free product G * H is given as a set
by all ‘reduced words’

g1h1g2hagshs...grhy,

with g; € G and h; € H where we assume that neither of the elements is the neutral element
or similar expressions that start with an element of H and/or end with an element of G.
This forms a group by concatenation of words and then reducing by multiplying adjacent
elements from the same group and omitting neutral elements. The neutral element is the
empty word. Moreover we have two inclusions G — G« H and H — G % H by sending
elements to the word of lenght 1. Then these two maps exhibit G * H as the coproduct of G
and H in the category of groups.

Now as usual, we can bulit the pushout of groups from the coproduct. Explicitkty for a
given diagram of the form

F2.G

]£h

we can form the quotient of G *« H by the normal subgroup generated by words of the form

g(NHh(f)eGxH.
We denote this quotient by G'xrp H and call it the amalgamated product. We get a diagram

F—% @
ro

where the maps are given by the compositions of the canonical maps to G « H composed
with the quotient maps. The diagram commutes since for f € F we have that in G xp H
the equality

a(f) = g(Ng(fOHR(f) = h(f) .

holds. Moreover one easily checks that this diagram is a pushout by verifying the universal
property. Informally elements of G xp H are words in G and H where elements in F' can
free by considered as sitting in G or in H. Now we understand the statement of Seifert-van-
Kampen, namely that the fundamental group of X is given by the amalgamated product of
the fundamental groups of G and H.

3Recall that this means pathconnected according to our conventions.
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Sketch of proof of Theorem |1.11.1. We supress the basepoint x in the notation. From the
diagram

Wl(UﬂV)—>7T1(U)
(V) m1(X)

we get a canonical map 71 (U) *r, wnvy m(V) — m(X) and we will show that is injective
and surjective. For surjecitivy we have to show that any path v : (S',1) — (X, x) can be
written as a product v = 71 % ¥2 * ... ¥ 7, of paths 7; : [0,1] — (X, z) where each of the
7v:’s lies entirely in either U or V. To this end we first use compactness of [0, 1] to write
v as a product ] * 75 % ... x 7/ where all 4/ lie alternatingly in either U or V' but are not
necessarily pointed. The basepoints 7;(0) will have to lie in the intersection U N V. Since
this intrersection is connected we can choose paths «; : St — U NV connecting the point
reUNV to(0)=-1(1), i.e. 0;(0) =z and a;(1) = v;(0) Then we consider
Vi = Ok %{ * Qg

We find that up to homotopy we have that

Y=Y kY2 kL kY, .

This shows surjectivity. Injectivity works similarly, but more complicated as one has to
decompose homotopies (and the condition that U and V are connected has to enter). We
skip this part. O

Example 1.11.2. 7;(S™) = 0 or n > 2. This follows by decomposing into the upper and
lower hemisphere with intersection S'. Note that this method does not work for S since
the intersection S° is not connected.

Corollary 1.11.3. If X and Y are well-pointed then
’/Tl(X V Y) = 7T1(X) * 7T1(Y)

Proof. Chose contractible neighborhoods of the base points in U, € X and U, C Y. Then
we have an open decomposition

(XVU)UU,VY)=XVY

and the assumptions of SvK are satisfied. The intersection U, V U, is contractible. Thus we
get as fundamental group

’/Tl(X V Y) = 7T1(X V Uy) *ﬂ-l(Uz\/Uy) 7T1(UI V Y) = 7T1<X) * 7T1(Y) .

Lemma 1.11.4. Assume a space X is the union of a sequence of open sets
Uy CU CU; C ..

and x € Uy. In fact we can allow arbitrary filtered posets in place 0fNE| Then m (X, x) =
colimmy (Us, x).

1A poset (9, <) is called filtered if for every pair of elements s,s’ € S there exists an element s” with
s <s" and s’ < s".
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Proof. Every path S!' — X factors through a finite U; by compactness. Simillary every
homotopy S* x I — X factors through a finite stage. m

Corollary 1.11.5. For an infinite wedge X = \/._; X; of well pointed spaces we have that

iel
7T1<X> = *z‘eﬂﬁ(Xi)
where Y s the infinite free product or infinite coproduct of groups.

Proof. For finite [ this follows by induction. For infinite I we write X as the union of
thickened up versions of finite wedges and apply the last lemma to conclude that

7T1(X) == COthQl*SESﬂ-l(Xs) .

which works since the set of all finite subsets of I, ordered by inclusion is a filtered poset.
But this colimit is the infinite wedge (in general the infinite coproduct is the directed colimit
of its finite subcoproducts). ]

Now we want to describe the fundamental group of a CW complex. As a warm up lets
try to understand what happens if we attach a cell.

Example 1.11.6. Consider a pushout

gn—1 q—>~X
l)tn &i/

Choose an open cover of X given by U = Q(intD") and V = X'\ Q(0). Then UNV. Then
U~intD" ~pt, V~X and UNV ~intD"\ 0 = S""!. One should think of the diagram

UIV—>’1 XL/
U—9 . x

as a blown up version of the initial diagram and in fact the two diagrams are equivalent in
the homotopy category. Seifert van Kampen implies that the effect on m; of the latter is a
pushout. We conclude that the induced square

14
mSv T —mX

o,

7T1Dn L 7T1X,
is a pushout. This shows that
mX' =mX #,, 901 e = coker(m S"1 — 1 X)

Lemma 1.11.7. 1. Let X be a topological space and q;,q; : S™ — X for i € I be maps
that are homotopic. Then the pushouts

XU [[0 and  Xupg [0

are also homotopic.



CHAPTER 1. TOPOLOGY I, WINTER TERM 2024/ 2025 44

2. Let f : X = Y be a homotopy equivalence and ¢q; : S™ — X be maps. Then the
pushouts

X1, H D and Y11 foq, H D

are homotopy equivalent as well.
Proof. Exercises. m

To describe the fundamental group of a CW complex we first assume that X is connected
and pick a basepoint € X,. We now want to describe a certain elements r; € (X, z) for
i € I (the set of 2-cells). Therefore choose the following things: a pushout

q?

Hie[z St ——X,

HiGIQ jnl ]
Q2

Hie[ D?—= X,
and for every i € I, a path ~; from z to ¢?(1). Then set

ri= ik g xy; ) € m(X, x)

Theorem 1.11.8. The map
7T1(X1,33) — 7T1(X,.’E)

is surjective and the kernel is (as a normal subgroup) generated by the elements g; fori € I5.
In other words

m (X, x) = m (X, x)/(r)

Proof. We first claim that m(Xa,2) = m1(X1,2)/(rs). To see this we first build another
space X, as the pushout

(52

I_lz‘elz Sl — Xl

|_|i612 jnl L

Qo
2
Uier, 0° —= X

where G2 = v; * ¢2 * 7; '. This new space is homotopy equivalent to X, by Lemma [1.11.7]

Thus we have an isomorphism m;(Xy,2) — 7m1(Xy, ) which sends the element ¢ to ¢2.

Moreover the diagram
le
X2a )

commutes. This we can reduce the claim to X,. Here we use Seifert van Kampen for the
cover consisting of a neigborhood of X; and a neighbourhood of the complement to deduce
that the diagram

T (X27

2

*2612771<S 1>ﬁ7rl(X17 )

]| l

Q?
*ielﬂl(D2> 1) —= 71 (X2, x)
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is a pushout of groups which shows the first part.

Now we use the same trick the show that the inclusions X,, — X,, 1 induces a homotopy
equivalences on ;. To see we can (as before) assume that the attaching maps ¢ preserve
basepoints. Then using Seifert-van Kampen we deduce...

Finally we claim that for every CW complex we have that m (X) = colimmy (X,). This
follows by applying Lemma to a decomposition of X into | JU, where U, is an open
neighborhood of the n-Skeleton X,, which deformation retracts onto X,, and is guaranteed
to exists by Lemma using that (X, X,,) is a relative CW pair (just ignore the lower
cells). The claim now follows since colim (X,) = 71 (X5). O

Remark 1.11.9. 1. This implies in particular that the fundamental group only depends
on the 2-skeleton of the CW complex.

2. Note that (X, z) is the fundamental group of a graph, which is easy to compute. In
particular it is always a free group since every connected graph is homotopy equivalent
to a wedge of spheres.

Definition 1.11.10. The datum of a number of generators g; for « € I and a number of
words 7 for £ € K in the g; (equivalently an element in the free group generated by the
i) is called a presentation of a 2-complex. It describes (the homotopy type) of a 2-complex
X = X(g,r,) (called the presentation complex) as follows:

{x}c\/S' =X

gi

where X is defined as the pushout

I—'TEK Sl - vgqj Sl

L]

Uyex D* ——X

The fundamental group of the presentation complex is by Theorem|1.11.8 given by m (X, z) =
(gi | 73)-

Corollary 1.11.11. For every group G there is a connected, 2-dimensional CW compler X
with m (X, z) = G. The complex can be choosen finite (i.e. compact) if and only if the group
admits a finite presentation.

Proof. Choose a presentation of the group G. That is an isomorphism G = (g; | 7;).... Then

build the presentation complex.
This complex is finite if and only if there is a finite number of generators and relations.
Conversely it is clear that the fundamental group of a finite CW complex is finitely presented.
O

Proposition 1.11.12. Fvery connected 2-dimensional CW complex is homotopy equivalent
to one of the form Xy, ;-

Proof. We use and the fact that every graph is homotopy equivalent to a wedge of
spheres. [



CHAPTER 1. TOPOLOGY I, WINTER TERM 2024/ 2025 46

Warning 1.11.13. How can we see that two 2-complexes Xy, ) and Xy 1y are homotopy
equivalent? A sufficient condition is that there is a bijection between the free groups

¢ (g:) — (g)

that sends the relators to relators, i.e. ¢(r;) = r;. Because then the 1-skeleta are equivalent
and the attaching maps are homotopic (thus using Lemma . This condition is not
necessary.

A necessary condition for X, ,,) and X4 ,) to be homotopy equivalent is certainly that
the fundamental groups are equivalent. But this is not sufficient. Another problem is that it
is in general algorithmically undecidable if two presentations yield isomorphic groups : word
problem.

Examples 1.11.14. 1. For X = X, the genus g-surface we have X; = \/29 S1. There is

only one 2 cell and the attaching map can be described by the word ajasa;?.... Thus
the fundamental group is given by

<CY1042, ceey Qg | alagafl...>

2. The fundamental group of RP" is isomorphic to the Fundamental group of RP? for all
n > 2 (even n = oo allowed) andRP? = X494 thus m (RP?) = Z/2.

We finish by a standard application of covering theory.
Proposition 1.11.15. FEvery subgroup of a free group is also free.

Proof. We have that a free group G is the fundamental group m;(\/ S') of a wedge of circles,
one for each generator of G. Then a subgroup U C G is the fundamental group of a covering
space £ — \/ S'. By Lemma |1.10.6| it follows that E is also a 1-dimensional CW complex.

Thus its fundamental group is also free. O

We warn the reader that even finitely generated free groups G can contains free subgroups
with countably many generators.

1.12 Cellular Homology
Let BC AC X and (E,,d) a generalized homology theory. Then there is a canonical map
d:E,(X,A) = E, 1(A, B)

defined as the composition

E (X, A) S E, (A £ B, (A, B)

where &k : (A,0) — (4, B).
Theorem 1.12.1 (Triple long exact sequence). The sequence
% E (A, B) 2 E,(X,B) 25 E (X, A) 25 E,_1(A, B) = ...

15 long exact.
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Proof. Consider the commutative diagram

tx Tx

E.(A, B) E,1(B) (X)
E,.(A) E,.(X,B) | E, 1(A)
E,.(X.A) E,._1(A, B)

In which three of the four ‘braids’ are long exact. We claim that it follows that also the
fourth is exact. First we note that the composite

En(A, B) & E (X, B) & E, (X, A)
is zero since it factors through E,(A, A) = 0 by the commutativity of the square

(A, B)—— (X, B)
| }
(A, A)—— (X, A) .

All other compositions are zero by commutativity of the diagrams. Now we want to show
exactness in F, (X, B) by a diagram chase. The other spots work similar.

Let x € E,(X, B) with j.(z) = 0. Then ¢.(z) € ker(u,) by the commutativity of the
diagram. Thus there exists y € E,, (A, B) with

Lvy = qix.
We conclude that i,y — = € ker(g.). Thus there exists z € E,,(X) with
PsZ =Y — T
and therefore b,z = j.(i,y — ) = 0. As a result we find w € E,(A) with
QW =z .
Now we find that
i(y — s.a) = iy — paau(w) = i(y) — (iey —z) =2 .
Thus z lies in the image of ,. O]

Remark 1.12.2. Proving Theorem |1.12.1| directly for singular homology (and not from the
axioms) is actually much easier than the diagram chase that we have just done: one simply
takes the long exact sequence associated with the short exact sequence of chain complexes:

0— Cu(A,B)— Ci(X,B) = Ci(X,A) =0
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In the following we let H, be a homology theory with dimension axiom and with coefficient
group Z. Everything that follows has analogues for other coefficients.

Lemma 1.12.3. Let (X, A) be a relative CW complex.

1. The group Hy(Xn, X,—1) is zero for k # n and is free abelian for k = n with a basis
corresponding to the n-cells of X .

2. The group Hi(X,,A) =0 for k > n.
3. The inclusion X, — X induces an isomorphism Hy(X,, A) — Hp(X, A) for k < n.

4. The inclusion A — X, induces an isomorphism Hy(X,A) — Hi(X, A) for each k >
n—+ 1.

Proof. 1) X,,_1 — X, has a neighborhood that retracts onto X,,_; (by Lemma[l.10.11]). Thus
H,(X,, X, 1) = f]n(Xn/an) by Proposition m But X,,/X,_1 is a wedge of n-spheres,
one for each n-cell.

2) Consider the pair sequence for (X,,, X,,_1):

Hy1 (X, X)) = He(Xpm1) = Hi(X) = Hip(Xo, Xoo1)

By 1, for k # n,n — 1 we have Hy(X,) = Hp(X,_1)
For k > n we have Hy(X,,) = Hx(X,_1) = ... = Hp(Xp) = 0.
3) For k < n we have

Hy(X,) = H(Xpp1) = ... = He(Xoim)
proves 3 for finite dimensional. For arbitrary X Lemma shows that
Hk(X) = coli neNHk(Xn)

in ordinary homology. For an arbitrary homology theory this follows by noting that for a CW
complex X we have that X is homotopy equivalent to the mapping telescope (see Hatcher in
the proof of Lemma 2.3.4 or tom Dieck (Satz 11.3) ). The later alwas has homology given by
the colimit as we have seen in the erercises. The colimit is equal to Hi(X,,) for any n > k.
4) Works similar to 3 using the long exact sequence. O]

Definition 1.12.4. Let (X, A) be a relative CW-complex and H, be a homology theory
(with dimension axiom). Then we define a cellular chain complex C!(X, A) as follows.

CrcLell(Xa A) = HTL(X’m Xn—l)

with boundary operator 0 : H,(X,, X,—1) — H,_1(X,_1,X,_2) given by the boundary
operator associated to the triple (X, X,,_1, X,,_2). The homology of this chain complex is
called cellular homology and denoted

HE(X,Y) i= Hy(C2(X, 4)

Remark 1.12.5. e First note the boundary operator squares to zero because it is by
definition given by

Hn—l—l(Xn—i—la Xn) i) Hn(Xn) k_*> Hn(Xn7Xn—1) i} Hn—l(Xn—l) k_*) Hn—l(Xn—la Xn—2)

and ¢ o k, is zero.
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e The cellular homology forms a functor from the category of CW complexes and cellular
maps to graded abelian groups.

e By Lemmall.12.3[the n-th group in the cellular chain complex is free abelian generated
by the number of n-cells in the CW structure on X.

Theorem 1.12.6. For each homology theory (H,,d) (with arbitrary coefficient group but
satisfying the dimension axiom) and each relative CW complex (X, A) there is an isomor-
phism

HEM X, A) — Hy (X, A)

which s natural in cellular maps.

Proof. We look at the nth-step of the cellular chain complex

on 5n,
Hn+1(Xn+17Xn) i> Hn(XnaXn—l) — Hn—l(Xn—1>Xn—2)
From the respective triple long exact sequnces we get that

Im(6,41) = ker(Hp (X, Xoo1) = Hp(Xpng1, Xoo1))
ker(d,) = Im(H, (X, Xp_2) = H, (X, X01))

Thus we find that the n-th cellular hompology is isomorphic to

Im(Hn(Xnu Xn—Q) — Hn(Xna Xn—l))
ker(Hn(Xn, Xn—l) — Hn(Xn+1, Xn—l))

This is by the homomorphism theorem the same as the image of the composite map
Hn(Xna Xn—2) — Hn(Xn+17 Xn—l))'
But this map fits into the square

Hn(Xm Xn—2) - Hn(Xm Xn—l)

| |

Hn(Xn—‘rh Xn—2) I Hn(Xn—l—l: Xn—l)

as the clockwise composition. Thus the image also equals the image of the counterclock-
wise composition. But for this the first map is surjective (by the long exact sequence)
and the second injective (also the long exact sequence), so that the image is equal to

Hy(Xni1, Xn_s) = Ho(X, A). 0

Corollary 1.12.7. 1. For a finite type CW complex all homology groups are finitely gen-
erated.

2. For a finite dimensional CW complex X of dimension n the homology groups Hy are
zero for k > n. Moreover H,(X) is a free abelian group.
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Proof. For a finite CW complex all the groups C< are finitely generated free. Hence
the cellular homology is finitely generated. For n > dim X we have C<?(X) = 0, hence
He(X) = 0. For n = dim X the complex looks like

0— CNX) = Cl(X) — ..

hence the cellular homology is a subgroup of a finitely generated free group, thus itself
free. O

Remark 1.12.8. The corresponding statement for homology with values in a ring R is that
H.(X; R) is a finitely presented R module and that H,.(X; R) vanishes above the dimension
of X. The top homology is moreover torsion free.

Corollary 1.12.9. The complex projective space CP? (where d = oo is allowed) has homol-

ogy
Z  forn even, 0 <n < 2d

0 else

H,(CP?) = {

Proof. The chain complex is given by
=2 —=-0=22Z—-0—-Z—->0—-7%

All differentials are necessarily zero. O
Definition 1.12.10. Let X be a CW complex with choosen pushout squares

14
n— 1
|_|ieln S n—1

Uieln Jn l l
Q7

|_|ieln pr Xn
Then the incidence numbers inc}'; are defined as the degree of the maps:

()
—_—

Fi S X = X /(X \ @) prljgn=2 i gn-l

J
for i € I,, and j € I,,_;. The incidence matrix is the matrix INC" := (inc; ;)ier, jer, ;-

Remark 1.12.11. We choose the identification i : D"~!/S"=2 = §7=1 guch that the gener-
ator
1€ Hy (D" /S"2) = Hy (D", 5" 7%) 2 Hp, 5(S"?) 2 Z

maps to
le H, (S ) ~7Z

on the left obtained from the long exact sequence maps to the generator on the right.
One possible choice of such a map i is given by the standard stereographical projection...

Remember that for a CW complex (X, A) there is a canonical isomorphism

¢ Bier,Z — CN(X, A)
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Proposition 1.12.12. For a relative CW-complezx (X, A) the following square commutes:

INC™
Dier, L Djer, L

N |

Cell(X, A) 2= Ceell (X, A)

In other words: in the basis given by the cells, the boundary operator is represented by the
matriz INC™.

Proof. Immediate by unfolding the definitions in terms of long exact sequences using excision.

[]

1.13 Examples

Proposition 1.13.1. Consider the genus g surface X,. Its cellular chain complex is given
by
= 022572957

Thus we have Hy(X,) = Z, H(X,) = Z* and Hy(%,) = 7Z.

Proof. The number of cells in the cell structure (see Example [1.10.3)) gives the identification
of the cellular groups. Then dy must be zero since X, is connected. To compute d; we
consider the maps

fig: St =\ S5 S
2g
for i the unique 2-cell and j € {ay, b1, ..., a4, b, }. But deg(f;;) = 0. ]

Proposition 1.13.2. Let X = X,y with @ € I and k € K be a presentation complez.
Then the cellular chain complex has the form

0o ez N e, 7257

where incy; is given by the sum of the exponents of the letter g; in the word ry.

Proof. As before we see that the differential J; has to be zero...
Now consider the maps
fa: St =\ ST 5 S
K
These have the degree given by the number of letters of the respective letter in the word. [

Examples 1.13.3. e The genus g surface has 2g generators ay, by, ..., ag4, by and the word
is given by a;bia; byt ...

e Consider the presentation (a | a®). Then the complex is
25252

hence Hy(X) =0, H(X) =7Z/2 and Hy(X) = Z. Which space is this?
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e Consider the presentation
(a,b,c,d, ...y, z | hello)

The cellular chain complex is, after a permutation of the generators starting with

[,h,e, o given by

2,1,1,1,0,,...,0 0
0 — 7 2L 726 0,

Thus we have that Hy(X) = Z, H(X) = Z* and Ho(X) = 0.
We need to establish a new technique for computing degrees of maps f : S* — S™,

called the local degree. Assume f(x) = y and there is a neighborhood U of x that gets
homeomorphically mapped to a neighborhood V' of y.

Definition 1.13.4. The local degree of f at the point x € S™ is the unique integer deg, f
such that the diagram

Ho(S7) —=5=L_ p(s7)

| |

H, (5", 5™\ {z}) H, (5", 5"\ {y})

Ho (U, U\ {z}) —L—~ H,(V,V\ {y})

commutes (note that the upper horizontal map is not induced by a map of spaces)

Remark 1.13.5. The local degree is only defined for points  which have a neighborhood
of the given type. It (clearly?) does not depend on the choice of neighborhood U. It can
only take the values +1 since f is a local homeomorphism.

Example 1.13.6. Consider the map f given by
Sk 4 RPF 4 RPF/RPF = (R = gF

where ¢ is the canonical covering and ¢ is the quotient map. In coordinates the map is given
by

00 for z, =0

(T0, s T) > [0, ey TR {(:po/xk, o Tp1/xy))  for z #0

The upper hemisphere
Di = {(SL’O, ,;Ck) S Sk | Ty > 0}

gets homeomorphically mapped to its image, which is R¥ C (R*)*. Let N = (0,0,..,1) be
the northpole. Then the map
flpx : DY — R*

is homotopic to the standard inclusion D% — R*. Thus the local degree is given by 1, i.e.
degy f =1
For the southpole we oberserve that we can write the map

flpr : DF — RF
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given by (xo, ..., ) — (zo/Tk, ..., Tx—1/2x)) as the composition
g: D" - DF - R”

with the antipode. Thus
degg f= (=1 .

Theorem 1.13.7. Let f : S™ — S™ and y € S™ such that the preimage f~'(y) = {x1, ...,z }
s finite and such that every x; has a neighborhood U; which gets homeomorphically mapped
to a neighboorhood V' of y. Then deg f =" | deg, f.

Proof. Consider the diagram

H,(S") H,(S")

Lk
fLAS"~93\f‘1@0)-—1>fLAS”T9”\y)
D H.(U;, U \ ;) H,(V,V\y)

It follows that the upper map is the sum of the lower maps, which under the respective
identifications (the left hand side is the diagonal map Z — @Z under the identifications) are
the local degrees. O]

Example 1.13.8. The degree of the map f : S*¥ — S* from example [1.13.6|is given by

deg f =1+ (1),
i.e. it is O for k even and 2 for k£ odd.
Proposition 1.13.9. The cellular chain complex of real projective space RP™ is given by
0-z3z252% . 3257
for n even and by
0-z2>5z252% . 32572
forn odd. Accordingly for RP*> we have ... Thus we have

A for k=0 and for k =n odd
Hy(RP") =< 7/2 fork odd, 0 <k<n

0 else

and more generall for the coefficients Q and 7Z/2 the result is

Q for0<k<n

0 else

Hy(RP™ Q) = {

and
Fy forO0<k<n

0 else

H(RP";TFy) = {
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Proof. The groups in the cellular chain complex follow from the fact that RP™ has a cell
structure with one cell in every degree (see Example [1.10.3)). Attaching maps are S¥~ —
RP% =1 Thus the incidence number are by definition given by the degree of the maps

Skt & RPF G RPM/RPY2 2GR

which where computed in Example [1.13.8 The degree of this map is given by 2 for k£ even
and 0 for k£ odd. Thus by Proposition [1.12.12] (10.19) we are done. O

We now want to construct Moore spaces. A moore space M (G,n) for n > 2 and G an
abelian group is a simply connected CW complex with the property that H,(M(G,n)) = G
and Flk(M (G,n)) = 0 for k # n. We will later see that Moore spaces are up to homotopy
uniquely determined, but lets for now concentrate on constructing them.

Example 1.13.10. The n-sphere S™ for n > 1 is a moore space M(Z,n).

Example 1.13.11. Consider the case G = Z/k. Choose a self map of f : S™ — S™ of degree
k (this exist by the excercises) and form a CW complex X of the form. X = D' U; S™. Tt
has a single n and a single n + 1-cell. Thus we find that the cellular chain complex is given
by

05Z52 50— .. 502

and thus it is a Moore space M (Z/k,n).

Now we want to show the existence of Moore spaces for all n and G. To this end we need
to existence of enough maps between wedges of spheres.

Lemma 1.13.12. For every element x € @; Z with I any indexing set and every n there is
a map f:S™—\/;S" such that on H,, the induced map

Z = H,(S") &5 H, (\/S”) ~Pz

sends 1 to x.

Proof. Every element x € (P, Z lies in a finite sum P, Z C @, Z for I, C I finite. The
inclusion @, Z C P, Z is the effect of the inclusion

\/ st —\/s"
1o 1

thus we can immediately reduced the statement to the case of I being finite, even I =
{1,...,m}, thus x € Z™. But then there is the map S™ — S™V ... V S™ which projects S™ to
the wedge by shrinking n horizontal circles. This map induces on H,, the map

Z— 7" ke (k,..,k)

Now if = (x4, ..., z,,) then we choose pointed selfs maps fi, ..., f, : S™ — S™ of degree x;
and consider the composition

Sy 5ry Ly gn DY mgny oy gn

It has the desired effect. O]



CHAPTER 1. TOPOLOGY I, WINTER TERM 2024/ 2025 95

Proposition 1.13.13. A moore space M (G,n) ezists for every n > 2 and every G.

Proof. Choose a surjection @;Z — G with kernel K. This is free abelian, i.e. K = ®;Z.
Thus we get a short exact sequence

0—>€BZ£>@Z—>G—>O
J I

Now the map @ ;Z — @, Z is given by a family of maps g, : Z — @; Z. According to the
last lemma we can for every element b € J choose a map f; : S™ — \/; S™ such that on H,
this has the effect of the map g,;. Grouping together these maps thus gives us a map

f:\/S"—>\/S"
J I

that has on homology the effect g. Then we form the CW complex X obtained as the
pushout

n_ I n
HJS _>VIS

L

HJ Dn+1 X

It is simply connected and the cellular chain complex has the form
05d,250,2—-0—...50>7

which shows that it has the correct homology. O

Remark 1.13.14. One can show that two Moore spaces M (G, n) and ]\N/[(G, n) are homotopy
equivalent. Moreover there is also s space M (G, 1) with H,(M(G,1)) = G for * = 1 and 0
else. But this space is not unique. The construction is exactly the same: choose a generator
and relations descriptions

0> ®,250,Z—G—0

and a map [[,; S* — \/,; S! realizing the map g on homology. Then the 2-dimensional CW
complex with this attaching map does the job. Note that the fundamental group is not
determined by this procedure. One could (and some sources do) call this also a Moore
space. Then only simply connected Moore spaces are unique.

Corollary 1.13.15. For every sequence of abelian groups G, Gs, Gs, ... there exists a con-
nected CW complex X with H;(X) = G; fori > 1. If Gy = 0 then we can arrange for X to
be simply connected.

Proof. We choose spaces M (G, 1) for each i (see the last remark for the case i = 1). Then
we set

which has the desired property. [
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1.14 FEuler Characteristic

Recall that the rank of an abelian group A is the dimension of its rationalization:
rank(A4) := dimg(4A ® Q)

If A is finitely generated, then we have A = Z"™ & T where T is the torsion subgroup. Then
rankA = n, since Ag = A®Q = Q". The most important property for us is that for a short

exact sequence
0—-A—-B—->C—=0

we have rank(B) = rankA + rankC'. This easily follows from the fact that
0—= Ag = Bg —+Cgp—0
is also exact and a count of dimensions.

Definition 1.14.1. A space X is called homologically finite over Q, if all homology groups
have finite rank and if only finitely many ranks are nonzero.
For a homologically finite space X the Euler characteristic of X is defined to be

oo

X(X) = Z(—l)” rankH;(X) € Z

1=0

Remark 1.14.2. Finite CW complexes are homologically finite by Corollary [[.12.7] there-
fore many authors define the Euler characteristic only for finite CW complexes. Note however
that the Euler characteristic does not depend on the CW structure. Compact topological
manifolds are also homologically finite as we will see in the next section. Also the space
R P> is homologically finite (as the next example shows).

Examples 1.14.3. e For n even we have
x(S™) = rankHy(S™) + rankH,,(S™) = 2

and for n odd:
X(S™) = rankHy(S™) — rankH,,(S™) =0

e Complex projective space

X(CP") = rankHy(CP") + rank Hy(CP") + ... + rankH,,(CP") = n+ 1

e x(RP™) =1 for n even and x(RP™) = 0 for n odd.

e For the genus ¢ surface we have
X(X,) = rankHy(X,) — rankH;(X,) + rankHy(X,) =2 — 2¢g

Note that two genus g surfaces are homoeomorphic iff they are homotopy equivalent
iff there Euler characteristics agree.
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Theorem 1.14.4. (Euler-Poincaré) If X is a finite CW complex with a; the number of
1-cells. Then

1=0

Proof. In order to prove this claim we consider the cellular chain complex C®!" and apply
the following claim: for a general finite length chain complex if finitely generated abelian
groups

00 e o 2o 50
we have that > (—1)'rankC; = >""  (—1)"rankH,;(C'). In order to prove this we first note
that for every map 9; : C; — C;_; we have a short exact sequence

0— ker(&) — CiJr]_ — Im(@l) —0
and thus

rank ker(9;) + rankIm(9;) = rankC;.

We also have a short exact sequence

and thus
rankH,;(C') = rankIm(0;) — rank ker(9;_1) .
Now we conclude that

n

Z rank(—1)"C; = Z " (rank ker(8;) + rankIm(d;))

i=0
= Z )" (rankIm(9;) — rank ker(9; 1))
= Z Yrank H;(C') .
O
Examples 1.14.5. e The spheres have one cell in dimension 0 and one cell in dimension

n. Thus we directly get x(S™) = 2 for n even and x(S™) for n odd.
e Complex projective space x(CP") = ...
e \(RP™) =1 for n even and x(RP"™) = 0 for n odd.
e For the genus g surface we have
e For a presentation complex (g1, ..., g; | r1,..,7%) we have the Euler characteristic
X(X) =141i—k =1+ number of generators — number of relations

Corollary 1.14.6. (Euler) For every CW structure on the 2-sphere with F 2-cells, E 1-cells
and V' 0-cells we have ' — E+V = 2.
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Example 1.14.7. Pictures of Tetrahedron, octahedron, hexahedron

A regular polyhedron is a compact, convex subset of R? bounded by regular n-gons such
that: two n-gons can meet in at most one edge and in every vertex exactly m different n-gons
meet.

polyhedron V E F m n
tetrahedron 4 6 4 3 3
octehedron 6 12 8 4 3
hexahedron &8 12 6 3 4
dodecahedron 20 30 12 3 5
icosahedron 12 30 20 5 3

Proposition 1.14.8. The platonic solids are the only reqular polyhedra (up to the obvious
notion of equivalence).

Proof. We will show that the values appearing in the table are the only possibilities.
From Euler’s formula above we get V' — E + F = 2. Also we have mV = 2E = nF. It

follows that
1 1 Vv F 2+ E 1 1 1

==t =—F7 >
m n 2F + 2F 2F E 2 2
Since m,n > 3 this can only work if m and n take the values given in the tabular. But n
and m determine all the other values (by the above equations) O

Proposition 1.14.9. The Euler characteristic has the following properties
1. It is homotopy invariant, i.e. for X ~Y we have x(X) = x(Y).

2. For a product X XY of spaces which admit finite CW structures we have x(X xY) =
X(X) - x(Y).

3. Consider an n-fold covering X — 'Y and assume that'Y admits a finite CW structure.
Then we have x(X) =n-x(Y).

Proof. The first is clear, for the second let a; and a be the number of 7 cells of X and Y.
Then X x Y has a cell structure with » a;aj-cells of dimension k. Thus we get that

itj=k
(X xY) = 3 (D8 Y @) = 30 Y (Dal(-1ya = (3 (-D'a) - (L (-1a))

Similarly, if Y has a; cells of dimension ¢ then X admits a CW structure with na; cells of

dimension ¢ which immediately implies the result. O]
Example 1.14.10. e The d-dimensional torus 7% := S'x...x S* has Euler characteristic
X(T%) = 0.

e The Lens space L,, = S*/(Z/p) has Euler characteristic

X(Lp,q) =0

Warning 1.14.11. The second part of the proposition is true for all spaces such
that x(X) and x(Y) are defined (as we will see later). The third can fail as the example
5% — RP> shows. Here 5% = colimS™. Hence we have H,(5°) = 0. Thus x(5*) =1 (in
fact S*° is contractible). But S — RP> is a 2-fold covering. Thus

N(S®) =1#2=2. \(RP¥)
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Proposition 1.14.12. Let
Xo—=X3

bk

be a pushout such that the Fuler characteristic of Xy, X1 and X5 is defined and such that
Xo — Xy 1s a subspace inclusion which admits a neighboorhood that retracts onto Xy. Then
the Euler characteristic of X is defined (i.e. X is homologically finite over Q) and we have

X(X) = x(X1) + x(Xz) = x(Xo)
Proof. We prove consider the Mayer-Vietoris seqeunce

This is an exact sequence, thus the alternating sum of the ranks vanishes (e.g. using that
this can be considered as a chain complex with trivial homology and the Euler characteristic
is the same as the alternating sums of the ranks of the homologies). This alternating sum is
given by

Z ((—=1)¥rankH;(Xo) + (—1)**! (rank H;(Xo) + rankH;(X;)) + (—1)*rank H;(X))

7

Z ((—1)irankHi(X0) + (=1)" ! (rank Hy (Xo) + rank H;(X1)) + (—1)irankHi(X))

X(Xo) — x(X1) — x(X2) + x(X). o

1.15 Homotopy invariance of singular homology

In this section and the next, we finally want to prove the Ellemberg-Steenrod Axioms. First
we deal with the Homotopy invariance, therefore remember its statemnent:

If f~g:(X,A) = (Y,B) then f. =g, : H,(X,B) = H,(Y, B)
We will have to develop some theory first.

Definition 1.15.1. Let f, g : A, — B, be maps of chain complexes. Then a chain homotopy
is a sequence of homomorphisms D,, : A, — B, (we will most often only write D) such
that 0o D, + D, 100 = f —g.

Picture.

We say f and g are chain homotopic and write f ~ g. A chain map f: A — B is called
a chain equivalence, if there is a chain map ¢g : B — A such that gf ~ id and fg ~ id.

Proposition 1.15.2. 1. If f ~ g then f. = g. : H.(A) — H.(B).
2. If f + A — B is a chain equivalence then f,: H,A — H,B is an isomorphism.

3. Chain homotopy is an equivalence relation
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4. If D is a chain homotopy between f,g: A — B. Let moreover h : B — C be a chain
map. Then hD : A, — Cii1 is a chain homotopy between hf and hg.

Proof. ad 1: If a € A,, with da = 0 then we have
filal = gula] = [(f — 9)(a)] = [0Dn(a) + Dn—18a] = [0Dy(a)] = 0.

Hence f. [a] = G« [a]

ad 2: follows from 1 since this implies that g, is inverse to f..

ad 3: if D is a chain homotopy between f and g and D’ is a chain homotopy between g and
h then D" := D + D' is a chain homotopy between f and h since

f-h=f—-g+9g—h=0D,+ D, 10+0D, +D,_,0=0D)+D)_,0

This shows transitivity. Symmetry is clear (insert a sign) and reflexivity as well. ad 4: we

have
OhD + hDO = h(0D + DJ) = h(f —g) = hf — hg

Now we make the first towards homotopy invariance of singular homology.
Theorem 1.15.3. If X is a contractible topological space, then H,(X,G) =0 for all n # 0.

Proof. Consider a contracting homotopy H : X x [0,1] = X with Hy = id and H(x,1) =
for some point g € X. We define for each singular simplex o : A"! — X a simplex
Do : A" — X given by

D(O’) (Z )\z@) =H (J(Z ] i\’)\o 61‘—1)7 )\0)

=1

and extend by D(o)(eg) = x¢. This can be pictures as follows:

We get an induced map
D:C,1(X)—= C,(X)

We compute that for n > 1 we have

n

d(D(0)) =+ (=1)/(Da)

=1

=0+ Y (1)'D(c"Y)

i=1

=0 — D(0o)

and for n = 1 we get that
d(Do) =0 — 0y

where o is the point zy considered as a 0-simplex. Thus we find that
0Do 4+ DOo =id — €

where € : C,,(X) — Ci(X) is the chain map that is zero in positive degrees and sends every
0-simplex to o¢. The induced map is clealy zero in positive degrees. [
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Now in order to prove homotopy invariance of singular homology we need another tool,
the so called cross product, which is a bilinear map

H,(X) x Hy(Y) = Hypo X % V)

Its construction requires some choice which happen to be irrelevant in the end. The rough
idea is to consider for a p-simplex ¢ in X and a ¢-simplex 7in Y the product AP xA? — X xY.
If we subdivide this into p+¢ simplices then we can consider their sum as a singular p+¢-chain
on X xXY.

Proposition 1.15.4. There exist bilinear maps
X 1 CpX X C)Y = Cppg(X X Y)
such that

1. Forz € X ando : AP — 'Y the element x X o is described as the p simpler AP — X XY
with ww— (z,0(w)). Likewise for 7 x y withy € Y and 7: A1 — X.

2. The map X is natural in X and Y, i.e. for f: X — X" and g:Y — Y’ we have
Cu(f x g)(ax b) = C.f(a) x Cig(b)

d(a x b) = 0a x b+ (—1)%8% x b
Proof. Requirement (1) uniquely determines maps
CoX x CY = Cy(X xY) CpX x CpY — Cpig(X xXY)
for each pair X,Y by linearity. Now we want to inductively construct the maps
X 1 CpX X CfY = Cpyg(X xY)
under the assumption that
Cpo1 X X CY = Cpig1 (X xY) and  C,X x Cy1Y = Cpig1(X xY)

have already been constructed. By freeness of the singular chain complex it will suffices to
construct the value o x p for 0 : A? - X € Cp(X) and p: A? = Y € Cy(Y). Since x is
supposed to be natural we can assume that X = AP and ¢ = idar as well as Y = A? and
it = idaq, so that we need to define the value

idAp X iqu S Cerq(Ap X Aq) .
By (2) it has to satisfy the relation
a(idAp X iqu) = a(ldAp) X iqu + (—1>pidAp X (8iqu)

where the right hand term is already defined by induction. The right hand term clearly is
a cycle in Cpi (AP x AY) as one easily checks. But since AP x A? is contractible we can
employ Theorem to deduce that this cycle is a boundary, i.e. we can make a choice
of (idar X idaq) which satisfies the relation. This then uniquely determines a natural map

X 1 CpX X C)Y = Cpp(X X Y)

which also satisfies relation (3) by naturality. O
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Proposition 1.15.5. The cross product induces a bilinear map
H,(X,A) x H(Y,B) - Hy y( X XY, X x BUAXY)

defined by [[a]] x [[b]] — [[a x b]] where a € C,(X) and b € Cy(Y). In particular it induces
bilinear maps
Hy(X) % Hy(Y) = Hyyo( X < V)

Proof. Assume a € C,(X) has the property that da € C,_1(A). This means it represents a
cycle in C,(X, A). Similar assume that b € C,(Y') with 9b € C,—;(B). Then

Jaxb)=0axbxtaxodbe Cpy1(AXYUX xB).

Thus a x b represents a cycle in C,(X XY, Ax Y UX x B). It remains to check that the class
[[axb]] is independent of the choice of representatives a and b (for the classes [[a]] € H,(X, A)
and [[b]] € H,(Y,B). This is clear under adding chains in A and B (by naturality of x).
Hence consider for a,z € C,(X) and b,y € C,(Y) the term

(a+0x)x (b+0y) =axb+0xxb+axdy+0xrxdy=:¢&
We also compute
ax b+ (=1)%*(a x y) + d(x x b) + d(z x y)
=&+ (=1)%8%9a x y + (—1)%8"z x b

If a and b are relative cycles, then the last summands lie in C,(X x BU A x Y). Thus we
have that [[¢]] = [[a x b]] which verifies the claim. O

Remark 1.15.6. The map X : C,)(X) X Cy(Y) = Cpyq(X x Y') depends on choices. One
can show that these choices don’t matter too much, in the sense that the conditions of Prop.
1.15.4) uniquely characterize x up to some notion of chain homotopy of bilinear maps.

This implies in particular that the maps

H,(X,A) x H(Y,B) - Hy y(X XY, X X BUAXY)
are independent of all the choices.
The most important case for us is the case X = I = A!. Then we have a map
D:CyX)—= Cp1(I x X)

given by D(c) = I x ¢ where I € C(I) is the identity simplex (the ida: from the proof of
1.15.5). We claim that D is a chain homotopy between the maps C,(ip) and C,(i;) where
ig, 11 are the two inclusions X — I x X given by ix(x) = (k,x). To see this note that

Ol xc)=1xc—0xc—1xdec

Hence
0D(c) 4+ DI(c) =1 xc—0x c=1y(c) —ip(c)

using for the last equality property (1) of Proposition [1.15.4, Now for A C X the chain
homotopy D also descends to a chain homotopy

D:Cy(X,A) = Cyi(I x X, I x A)

between the corresponding inclusions by naturality of x.
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Theorem 1.15.7. If f and g are homotopic maps (X, A) — (Y, B) then C.(f) and Ci(g)
are chain homotopic maps C(X, A; G) — C,(Y, B; G). In particular we have that f. = g, :
H.(X) — H.(Y).

Proof. We will prove that for G = Z. For other groups G it follows by tensoring with G on
the level of singular chains (which preserves chain homotopies).
Let H: (X xI,AxI)— (Y,B) be a homotopy between f and g. We consider the map

O*(XaA) 2} C*—H(X X IvA X I) C*+—1H> O*+1(Y7 B)

This then is a chain homotopy between C.(H o i) = C.(f) and C,(H o i1) = Ci(g) by
Proposition 15.2 (4). O

Corollary 1.15.8. Singular homology (with arbitrary coefficients) satisfies the Homotopy
Aziom (from the ES Azioms .

1.16 Excision for singular homology
In this section we want to prove the excision axiom. Recall its statement
Given (X, A) and Z C A with Z C int(A), then the morphisms
H,(X\Z,A\Z) = H,(X,A)
induced by the inclusion is an isomorphism.

This will be Theorem below. The problem is with large simplices not contained
in either A or X \ Z (picture). Note that A and X \ Z form a cover of X, in the sense that
their interiors int(A) and X \ Z cover X. The idea is to ‘subdivide’ all simplices to make
them smaller until they lie completely within one of the two. To this end we want to con-
struct a subdivision operator T : C',(X) — C.(X) and a chain homotopy 7" from T ~ id¢, (x).

Let L.(A%) C C,(A?) be the subcomplex spanned by affine simplices, i.e. simplices of
the form

AP — Al O'(i )\161) = i )\ivi
=0 =0

We will denote this affine simplex, by [v, ..., v,] (as in Definition [1.2.3]). The groups L.(A?)
form a subcomplex since each face of an affine simplex is again affine. Let v € A% and
o = [vg, ..., v,] : AP — A? be affine. The cone on o from v is then defined as

vo = [v,vg, ..., Un] : APTE — AT

Picture...
By linear extension we get a group homomorphism

v(=) : Ly(AT) = Ly (A7)
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Lemma 1.16.1. We have
H(we) — ¢ —v(0c) zf deg(c) >0
c—e(c)v  if deg(c) =0
Here € : Co(A1) = Z,> n,0 — Y. n, is the augmentation (as studied in Section [1.5).

Proof. We compute

n

OV, V0, ooy Un] = [V0, «vy Vp) — Z(—l)i[v,vg, ceey Uiy ey Up]

= [vo, e, Un] — vzﬁ[vm 5 Up))

By linear extension this shows the case deg(c) > 0. In degree 0 we compute
ovo=0—v=0—¢(0)v
which shows by linear extension the case deg(c) = 0. O

We now define the ‘barycentric subdivision’ operator T : L,(A?) — L,(A9) on simplices
inductively by

T(o) = o forp=20
oY (do) forp>0

where o = ﬁzif:o v; is the ‘barycenter’ of the simplex o = [vg,...,v,]. An operator
T :L,(A%) — L, 1(A?) is defined inductively on simplices by the formula
for p —
T(o) = 0 orp=20
o(Yo—o—T(0o)) forp>0

(Maybe discuss some cases for p = 0,1, 2)

Lemma 1.16.2. T : L,(AY) — L,(A9) is a chain map and T is a chain homotopy from Y
to 1.

Proof. To show that T is a chain map we have to show that Y(do)) = 9T (o) for each
o : AP — A9, We will prove that by induction on p. For p = 0 we have

Y(0o)=7(0)=0= 00 =09Y(0)

For p =1 we have
Y(Jdo) = do

and using Lemma [1.16.1
IY (o) = 0(a(do)) = d(0) — €(do)o = Do

For p > 1 again using Lemma [1.16.1] (second equality) and inductive hypothesis (third
equality) we get

0Y (o) =0(cY(00)) = Y(0o) — cdY(0o) = Y(do) — aX(00o) = Y (o)
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Together we have shown that T is a chain map. Now we want to show that T is a chain
homotopy, i.e. that
OT+To=7—id

For p = 0 we have
Mo +Tdo=0=0—0="TY(0)—o0.

For p = 1 we have
ITo+Tdo=0(c(Yo—0—-T(0o)) =Yoo —0—0c(0(Yo—0))=Toc—0
For p > 1 we have
Mo=..=Yo—0—-T0o —ag(0Yo — do — 0T Do)
But 0700 = (Y —id — T0)(0o) = Y00 — do. Thus

O0To+T0c=Yoc—0c—-—T0c+T0o =To—0

Proposition 1.16.3. There are unique maps T : Cu(X) — Cu(X) and T : Cu(X) —
Ciy1(X) for every X satisfying the following properties:

1. The operators Y, T are natural in X, i.e. for f: X —Y we have

TC.(f) = C(NHT  TCA(f) = C(f)T

2. Y and T extend the operators defined above on L.(A?).
3. Y is a chain map and T a chain homotopy T ~ 1.

Proof. The first two properties already characterize Y(o) = C.(o)(T?4(AP)), where AP €
L,(AP) is the identity p-simplex, o : AP — X is any singular simplex, and T refers to
the geometrically defined subdivision operator on L,(AP). So T is uniquely determined, and
analogously for T'.

This formula also defines an operator T, we just have to check that it coincides with
Yo on L,(A?). But this follows from the fact that for affine ¢ : AP — A% the map
Ci(o) : Cu(AP) — C.(AY) preserves the subcomplexes L., and preserves barycenters and
cones, so commutes with T4, In particular, C,.(c)(YT°4(AP)) = T°4(s). Analogously, T
coincides with 7° for affine simplices.

Finally, the formulas 0T = Y90 and 0T +T0 = T — id follow from the previously proven
variants on L,(AP) and naturality. O

Corollary 1.16.4. The map Y% : C.(X) — C.(X) is chain homotopic to the identity. The
chain homotopy Ty can be chosen natural in X.

Proof. This follows since the composition of chain homotopies is a chain homotopy as well.
Concretely, we set 77 = T', and then inductively T, = YTy + 1. Then

Oy + T30 = Y(0Tj—1 + T 10) + 0T +T0 = T(Y* ! —id) + T —id = T* —id

by induction. O



CHAPTER 1. TOPOLOGY I, WINTER TERM 2024/ 2025 66

Lemma 1.16.5. 1. If 0 = [vo,...,vp) : AP — A? is an affine simplex, then any simplex
in the chain Y(o) has diameter of at most -y diam(c).

2. For an affine Simplex o, each simplex in the chain T*(o) € L,(A?) has a diameter of
at most ( +1) diam(o).
3. Let X be a space, U = {U, }ier be an open covering of X and o : AP — X be a simplex.

Then there exists a k € N such that T*(c) € C,(X) is U-small, i.e. that every simplex
of T*(c) has image contained entirely in one of the U;’s.

Proof. Every simplex in Yo = ¢Y(d0) is a simplex of some oY (c®). Inductively we see
that every simplex in Yo has the form [0y, 01,09, ...,0,] where 09 = 0 : AP — A7 and
oip1 @ AP 5 A9 s some face of o; 1 AP7" — A% By reordering the vertices v, we can
arrange that

oi = [vg, ..., U4

and thus o; = +1 Zk o Uk- The diameter of the simplex [0y, 01, 03, .. ap] is then bounded
by the distance of two vertices. Thus in order to prove the statement we have to show the

inequality
J
i+1 Z T JF14 U’“

We may assume 7 < j because of symmetry. Now we compute

RTINS (S o A B
oi — ol = || Uy — ——= > U
Z+1k=0 ]+1k’=0

1 : 1 <
| )T
e — v
(
J

1
+ J k=i+1
j—i 1
1)
1

< b . diam(o)

Haz UJH =

J

1+ 1

=0 =i+1

j—i
j+1

1
)(J +
Dtk ka

k=0 k i+1

1
1+

The terms ZJ%I Z{C Uk and k i1 Uk are the barycenters of [vg, ..., v;] and [viy1, ..., )]
respectively. As such they are both contained in the convex o, and thus their distance is
bounded by diam(c). We conclude

j—1 .
o, — ol < = diam(o) <
lo: — o)) < = dinm(o)

b diam(o),
p+1

where the last inequality holds since ¢ > 0 and j < p. This proves the first claim.

Ad 2: The second assertion follows from the first immediately by iteration.

Ad 3: By naturality of T* we have Y*(0) = C,(0)Y*(AP). Since C.(c) is defined by
postcomposition, i.e. by composing a simplex AP — AP with the map o : AP — X, we can
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pull back the open covering U = {U;}ic; to an open covering o~ 'U = {o7'U,};c; and find
that the condition that each simplex of Y*(o) is contained in one of the U!s is equivalent
to the condition that each simplex of T*(AP) is contained in one open set of o~'U. By
the Lebesgue Lemma (or directly by compactness of AP) there exist for such a covering of
the simplex an € > 0 such that every subset of AP of diameter less or equal to € is entirely
contained in an open of o~'U. Now we choose k such that every simplex in T*(AP) has
diameter less then e which can be done by (2). Then we are done. ]

Definition 1.16.6. Let & = {U,}icr be a covering of X such that the interiors still cover
X. Let C,(X)¥ C C,(X) be the subcomplex spanned by the U-small singular simplices. For
AC X let CY4(X,A) = C.(X)M/C, (AU, Then we define

Theorem 1.16.7. In the situation of|1.16.6 the morphism induced by the inclusion H4 (X, A) —
H.(X,A) is an isomorphism.

Proof. We first prove the statement for A = (). Let ¢ € C,,(X)¥ with ¢ = 0. Suppose ¢ = de
for e € Cpy1(X). This means ¢ represents a class in the kernel of HY(X, A) — H,(X, A).
We must show that this class is zero, hence that ¢ = 9¢ for ¢’ € C,y1(X)¥. By Lemma
1.16.5|(3) there is k such that T*(e) € Cpy1(X)¥ and

T*(e) — e = Ty(0e) + 0Ty (e) = Ti(c) + OTx(e)

Therefore
oYk (e) — de = 0T} (c)

and thus
c=de = 0(Y*(e) — Ti(c))

We set ¢ := T¥(e) — Ty(c) which is in Cp11(X)¥ by naturality of T.
To see that the map is surjective let ¢ € C,(X) be a cycle, i.e. dc = 0. Then we try to find
d € Cyp(X )M with c— = Je for some e € Cpy1(X). Find k such that T*(c) € C,(X)". Note

that we ¢ can be a linear combination of finitely many simplices. Thus we find a seperate k
for every of these simplicies and then take the maximum of all these k’s. Then we have that

T*(¢) — ¢ = Tj(Oc) + 0Ty (c) = Ty (c)
This proves surjectivitiy.
Now to prove the relative case for A C X consider the following diagram

00— CL (AU — O (XM —— O (X, AY —=0

| | |

0——=C.(A) C.(X) ——= C.(X, A) —=0

with exact rows. This induces a morphism of long exact sequences

according to Theorem [1.5.8) By the first part we know that the morphisms ... are iso-
morphisms. Thus by the 5-Lemma (Lemma|l.5.14) the relative morphism is an isomorphism
as well. O
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Theorem 1.16.8 (Excision). Given (X, A) and Z C A with Z C int(A) then the morphisms
H,(X\Z,A\Z) = H,(X, A)
induced by the inclusion 1s an isomorphism.

Proof. Consider U = {A, X \ Z}. This is a covering of X in the sense that the interiors
int(A) and X \ Z still cover X. Thus by Theorem [1.16.7| we find that the morphism

is an isomorphism. Note that
CY(X) = C(A) + C.(X\U), CUM(A)=C,(A), C,(A\U)=C,(A)NC(X\U)
It follows that
C.(X\U) ,, CY(X)
C.(A\U)  C.(A)

Since this isomorphism is induced by the inclusion we find that the following diagram com-
mutes:

H(X\U,A\U) — HY(X, A)

\ l

So the diagonal map is an isomorphism, too, which we wanted to prove. O]

We have now given a full proof of the Eilenberg-Steenrod axioms for singular homology,
and that they uniquely determine the homology groups (in the appropriate sense) for CW
complexes. In other words, we have given a full proof of Theorem [1.6.2]

1.17 Manifolds and orientations

Recall that by Definition a topological manifold of dimension n is a second countable
Hausdorft space M such that every point in M has a neighborhood homeomorphic to R"™.

Remark 1.17.1 (Without proof). All topological manifolds M of dimension n # 4 and
all smooth manifolds are CW complexes of dimension n. Thus Corollary together
with Corollary implies that all compact manifolds of dimension # 4 have finitely
generated homology groups in degree < n and vanishing homology groups above. Since we
do not want to use these hard results and since we do not want to exclude dimension 4 we
give a more direct argument.

Proposition 1.17.2. Let M be a compact topological manifold. Then the homology groups
Hy (M) are finitely generated. More generally for any manifold M with a compact subset
K C M the image of the morphism Hy(K) — Hy(M) is finitely generated.
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Proof. We use nduction on k. Thus assume that for each manifold M and each compact
subset K we already know that the image of

Hk_l(K) — Hk_l(M)
is finitely generated. Now we want to prove that the image

is finitely generated for each K C M compact. In fact, we will prove a slighlty stronger
statement:

Each compact subset K C M admits an open neighborhood U O K such that
the image

Hy(U) — Hp(M)
is finitely generated.

This implies the claim since subgroups of finitely generated abelian groups are also finitely
generated.

To see the last statement we note that (since every manifold is locally compact) each
point m € M admits a compact neighborhood which satisfies the claim (since we can chose
a contracitble open neighborhood first). Since every compact subset K C M is then a finite
union of such neighborhoods it suffices to prove that if two compact subsets Ki, Ko C M
satisfy the claim, then so does their union. We choose open subsets U; D K; and U; D Ko
such that these have finitely generated image. Then we can also find smaller open subsets

K, CU C U] C U,
and o
Ky CUy C U, CUs

with the closures U] and U} being compact and consider the following part of the Mayer-
Vietoris sequences

H, (U UU;) — Hp, (U N Uy)

| |

Hk:Ul EB Hk(UQ) —>Hk(U1 U UQ) —>ka1([]1 M U2>

|

The images of the outer vertical maps are finitely generated, the left one by choice of U; and
U, and the right one by induction hypothesis (since Uy NUs is itself a manifolds and the map
factors through the map Hy_1 (U NUS) — Hy_1(U; N U,)). The middle horizontal sequence
is exact, thus the claim follows from the next Lemma. O

Lemma 1.17.3. Assume that we have a commutative diagram of abelian groups
A——B

|

b
:

0

_—
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such that the vertical maps have finitely generated images and the middle horizontal sequence
is exact (not necessarily short exact). Then also the image of A — G is finitely generated.

Proof. We denote the maps in the diagram by ¢ 4p and similarly for the other maps, indi-
cating source and target.

By assumption the image of pgg is finitely generated, thus the image of ¢ 4p, which is
a subset is also finitely generated. Choose generators ey, ..., e, with preimages a4, ..,a, € A.
Also choose generators f, ..., fi for the image of pcr. Then we consider the subgroup

G = <¢Ag(a1), ..,@Ag(an)MPFG(fl)a ---,4PFG(fk)> cG.

We claim that the image of @ ¢ is contained in G’ which will finish the proof, since then the
image is also finitely generated. Consider an element a € A. We have that

pap(a) = Z Hi€i
i=1
with u; € Z. Then consider
d:=pap(a) = > pipap(a;) .
i=1

We have that ¢pg(d) = 0 by construction, thus we find an element ¢ € C with ¢cp(c) = d.
But then we have that

¢pc(d) = pcc(c) € (pra(fi), - pra(fr)) € G
It follows that .
par(a) = ¢pc(d) + Z pipac(a;) € G
i=1
which finishes the proof. O

Remark 1.17.4. The same proof shows that Hy (M, R) is finitely generated over R for any
noetherian ring R, in particular for R = Q and R = Z/n.

Definition 1.17.5. A chart of a topological manifold M is an open subset U C M together
with a homeomorphism ¢ : U — V C R™.

An atlas A of a topological manifold is a family of charts {¢; : U; — V;}ier such that
U,er Ui cover M (by definition every topological manifold admits an atlas).

The transition functions of an atlas A are the homeomorphisms

pij 1 (Vi) = 0;(Vi) w007 (2)
Note that we have the so-called cocycle condition ¢;;0¢9;; = @;,. In particular ¢;; = @Zjl.

Example 1.17.6. 1. M = R". Atlas with one chart id : R® — R". No (interesting)
transition functions.
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2. The sphere S™. We have an atlas A consisting of two charts as follows:
Up:=S"\ N :={(xg,...,x,) € S" | g # 1}

and ¢o : Uy — R™ the stereographic projection (to a equatorial hyperplane) is given

by
T Ty
N (.

].—(L’Q? “’].—I(]

Similarly we have
U1 = S5" \ S = {(QZO, ,.I'n) e s ’ Zo 7£ —1}

and

x T
01(X0y ey Tpy) = ( LI )

1+ZL‘0, Y 1+ZEO
The transition function
©o1 Rn\O%Rn\O
is given by

1
<y17 7yn) = _W(yla --‘ayn)

3. Another possibility is an atlas for S™ consisting of (2n + 2) charts as follows:
Ut ={(zg,...,zn) € S" | z; > 0}

U~ ={(zo,...,xn) € S" | z; <0}
with * : UF — D" given by (g, ..., x,) + (%0, ..., @4, ..., ). Picture

4. Real projective space RP" = R"™ / ~={[zg : ... : z,]}. Set

Ui ={[zo:...: x,] | & # 0}

and —
;U — R" [zg @ ..t xy] — (ﬁ Lo ,ﬁ)

) ) )

The transition functions ¢;; for ¢ < j are given by

eij  R*\ {y; # 0} = R"\ {i41 # 0}
NN TR

<y17"'7yn) = ) ) PREES) JIRERES)
Yj Yi Yj Yj Yj

5. Similarly for CP™ we have n + 1-charts.

Definition 1.17.7. The local degree in x € U for a homeomorphisms f: U C R" — V C R"
is defined as the number deg, f such that f, : H,(U,U \ {z}) — H,(V,V \ {y}) is given
by multiplication with deg, f (in the standard identification with Z). We call f orientation
preserving, if the local degree of f in x for each point x € U is one. Otherwise its called
orientation reversing.
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Remark 1.17.8. e Note that this is an extension of our old local degree. Indeed if
f:R®™ = R" is a homeomorphism (in particular it induces a map f*: 5" = (R")" —
(R™)* = S™) then the local degree of f in x € R™ agrees with the local degree defined
in Definition . In this case it also agrees with the (global) degree of the map
f* by Theorem [1.13.7, Conversely if we start with a map f : S® — S" and U C S
that gets homeomorphically mapped to V' C S™. Then we can identify U and V' with
subsets of R™ and reduce the old local degree to the new one (we will see soon how all
these degrees nicely fit together)

e [f U is path connected then the local degree is independent of the point x. This means
that we have to check orientability only in one point. To see this pick a nicely embedded
path v connecting = and 2’ and consider the diagram:

Hy (U, U\ {z}) —= Ho(V, V\{f(2)})

| |

H,(U,U\~AI) ——H,(V,V\ fy(I))

| |

H,(U,U\A{2'}) —= H,(V.V\ {f(2)})
Example 1.17.9. The map
R" — R" Y1y s Yn) = (Y15 e, Yn)

is orientation reversing (by Lemma [1.7.10)). .

Lemma 1.17.10. Let A be an invertible n X n-matrix. Then the local degree of the mapping
A:R™ = R" in every point x € R"™ (which is the same as the degree of the map A* : S" —
S™) is given by the sign of the determinant of A.

Proof. We check this in the point 0. Clearly for a product of matrices AB we have deg,(AB) =
deg,(A)-degy(B). Thus we can reduce the Lemma the the case of elementary matrices. There
are three forms of elementary matrices: First consider E (A on diagonal). Such a matrix
is homotopic (through invertible matrices) to the matrix £} with A = £1. In this case the
statement follows from Lemma . The matrix E} (lambda offdiagonal) is homotopic
(as an invertible map R™ — R") to the identity. The final case of the interchanging of two
rows is homotopic to a reflection as well, thus also follows from Lemma [1.7.10] O

Theorem 1.17.11. Let f : U CR"” — V CR" be a smooth diffeomorphism. Then the local
degree of f in x € U is the sign of the determinant of the derivative df, : R™ — R".

Proof. By a translation we can assume that 0 € U and f(0) = 0. Using the last Lemma
we can compose the map f with a linear map such that we can assume wlog that df, = id.
Thus we have to show that under these conditions the map f has local degree 1 in the point
0. Using Taylor’s theorem we write f as

flxy, o xn) = (1, o0y xn) + g(21, .., Tp)

where for some € > 0 we have |g(z)| < 1/2|f(z)| for 0 < |z| < 2e.
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Then define
f(z) 2 < ||
Flat) = { f@) — 12— al/g(w) < [a] < 2
f(z) —tg(z) else

The map F(x,1) : U — V is the identity near 0, hence has local degree 1 in 0. The map
F(z,0) agrees with the map f around 0, hence has the same degree as f in zero. Moreover
one can check (and this requires some thinking) that F' is indeed a homotopy of pairs. Thus
we find that deg, f = 1. n

Examples 1.17.12. Consider the map

wij - R"\ {y; =0} = R"\ {yiy1 = 0}

(0 yi 1 yin Y5 Un
(Y1 ey Yn) — (—, UR-A R A== S —J,....,—)
Yj Y5 Y5 Y5 Yj Y

for i < j. We consider the case i = 0,7 =1, i.e. f := g is given by

1 Y2 Yn
(yh e yn> = (_7 IR
Y1 % Y1
Thus we find that the Jacobian is
1
Lok
dfy fr— Y1 L .
71
and therefore the determinant 1
Y y1+1

Hence the morphism f is not orientation preserving, since the local degree in the point
(1,0,...,0) is —1. More generally we find by interchanging the rows that

1

n+1

det dSOz] = (-1)i+j
Yj

Definition 1.17.13. An atlas A of a manifold M is called oriented if the transition functions
are oriented . Two oriented atlases A and A’ are called (oriented) equivalent if their union
AU A" is again an oriented atlas of M. An orientation on a manifold is an equivalence class
of oriented atlases. A manifold is called orientable if it admits an orientation.

Remark 1.17.14. There are manifolds that do not admit orientations as we will see soon.
If a connected manifold is oriented then there are exactly two orientations.

Examples 1.17.15. The standard atlases of R", 3, and CP" are oriented (as we see from
Examples [1.17.6{and [1.17.9). These are the standard orientations on these manifolds.

The standard atlas of RP™ is not oriented as the last example [1.17.12| shows (since the
transition functions are not oriented). Lets consider another atlas on RP™ with the same
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open sets U; but the maps ¢; := (—1)icpl-. We find that the transition functions ¢;; are given
by »

G = (1) gy
Thus we get

det digiy = (=1)" (=)™ g = (1)) g
N Y1

For n odd this is always positive, hence RP" is orientable for n odd.
The next result is the main result about oriented manifolds.

Theorem 1.17.16. For an n-dimensional, connected manifold M we have Hi(M,G) = 0
for k> n and

G if M 1s compact and orientable
H,(M,G) =< G2] if M is compact and not orientable
0 of M is not compact

where G[2] = {g € G | 2g = 0}.
In particular a compact, connected manifold is orientable if and only if H,(M,Z) = Z.

Example 1.17.17. 1. For the genus g-surface we have seen in Proposition [1.13.1] that
Hy(X,) = Z. Thus it is orientable.

2. For projective space RP™ we have seen that H,,(RP") = Z for n odd and H,,(RP™) =0
for n even. Thus RP™ is orientable precisely for n odd (we had already seen that it

was orientable in Example |1.17.15)).

3. The surface X for g > 1 is obtained as the quotient of the regular 2g-gon @, divided
out by the relation a%a%ag...ag. It is not hard to check that this defines a topological
manifold of dimension 2. For example we have that 7 = RP? and X is the Klein

bottle.

Abstractly 3" is the presentation complex corresponding to the presentation (ay,...,ay |
ai...a;). We obtain the cellular chain complexes using Proposition |1.13.2] as

0z 22D 0

and therefore Hy(¥) = Z, Hi(¥]) = 797 @ 7Z/2 and H,(¥;) =0.

In particular the ¥/ are all non orientable. We can also conclude that all the 3, and
3., are pairwise non-homotopy equivalent (exercise).

4. For complex projective space we can immediately see that Hs,(CP™) has the be Z
from the fact that it is oriented without computing.

5. The Lens space L, , has a CW structure with one cell in dimensions 0,1,2 and 3 as was
shown in the exercises. Thus its cellular chain complex C¢/(L, ) has the form

078 g0y
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Since L, , is connected we have 0, = 0. Since Hy(L,,) = Z/p we have 0y = p. The
third differential 05 is given by multiplication by some m. Now we have 0 = 0,05 = pm.
Thus we have m = 0. We get

07237285 72%7

We conclude that Hs(L,,) = Z, Hy(L,,) = 0, Hi(Ly,) = Z/p and Hy(L,,) = Z. In
particular L, , is orientable for all values of p and g.

Corollary 1.17.18 (Invariance of dimension II). For a compact n-dimensional manifold
M we have H,(M,Z/2) = 7Z/2. Thus if two compact manifolds M and N are homotopy
equivalent, we have that dim M = dim N.

Definition 1.17.19. For an oriented manifold the canonical generator of H,,(M;Z) = Z is
called a fundamental class of M and denoted [M]| € H,(M;Z).

Remark 1.17.20. 1. Later we will get much stronger results from the existence of a fun-
damental class (called Poincare duality). For example we will see that for an oriented
manifold of dimension n we have rankHy (M) = rankH,,_(M).

2. If we have a compact oriented n-manifold M and a map M — X then we get an
induced class in [M]| € H,(X) as the image of the fundamental class of [M] € H,(X).
In this way manifolds describe classes in singular homology. In fact a lot of classes
(but not all) can be described this way.

1.18 Classification of surfaces

Theorem 1.18.1. Fach compact, connected 2-manifold is homeomorphic to one of the sur-
faces

o X, forg=0,1,2,..
o X, forg=1,2,3..

We already know that the surfaces 3, and ¥ are non-homeomorphic. The easiest way
to see this is to use the following argument: the ¥, are orientable (Example and
the 3 are non-orientable. Hence they can not be homotopy equivalent (note that these are
compact manifolds). To distinguish the >, among each other or the ¥ among each other
it suffices to consider the Euler characteristic, which is

X(%g)=2-29 and x(X;)=2-yg
Corollary 1.18.2. For connected, compact surfaces F' and F' the following are equivalent:
e I and F' are homeomorphic
e F and F’' are homotopy equivalently

e F' and F' have the same orientation behaviour (i.e. both orientable or both non-
orientable) and x(F) = x(F").
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Definition 1.18.3. Let M and N be n-dimensional manifolds which are oriented or non-
orientable. We choose embeddings i), : R* — M and iy : R® — N such that iy, is
orientation preserving when this makes sense and 7y is orientation reversing when this makes
sense. The we define the connected sum as

M#N := (M \ intD") Ugn—s (N \ intD")

where S"~! C D" C R" are the sphere and the closed disk inside of R" the glueing is
understood using the embeddings 7y, and 7.

Proposition 1.18.4. Let M and N be oriented or non-orientable manifolds of dimension

n. Then M#N has Euler characteristic x(M#N) = x(M) 4+ x(N) — 2 for n even or
X(M) + x(N) for n odd. The connected sum is orientable, precisely of M and N are both
ortentable. For two compact, connected manifolds the connected sum s also compact and
connected.

Proof. This was exercise 11.4. [
Corollary 1.18.5. Every surface is homeomorphic to one of the manifolds:

1. 5% or THTH#.. #T =%,

2. RP*#RP*#.. #RP*> =%,

Proof. It suffices to show that ¥, is the connected sum of tori and 3" is the connected sum
of RP%s. To this end we use the last Proposition and deduce that T#7T...#T with g + 1
summands is orientable and has Euler characteristic 2 — 2¢ which can be shown inductively.
Then we use the classification of to get the result. The same argument applies for the
connected sum of RP?%’s. O

There is one last open point, namely that the connected sum was defined using embed-
dings. But the notation already suggests that it should not depend on these choices.

Theorem 1.18.6. For two n-dimensional manifolds M and N, the connected sum is well
defined. That means that different choices of embeddings lead to homeomorphic connected
sums.

Proof. This statement is true for general topological n-dimensional manifolds and follows
from Kirby’s annulus theorem. We can only prove this for n = 1 and for n = 2 in the
compact case. For n = 1 it follows from the classification that S'#S? is homeomorphic
to S (and thus cannot depend on any choice). The same shows that ST#R = R and
R#R = R UR. For 2-manifolds the classification shows that

Eg#zlg =Ygy

and
ZQ#E;, ~7
O]

Remark 1.18.7. The connected sum depends on choices, one can show that CP?#CP? and
CP?#CP? are not homotopy equivalent using the so-called signature.
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1.19 Uniqueness of homology

M and N are oriented manifolds of dimension n.

Definition 1.19.1. If M and N are compact oriented with fundamental classes [M] and
[N] then the degree of a map f: M — N is defined as the interger deg f such that

f<[M] = deg f - [N]
in H,(N) 2 Z.

Definition 1.19.2. If M and N are not necessarily compact (e.g. open subsets of compact
manifolds) and f : M — N is a homeomorphism then the local degree of f in a point m € M
is defined as +1 if f sends the local orientation in m € M to the local orientation in f(m).
In this case we say that f is orientation preserving in m. Otherwise we set deg,, f = —1 and
say f is orientation reversing in m.

Remark 1.19.3. These definitions include all the old degrees we have defines. For example
for a sphere S™ we take the canonical orientation and then the degree of Definition 77 is
precisely the degree of Definition [I.19.1] In fact, if we took the opposite orientation the
degrees would agree since then the fundamental class obtains a minus sign which affects the
equation twice.

For an open set U C R™ or U C S™ we have a canonical induced orientation and then
local degree of Definition clearly reduces to our local degree.

Now we have the exact same tools as in Theorem [1.13.7] to compute the degree.

Theorem 1.19.4. Let f: M — N and y € N such that the preimage f~'(y) = {x1,..., 7, }
is finite and such that every x; has a neighborhood U; which gets homeomorphically mapped
to a neighboorhood V' of y. Then deg f =" | deg,. f.

Proof. Exactly the same as in Theorem |1.13.7] [

Theorem 1.19.5. If f : M — N s a diffeomorphism between smooth manifolds then the
local degree in m € M s the sign of the determinant of the Jacobian of f computed in
positively oriented charts.

Proof. Without loss of generality we can reduce to a coordinate neighboorhood. Then it
precisely reduces to Theorem [1.17.11] O]

We now want to return to the study of homology theories, which satisify the Eilenberg-
Steenrod axioms as in Definition [1.6.1, The proof of the last two theorem holds for all
generalized homology theories. Since the local degree of smooth diffeomorphisms is computed

in terms of a Jacobian, it does not depend at all on the specific choice of homology theory
H..

Corollary 1.19.6. The local degree if a smooth diffeomorphism f : M — N does not depend
on the choice of homology theory H,

Theorem 1.19.7 (Sard). Every smooth map M — N admits a value n € N (in fact those
values are dense) such that every point in the preimage has a point that gets diffeomorphically
maps to a neighboorhood of n. If M is compact the preimage of n is finite.
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Note that such points n € N are regular. This gives us a way to compute the degree
of smooth maps out of compact manifolds, since we can first find such an n, then apply
Theorem [1.19.5( and [1.19.4] to reduce it to a sum of signs of Jacobians.

Theorem 1.19.8. Fvery continuous map f : M — N between smooth manifolds M and N
1s homotopic to a smooth map.

Corollary 1.19.9. For every map f : M — N the degree is independent of the homology
theory.

Proof. Replace f first by a homotpic smooth map (which does not change the degree). Then
m

Theorem 1.19.10. If H and H' are both homology theories in the sense of the axioms . Then
for every relative CW complex A C X the groups H.(X,A) and H.(X,A) are canonically
1somorphic.

Proof. By Theorem the homology groups are isomorphic to the respective cellular
homology groups H (X, A) and (H')¢"(X,A). But by Proposition the cellular
chain complex (and hence the cellular homology) is canonically isomorphic to a complex
which only depends on the number of cells and the incidence numbers of (X, A). Now the

incidence numbers are degrees of maps S™ — S™ which by the last corollary are the same
for H and H'. O

Proposition 1.19.11. The only group that can act freely on S*" is the group Z/2.

1.20 Proof of Theorem [1.17.16

Question: How many orientations exist on M? How can we know that a manifold is not
orientable?

Remark 1.20.1. A local orientation of a top. manifold M in m € M is a choice of a
generator 0, of H,(M,M \ {m}). Every chart ¢ : U — R™ around m induces such a local
orientation 0,,(y) since it induces an isomorphisms

Hy, (M, M\ {m}) = H,(R", R\ {p(m)}) =Z

Then o0)/(p) is the element corresponding to 1 € Z under this isomorphism. Conversely
every local orientation o0, singles out a class of charts around m which we call oriented,
namely those ¢ with 0,,(p) = 0,,.

We want to assemble together to an oriented atlas. Therefore we need a local orientation
in every point. But these local orientations have to depend continuously on the point, they
can not be allowed to jump. We want to make this precise now.

Definition 1.20.2. Let M be a topological manifold of dimension n and GG an abelian group.
Forz € M set ©, ® G := H,(M,M\ {z};G) = H,(M,M\{2};Z) ® G. Set

OnyeG:=|J)e,ec
xeM

and let p : Oy ® G — M be the map that takes ©, ® G to {z}. For G = Z we just write
©. We call © the orientation bundle (with values in G).
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Give Oy ® G the following topology: Let U C M be open and o € H,(M,M \ U).
Assembling together the images under

Hy(M, M\ U) — H,(M, M\ {z})

defines a mapping s, : U — Oy ® G. We give O, ® G the finest topology such that all s,
become continuous.

Proposition 1.20.3. The images U, := s,(U) for allU € M and o € H,(M,M \ U; Q)
form a basis of the topology. Moreover p : © ® G — M 1is a covering map and fibrewise
addition 1s continuous.

Proof. Let U C M be a convex ball in some coordinate neighborhood. Then by excision the
morphism

Hy (M, M\ U) = Hn(M, M\ {z})

is an isomorphism for every x € U. Thus we have an isomorphism

Ux H,(M,M\U;G) 4 p~ 1 (U)

~_

U

We equip H, (M, M \ U;G) with the discrete topology. Then this morphism is by definition
of the topology continuous. It is also bijective and it is straightforward (but a bit annoying)
to check that it is a homeomorphism.

Since every point x € M is contained in some convex coordinate ball this shows that
the morphism p : ©); — M is locally a product with a discrete sets (namely the set Z)
and therefore a covering map. The statement about the basis of the topology can easily be
derived from that. The fibrewise addition corresponds to the addition on the product factor
and is therefore also continuous. O]

Definition 1.20.4. The orientation cover of M is the subspace MC®O consisting of all
elements H,(M, M \ x) that are generators.

Corollary 1.20.5. The orientation cover M — M is a 2-sheeted covering of M (with
not necessarily connected total space). Hence for connected M it is classified by a group
homomorphism wy : w1 (M) — Z/2 which we call the orientation character.

Proof. Use the same proof as the the last Proposition to see that locally it is reduced to
the generators. For the covering statement note that in general 2 sheeted coverings are
described by a index 2-subgroup of the fundamental group which in turn is the same as a
group homomorphism to Z/2 (since all index 2 subgroups are normal). O

Remark 1.20.6. Note that the orientation character can equivalently be described as a
group homomorphism wy : Hy(M) — Z/2 since the group Z/2 is abelian and hence by the
universal property of the abelianization. Also note that there is unique non-trivial covering
transformations 7 : M — M.
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Definition 1.20.7. A section of a covering p: N — M is a morphism s : M — N such that
ps = id. For a closed subspace A C M we denote by

IMNABOyRG)={s: A= 0y G| ps(a) =a}
the groups of sections of the orientation bundle (with pointwise addition) and by

T.(A,0) ®G) CT(A,0y ® G)

the subgroup of sections with compact support, i.e. those s for which the set {z € A | s(z) # 0}
is compact.

Lemma 1.20.8. For a connected manifold M the following are equivalent :
1. The orientation character wy is trivial.
The orientation cover M admits a section.

We have a homeomorphism M — M U M that commutes with the maps to M.

> Lo o

We have a homeomorphism O, = M X Z that commutes with the morphisms to M
and the group structures.

5. For every abelian group G we have a homeomorphism ©; G = M x G that commutes
with the morphisms to M and the group structures.

Proof. The first three assertions are equivalent for every 2-fold covering by standard covering
theory. To see the equivalence of (3) and (4) note that if we have a homeomorphism

¢ MUM— M=Mx{-1,1}
we can extend it to a homeomorphism
®:0y > MXZ

by setting ®(x) = ®(ny) = ng(y) for a generator y € H,, (M, M\ {m}). This is easily seen to
be well-defined and commutes with the group structures. Conversely assume we have such
a ®. Then its restriction to the subset M C ©,, has image M x {—1,1} (since these are the
generators). Thus it induces the desired equivalence.

To go from (4) to (5) we tensor the equivalence fibrewise with G. Conversely (4) is clearly
a special case of (5). O

Theorem 1.20.9. There is a 1-1 correspondence between orientations on M and sections
of the orientation cover.

Proof. We describe two explicit maps
{Oriented atlases of M} «— {sections of M — M}

Given an orientation [A] send it to the section s4 defined as follows: for m € M choose a
chart ¢ : U — R" from A and set s4(m) := o () € H,(M, M\ {m}). This is well-defined
since for another chart ¢’ the transition function is orientation preserving and thus leads to
the same generator 03/(¢"). Now we have to show that s4 is continuous. For this it sufficed
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to proof this locally. But for a chart ¢ : U — R™ choose an open U’ C U such that U’ C U
and such that ¢(U’) is a ball. Then we can describe the restriction s4 |y as the section
Sq : U — M C Oy corresponding to the element a € H,(M, M\ U’) which maps to 1 under
the isomorphism

Hy(M,M\ U=~ H,(U,U\U")~ H,(U,U\U") = H,(R",R"\ B) ~ Z

Thus by definition of the topology on ©); the restriction s4 |y is continuous and therefore
a section of M — M.

The converse construction works as follows: for a given section s : M — M we define an
atlas A, a follows: A, contains all charts

p:U—R"

such that for every one m € U we have that 0,,(¢) = s(m). First note that this already
implies that we have o0,,(¢) = s(m) for all m € U since U is connected and since both
sides are sections of a covering. We have to check that A, defines an atlas. Thus for every
m € M there has to be a chart in Ay around m. Pick an arbitrary chart ¢ around m of the
manifold M (which is not necessarily in M). Make a new chart ¢’ by postcomposing with
an orientation reversing homeomorphism R"” — R". Then we have ¢'(m) # ¢(m). But since
the group H,(M, M \ {m}) has only two generators one of the two elements has to agree
with s(m) and hence the corresponding chart is in Ag. To see that the atlas Ay is oriented
we use a similar straightforward argument.

Now it remains to show that the two constructions are inverse to each other. First to
see that s 4, = s we reduce this to a local chart, where it follows immediately from the local
descriptions given in the first part of the proof. For the converse, i.e. that A, is equivalent
to A one has to check that the transition functions are orientable, which is immediate
unwinding the definitions. O]

Corollary 1.20.10. If a manifold M is orientable and connected, then it has precisely two
orientations. Moreover if two orientations agree in one point (meaning that the induced local
orientations in that point agree) then they agree globally. In other words: an orientation is
uniquely determined by a single chart resp. a single local orientation.

Example 1.20.11. We have already stated that the genus g-surface is orientable (we will
see an independent proof soon). Recall that the genus g-surface was defined as a quotient
P,/ ~ of the regular 4g-gon. This gives as a canonical chart

intP;, — X,
which we want to be oriented. This uniquely fixes the orientation.

Corollary 1.20.12. If a manifold M is simply connected or if Hy(M,7Z) contains no sub-
groups of index 2 then it is orientable.

Proof. By Lemma and Theorem M is orientable precisely if wy : Hi(M) — Z/2
is trivial, which is automatically the case if there is no subgroup of index 2. O]
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Example 1.20.13. We can now directly see (without having to write down an oriented
atlas) that the following manifolds are all orientable: S™ for n > 2, CP™, L(p,q) for p not
divisible by 2. Recall that we have m (L, ) = H1(L,,) = Z/p.

Again all of these spaces have preferred orientations which are described using (one)
preferred chart. Also products of these manifolds are orientable, e.g. S? x S3.

The case of RP™ (at least for n odd) still remains open (since H;(RP™) = 7Z/2).

Corollary 1.20.14. The total space of the orientation cover M is a manifold that is canon-
wcally oriented. The involution T is orientation reversing.

Proof. Exercise. 0

For A C M closed define a homomorphism
Ja: Hy (M, M\ {A};G) = T.(A, 0y ®G) (1.2)

as before (it sends a € H,, (M, M \ {A};G) to the section s, : A — Oy x G). We must
show that this section is continuous and has compact support. Continuity can be checked
locally i.e. for opens U C A with U = VN A. Then a |y€ H,(M, M\ U) can be extended to
H, (M, M\ V) for U and V sufficiently small. Thus we have that s, is the restriction of the
section induced form the extension. The fact that the section has compact support follows
from the fact that every representative of v in C,,(M, M \ A) factors through some compact
subset B C M since A,, is compact. Then the section s, has also support in B.

Theorem 1.20.15. Let M be a topological manifold of dimension n. Then the homology
groups Hi,(M; G) are zero for k > n and the canonical morphism 1S a group isomorphism

H,(M;G) 2 To(M, 0y ®G)

Proof. We give the proof for G = 7Z and the other cases works exactly similar. For a
topological manifold M with a closed subset A we consider the following statement:

S(M,A):  Hy(M, M\ A) =0 for all k> dim M and J : H,(M, M\ {A}) —
I'.(A,0)) is an isomorphism.

The Theorem is S(M, M).

1. S(M, A) holds for A compact and convex in some coordinate chart of M....

2. If S(M, Ay),S(M, Ay) and S(M, A; N As) hold, then also S(M, A; U Ay)

3. All compact, then

Now the Theorem follows by the following Lemma. O

Lemma 1.20.16. (Bootstrap Lemma) Let S(M; A) be a statement about pairs (A, M) where
M is an n-manifold and A a closed subset. If (1)-(5) hold then S(M, A) holds for all A and
M.
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Proof. From (1)-(2) we conclude that S(M, A) holds for all compact subsets A since these

can be covered by a finite union of closed balls in coordinate neighborhoods.
O

Proof of Theorem[1.17.16 For the orientable case we have an isomorphism ©,; = M x Z by
Lemma and Theorem [2.9.9) Thus H,(M,Z) = T'(M, M x Z) = Z. For the unoriented
case note that if there is a section s : M — © which is not zero (in one point r equivalently
everywhere) then it can be divided by n such that it becomes a section of M. But then M
would be orientable. Thus there can not be a section different from zero. O

1.21 Simplicial complexes and triangulations

In this section we want to provide the preliminaries for the classification of 1 and 2-dimensional
manifolds. The central tool is the notion of simplicial complex, and triangulations, which is
closely related to CW complexes.

Definition 1.21.1. We call points vy, ..., v; in R™ affinely independent if their convex hull
is a k-simplex, i.e. if > A\u; = 0 with Y A\; = 0 imples that all \; = 0. If this is not the
case then one of the points lies in the affine space spanned by the other points (explain).
For affinely independent points we denote the affine simplex spanned by the point vy, ..., v
by (vo, ..., vx) € R™. Note that this is just the image of the map [vy, ..vi] of Definition [1.2.3]
Any subsimplex (vj,, ..., v;,) € (vo, ..., vx) is called a face.

Definition 1.21.2. An euclidean (or geometric) simplicial complex K is a collection of affine
simplices (in some R™) such that

1. 0 € K implies that every face of ¢ is also in K.
2. 0,7 € K implies that o N7 is a face of both ¢ and 7 (or is empty).

For a simplicial complex K the associated polyhedron is the topological space |K| = (J .5 0
(with the subspace topology).

Draw some examples (as in Lees 93). Also note that a simplex in R” the faces both
define simplicial complexes. The tetrahedron defines a simplicial complex whose polyhedron
is homeomorphic to the 2-sphere.

Definition 1.21.3. An (abstract) simplicial complex K consist of a set V' and a set S C
P(V) of finite, nonempty subsets of E such that

1. Each singleton {v} is in S
2. 0 C7and 7 € S implies ¢ in S.

The elements of V' are called the vertices of K and the elements of S the simplices. A
subset in S with k+1-elements is said to have dimension k. We say that K is finite/countable
if S is finite/countable. It is called locally finite if each vertex is only contained in finitely
many simplices. A subcomplex of K consists of a set of simplices such that for every s € L
also all faces are contained in L.
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Example 1.21.4. e Every euclidean simplicial complex K defines an abstract simplicial
complex with the set V' given by the set of vertices of K. The set S then consists of
all subset {vy, ..., vx } such that (vo, ...,vy) is in K.

e Picture from above

e Explicitly for A" C R"*! we get V = {0,1,...,n} and S := P(V). For A" C R™™ we
get V.={0,1,....,n} and S:={sCV |s#V}

e The 1-dimensional complex K, is defined as V := {1,2,...,n}. The 1-simplices are
{1,2},{2,3},{3,4},...{n,1}. This corresponds to the circle with n-points (picture).
The complex K., has V = Z and 1-simplices {n,n + 1}. This corresponds to R with
the marking....

e Let M be a (finite) metric space. For every ¢ > 0 we define a simplcial complex with
V =M and s C M a simplex if the diameter of s is less or equal to €. This is called
the Vietoris—Rips complex and plays an important role in big data analysis and image
processing.

We now want to define a topological space, whose ‘blueprint’ is K.

Definition 1.21.5. The geometric realization |K| of a simplicial complex K is defined (as
a set) as the set of functions av: V' — [0, 1] such that

1. {v eV |alv) >0} is asimplex of K

2. Evev O‘(”) =1

We now define two different topologies on the set |K|. First we define a metric by

S (a(v) - Bv))”

veV

The set |K| with the metric topology is denoted by |K|4. This topology is well-suited for
locally finite simplcial complexes, but in general it turns out that we have to consider another
topology which can be described as follows: for s € S let |s| C |K| be the subset

|s| :={a € |K| | « is supported in s C V'}

If we consider this as a subset of R® then it is given by the standard simplex

AlS= 1N{ZA5 > =14, 601}}QR5

VES veES

For different simplices s1, so € S there are three subspaces topologies on |s1|4N|s2]|q = [$1MS2|a
which agree. We now declare a topology on the set | K| be letting A C | K| be closed precisely
if the intersection A N |s| is closed as a subset of |s|4 for each simplex s € S. We call this
the complex topology and denote the set |K| with this topology abusively also by |K|. This
is the topology we want to consider in the following.

Lemma 1.21.6. 1. The canonical morphism | |, ¢ |s|a — |K| (which is on each simplex
the inclusion) becomes an identification.
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2. A map |K| — Y is continuous precisely if the restriction to each closed simplex is
continuous. In particular |K| — |K|q is continuous.

Proof. The first is clear by definition of the topology and the second follows from the first. [

For a subcomplex L C K we get a continuous inclusion map |L| — |K|. Now define a
filtration
ol € 1| € Kol € oo € IK

of |K| by letting K; be the subcomplex consisting of all o € K with dimo < i.
Proposition 1.21.7. The above filtration defines a CW structure on |K]|.

Proof. Choose an ordering on the vertices. If s = {vy,...,v,} is a simplex of K with vy <
v < ... < v, then we have an identification A™ = |s| and define the characteristic map for

an n-cell to be
Qr : A" = |s|lqa — |K|.

Then the diagram
I—lseK,dim s=n aAn - ’K|n—1

| |

LlsGK,dim s=n A —— |K|n

is a pushout (of sets) as one easily checks. The fact that the topology is the right one follows
from the last Lemma (1) (recall that it suffices to check that the map from the closed cells
to the total space is an identification). O

We now get all the nice properties from CW complexes. In particular from Corollary

[LI0.10) we get:

Corollary 1.21.8. The space |K| is compact, if and only if it |K| has only finitely many
cells. Moreover each compact subset C C |K| hits only finitely many simplices.

For each simplicial complex K and each set of points x, € R” for v € V there is a
canonical continuous map f : |K| — R" defined by

fl@)=) a(v)z,

veV

If this is an embedding then the image is an euclidean simplex. If conversely K was an eu-
clidean simplex from the start then the canonical such map is an embedding. This opens the
question, whether each abstract simplicial complex can be realized as an euclidean simplex.
Recall that the dimension of a simplicial complex is defined as the dimension of the highest
simplex.

Proposition 1.21.9. Let K be countable, locally finite and of dimension n. Then K can be
realized as an euclidean simplex in R?*"H1.

Proof. Choose a set of points z; € R?"*! with the following properties:

1. Each subset of 2n 4+ 2 points is affinely independent
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2. For each compact C' C R?***! there is j such that C is disjoint to the convex hull of
{wi | i>j}

Such points exist: choose a sequence of halfplanes H; D Hy D H3 D ... with (| H; = 0.
Assume p; € H; for i < k is choosen such that (1) holds. Then there are only finitely many
hyperplanes which contain 2n+1 points from {pi,...,px—1}. Choose p; to not lie in these
hyperplanes. This way we get inductively such a sequence.

Now choose a numbering of the vertices of V' and consider the map
[ K| — R

induced as above, i.e. f(v;) = x;. Because of (1) each simplex |s| C |K| is mapped linearly
and injective to R?"*!. The same argument also shows that f is injective on |s| U [¢|. Hence
f is injective. Now we want to show that f is closed, hence an embedding. Let |A| C |K|
be closed. Then f(A) is closed if f(A) N C is closed for all compact C. Because of (2) and
because K is locally finite it follows that f~'(C) is contained in a finite subcomplex. Hence
f7HC) is compact as a closed subset of a compact space (by Proposition . Thus
f(ANC = f(AN f71(C)) is compact, hence closed. O

Definition 1.21.10. A triangulation of a space X consists of an abstract simplicial complex
K together with a homeomorphism |K| — X.

Remark 1.21.11. 1. By Proposition every triangulation of a space X also induces
a CW structure on X. Conversely we can ask whether a CW structure induces a tri-
angulation. It can in fact be shown that every CW structure can be ‘refined’ to a
triangulation. We will not show this here but as we have noticed already, a triangula-
tion needs much more ‘cells’ than a CW structure. This is why CW structures play a
more important role in practice than triangulations.

2. It is an important question whether manifolds admit a traingulation or not. We will
show that this is possible for 1 and 2-dimensional manifolds which will eventually lead
to the classification. For 3-dimensional manifolds this is a deep theorem of Moise
(proved in the 70’s). There are topological 4-manifolds for which it is known that they
do not admit a triangulation (constructed by Freedman). Smooth manifolds always
admit a triangulation, which can be shown using transversality methods.

For what follows let us introduce some more terminology. For each simplex s of K let us
denote the open simplex (s) C |K| defined as

(s) :={ae|K||alv)#0<ves}

Note that this is not open in |K| in general. It corresponds to open cells in CW complexes
under the CW structure. Obviously we have (s) C |s| and we set 0 := |s| \ (s). For each
v eV we set

St(v) := {a € [K| [ a(v) # 0}

This is open in | K| and |K|4 since a — «a(v) is continuous in both topologies. It is easy to
see that St(v) = [J(s) where the union is over all simplices s that contain v. The link of v is

Lk(v) = St(v) \ St(v)
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Lemma 1.21.12. If for a simplicial complex K the space |K| is an n-dimensional manifold,
then K is countable, locally finite and n-dimensional.

Proof. 1f | K| is a n-dimensional manifold, then every point = € |K | has countable neighbor-
hood basis. Choose a vertex v and choose such a neighboorhood basis Uy D U; D Uy D ... for
the associated point v € |K|. Assume v is contained in infinitely many simplices si, sa, ...
For each ¢ we find that (s;) NU # (). Then we find a sequence a; € U; which converges to
v. But the set {z,aq,as,...} is discrete since it hits every open simplex in precisely in one
point.

Let ¢ be a simplex of K and v be a vertex of t. Since K is locally finite we find a simplex
s of maximal dimension with ¢ as a face. Then (s) is open, hence by the invariance of
dimension (Theorem we have dimt < dim s = n.

The set

Uw)={a € |K|| a(v) < a(v) for each simplex v" # v}

is an open neighborhood of v in |K|. Since these sets are disjoint for different v we find that
there can only by countable many v’s. O]

Theorem 1.21.13. For a simplicial complex K the space |K| is a 1-manifold if and only if
K is 1-dimensional, countable and each vertex lies in exactly two edges (i.e. 1-simplices).

Proof. 1If K is 1-dimensional, countable and has the property that each vertex lies in two
edges, then clearly every point of |K| has a neighborhood homeomorphic to R and is Haus-
dorff. Countability implies second countability. Thus we show the converse.

The above Lemma, implies that K is countable. Now Let v be a vertex of K.
Consider the star St(v) C |K|. Because |K]| is a 1-manifold, there is an open neighborhood
U C V of v homeomorphic to R. Then U \ {v} has exactly two components. But U\ {v} can
be written as a disjoint union of (e) NU where e runs through all 1-simplices of K containing
v. Since all these sets are non-empty this show that there have to be exactly two edges
containing v . O

Definition 1.21.14. A simplicial complex is called a surface complex, if it has the following
properties:

1. K is countable, locally finite and 2-dimensional
2. Each O-simplex is face of at least one 1-simplex
3. Each 1-simplex is face of exactly two 2-simplices

4. If a is a O-simplex and x1, ..., x; are the 2-simplices which have a as a face. Then the
faces of 1, ..., xx which do not have a as a face form a connected graph.

The last condition is equivalent to

4’. The 2-simplices x1,...,z; can be indexed such that z; and z;,; have a 1-simplex in
common for¢=1,....k — 1.

Consider the tetrahedron. This satisifies all the conditions.... check.
Two tetrahedra connected at a vertex do not satisfy condition (4).
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Theorem 1.21.15. The space |K| is a surface (i.e. a 2-dimensional topological manifold)
if and only if K is a surface complex.

Proof. Assume |K]| is a surface. We have to check conditions (1)-(4). Condition (1) follows
from Lemma [1.21.12] Isolated O-simplices would be in contradiction to the invariance of di-
mension (Theorem (since a neighborhood would be zero dimensional). Thus condition
(2) is clear. An isolated 1-simplex can not occur by the same argument. Thus a simplex is
the face of at least one 2-simplex. But it can also not be the face of exactly one 1-simplex,
because then locally the spaces would be homeomorphic to a Half plane {z € R? | z; < 0}
where the 1-simplex gets mapped to the xo-axis. But this is not a manifold since the bound-
ary points do not have a neighborhood homeomorphic to R?. Thus every l-simplex is the
face of at least two 2-simplices. Now assume a 1-simplex t is the face of more than two
2-simplices, which we denote by xi, ...,z (note that its finitely many since |K| is locally
finite). Let = be a point in the interior of |¢t|. Then each neighborhood of ¢ intersects all the
2-simplices x1, ..., zx. We also have that U := (s1) U (t) U (s2) is abstractly homeomorphic
to R%. By the invariance of domain Theorem we find that U has to be open in |K].
But this would imply that (s3) N U # 0.

Let a be a vertex of K. Condition (4) can be reformulated as follows: for St(a) =

|z1| U |zo| U ... U x| is St(a) \ St(a) the geometric realization of the relevant complex. We

have to show that it is path connected. But it is homotopy equivalent to St(a) \ {a}. For a
surface and a connected open subset U, the set U\ {x} is also path connected for every z € U.

Now let conversely | K| be a surface complex. Then |K| has for every point which is not
a vertex a neighborhood which is homeomorphic to R™. For a vertex a we find by (4’) that
St(a) is homeomorphic to an open k-gon. O

Theorem 1.21.16. FEvery 1-dimensional manifold admits a triangulation by a simplicial
complex K .

Proof. We construct a sequence G,, C M of compact subspaces which satisfies the following:
1. U, G, =M.
2. Each G, is a finite graph, i.e. is triangulated by a finite, 1-dimensional cellular complex.
3. For each n, GG, is a subcomplex of G, ;.
4. For each n there exists m > n such that G,, C IntG,,.
O

Theorem 1.21.17 (Radd). Every 2-dimensional manifold admits a triangulation by a 2-
dimensional simplicial complex K.

1.22 Classification of surfaces

The goal in this section is the give a full classification of surfaces, but lets start with a little
warm-up:
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Theorem 1.22.1. A connected 1-manifold is homeomorphic to S* if it is compact and
homeomorphic to R if it is not.

Proof. By the triangulation theorem (Theorem 1) [1.21.16| and [1.21.13] each 1-dimensional
manifold M is homeomorphic to |K| for K a 1-dimensional simplicial complex in which each
vertex lies in exactly two edges. We will show that K is isomorphic to one of the simplicial
complexes K, or K, from Example (3). This implies the claim since the realizations
of these are homeomorphic to S! or R as we argued there.

Let vy be an arbitrary vertex in K. It is contained in two edges, so we can label the
other vertices of these edges arbitrarily as v_; and v;. Now we let vy be the vertex of the
edge containing vy other than {vg,v1}. Iterating this preocess we get a sequence of vertices
(,...v_9,v_1, V9, V1, Vs, ...). By connnectedness of M all the vertices of K must be contained
in this sequence, since otherwise the realization of this subcomplex would define a disjoint
connected component of |K|. Now we distinguish two cases:

Case 1: If v, # vy for any n # k then clearly the sequence given an isomorphism from K,
to K.

Case 2: If v, = v,4,, for some n € Z and m € Z. We assume m is minimal (note that
m < 3). Inductively we see that we have vy, = vy, for all k. But then its clear that
this complex is isomorphic to K.

O

The first step towards the classification of 2-manifolds is the following statement. Morally
this says that we can cut the surface open along curves to be able to unfold it onto the plane.

Proposition 1.22.2. Let F' be a compact, connected surface. Then F' can be written as the
quotient of a regular 2n-gon modulo linear identification of the 1-dimensional faces.

Proof. Since F' admits a triangulation by Radd’s theorem we haven F' = | K| for a finite sim-
plicial complex K. We first claim that we can number the 2-simplices as D1, D5, ..., D, such
that for ¢ > 1 the triangle D; has an edge in common with one of the triangles Dy, ..., D;_;.
Assume this is not the case, then choose a maximal system Dy, ..., D, with this property
(such systems exist). Then we find that every other 2-simplex has no face in common with
the given ones, thus |K]| is disconnected. Contradiction.

From the list Dy, ..., Ds; we construct inductively a regular polygon. For ¢ > 1 let 7; be an
edge of D; that is among the edges of T7, ..., T;_1. The surface F'is a quotient of |_|;:1 |D;|.
For each edges 7" that is an edge of D; and D; the two subspaces of |D;| and | D; are identified.
We will use that the composition of identification maps is again an identification, i.e. we
can successively identify the edges. We want to show inductively the following: if we have
carried out in | [;_, [D;] the identifications belonging to T3, T3, ..., T; then the resulting space
E(i) is homeomorphic to a regular (i + 2)-gon. The i + 2-edges of E(i) are then the edges
which have not yet been identified.

For ¢+ = 1 this is clear, since we just have a triangle. For the transition from 7 to ¢ + 1
we have to identify a triangle along a common edge with the i + 2-gon FE(i) which clearly
results in a ¢ + 3-gon (use the next Lemma) . (Bild)
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Finally we obtain an s + 2-gon. Now note that the number s has to be even, since
according to Theorem the complex K has to be a surface complex, which means
in particular that each edge has to be contained in precisely two of the triangles. But the
s-triangles have 3s edges. Thus s has to be even. O

Lemma 1.22.3. Let E; and E, be spaces which are homeomorphic to D?. Let A, C OF;,
Ay C OF5 be subsets homeomorphic to [0,1] and let h : Ay — As be a homeomorphism. Then
the glued space E = E, Uy, Ey is homeomorphic to D* as well.

Proof. We use half circles D™ := {(z,y) € D* | y > 0} and D~ := {(x,y) € D* | = < 0}.
Let ¢ : [—1,1] = A; be a homeomorphisms. There is a homeomorphism

¢t Dt = B

which extends ¢. Now chose ¥ : [—1,1] — Ay such that h = ¥ 'y and extend ¥ to
&~ : D~ — Ey. Then &+ and &~ can be glued together to give a homeomorphism D? — E.
O

Lets now try to understand the combinatorics of the glueing the 2n-gon P. This is very
similar to presentation complexes, but lets be explicit. Lets walk along the boundary of P
starting at some point. We number the edges successively by aq,as, .... If we come to an
edge which has to be identified with a; we label it with ;' or a; depending on whether the
direction has to be changed or not. Since every edge has to occur precisely twice, the word
will consist of the letters aq, ..., a, and each letter will occur exactly twice in the word.

Definition 1.22.4. We call a word w in letters aq, ..., a,, a surface word, if it has length 2n
and each letter occurs precisely twice. For such a word w we get a surface F), as the quotient
of the polygon which is homeomorphic to the presentation complex of (ay,...,a, | w). We
call two surface words w and w’ equivalent if the associated surfaces are homeomorphic.

Corollary 1.22.5. FEvery surface is homeomorphic to a presentation complex described by
a surface word.

Example 1.22.6. Recall that the following surfaces are described by words as follows:
1. The sphere: aa™*

2. The torus: aba'b~1

3. The projective plane: aa

4. The Klein bottle: abab™*

5. The genus g-surface: aibiay'by " ... agbyay b,

6. The non-orientable genus g surface: aja,b1b;...azb,

Note that ¥; has not the same surface word as the Klein bottle!
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Now the task is to find modifications of the word that do not change the equvalence
class, i.e. the homeomorphism type of the presentation complex. First it is clear that by
our description as a quotient of a polygon that the surface does not depend where we start
labeling the edges. This means that we have

by, by ~ Do, ... b, by

We also can replace a symbol ¢ in the word by ¢! (where we take the convention that
1t = ¢). Finally we can change the direction in which we run through the word, i.e.

biy ey by ~ bt b

Lemma 1.22.7. Eliminating neighboured letters ...cc™... in a word leads to an equivalent

word as long as the word has at least four letters.

When identifying the edges of the polygon according to a word certain vertices get iden-
tified. As a example note that from the word aba='b~! we get one point in the quotient. In
aa~*bb~lcc™t (the tetrahedron) we get 4 points.

Lemma 1.22.8. Fach surface word is equivalent to a word which identifies all vertices.

Proof. Assume all neighboured letters cc™! have been eliminnated. Then there are two
neighboored points P and () which do not get identified in the Quotient. O

We now call a word reduced if the reductions of the last two lemmas have been executed.
We call a letter a in the word w of first type if it occurs twice as ...a...a... (or ...a™t...a™'...)

and of second type if it occures as ...a...a” ... (or ...a7t...a...).

Lemma 1.22.9. A word can be modified to an equivalent word such that letters of the first
type are neighboured. Reduced words stay reduced after that operation. In particular K = ¥
(recall that the corresponding words are abab™' and xxbb).

If there are no letters of the second type we can thus bring a word into the form
aray...ApQy.

Lemma 1.22.10. Assume the operations before have been carries out. Assume a word has
at least four letters. If there are letters of the second type then then there are at least two
such letters and they are seperated, i.e. the word has the form

vcod. .t odh
1

Lemma 1.22.11. Pairs of the second type can be made neighboured, i.e. of the form
.aba"th7L

If the word has no letters of the first kind it thus can be brought in the form a;bya; 07" ...a,b,a; bt

Lemma 1.22.12. The word ...xzaba ‘b7 ... is equivalent to the word ...zzyyuu.... (These
are RP?#T? and 33 ).
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In case that the word really has letters of the first and second kind we can always by
rotations and changing directing bring ot to the form of the last lemma. This way we can
eliminate all letters of the second kind. Altogether we have proven the following theorem:

Proposition 1.22.13 (Classification of surface words). Any surface word is equivalent to a

word of the form:

e aa!

-1

—1p-1 -1
e ajbiay by ... agbya b,

® (1a102a3...a4b,



Chapter 2

Topology 1II, Summer term 2025

Organizational matters:

e Oral exams at the end of the semester. Allowance criteria:

1. Participation in the Exercise classes

2. Present a solution

e Literature:

Bredon: Topology and Geometry

Liick: Algebraische Topologie

Hatcher: Algebraic Topology
— tom Dieck: Algebraic Topology

Weibel: Homological Algebraic

Boot, Tu: Differential forms in algebraic topology

— Dold: Lecture Notes in Math
e This is the follow-up lecture of Topology I. We will assume everything that has been
covered in Topology I. If we refer to specific results we will cite it as Theorem 1.2.4.

This means Theorem 2.4 in Topology I. As a consequence we start the enumeration
this term with 2 in front of all numbers.

2.1 Preface Cohomology

Last term: Homology groups: X topological space, functorial assigmment of groups H,,(X, R)
for R an abelian group (in practice R = Z, R = F, or R = Q). Used to distinguish spaces,
e.g. S™ and S™ can not be homotopy equivalently

~ invariance of dimension, invariance of domain, classification of surfaces etc.

Problem: Homology can not distinguish all spaces.

93
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Example 2.1.1. Are S? V $* and CP? homotopy equivalent? Compute homology:

R for x=0,2,4

0 else

H,(S*Vv S* R) = {
= H,(CP? R)
Example 2.1.2. Lens spaces L, , have homology

7 for x =0,3
H.(L,,) =<Z/p forx=1

0 else

Independent of ¢. When are L, , and L, , homotopy equivalent?

Need other, better invariant. But H,(—) is ‘easy’ to compute, has good formal proper-
ties: Eilenberg-Steenrod axioms, Mayer-Viertoris-Sequence, Fundamental class for oriented
manifolds,... We need an invariant that is also computable, but more refined

~ cohomology H*(X).

Plan for the lecture

1. First define abelian groups H*(X, R) by ‘dualizing’ the definition of the groups H.(X, R).
This leads to formal properties similar to Homology (Eilenberg-Steenrod-axioms, Mayer-
Vietoris Sequence...)

2. Provide tools to compute H*(X) from H.(X) and vice versa. In particular we will
see that the groups H*(X) can not distinguish more spaces than H,(X) (Universal
coefficient theorems).

3. Equip the groups H*(X) with a graded ring structure, i.e. multiplication maps
H?(X) x HY(X) — HP"(X)

As a ring H*(X) is a much more powerful invariant than H,(X). For example we will

see that 2.y
H(S?v 8%y = U -
SV =y =2
but -
H*(CPZ) = J It =2

(t%)
Since these rings are not isomorphic, the spaces CP? and S?V S* can not be homotopy

equivalent.

4. Discuss the Kiinneth theorem, which allows to compute H*(X X Y) in terms of H*(X)
and H*(Y). We will also see a similar result for H,(X x Y.
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5. Last term we saw (or at least stated) that for a compact, oriented n-dimensional
manifold M we have an isomorphisms H,, (M) = Z. This is a special case of Poincare
duality which states that

Hy, (M) = H"*(M)

for all k. In order to prove this result we will introduce locally finite homology and
cohomology with compact support.

6. Poincare Duality leads to the ‘intersection form’
A H,(M)x H,(M) = Z
for an oriented 2n-dimensional manifold M and the ‘linking form’
lk:TH,(M)x TH,(M) — Q/Z

for an oriented (2n+ 1)-dimensional manifold M (where T'H is the torsion submodule).
For the Lens space L, , we will find that the bilinear form

lk:Z/pxZJp— QJZ

is given by lk(1,1) = ¢/p. We conclude that L, , is homotopy equivalent to L, ,
precisely if
qg-¢ ==4n®> modp

7. We will prove the de Rham theorem, which allows to express H*(X,R) in terms of
differential forms for smooth manifolds M. This can often be used to describe classes
in H*(M,R) very explicitly.

8. Depending on the time we might cover basic homotopy theory.

2.2 Singular Cohomology
Recall that for a space X the singular chain complex
CuX) = .= Cy(X) 3 C1(X) = ColX)

Defines a functor
C, : Top — Ch

We want to ‘dualize’ this complex.

Definition 2.2.1. The n-th singular cochain group of a pair (X, A) with values in an abelian
group R is the abelian group

C™"(X, A; R) := Homyp,(Cr (X, A), R)

the differential is the homomorphism d" : C"(X, A; R) — C™"*1(X, A; R) given by Homy, (9, R),
i.e. explicitily

f € HOHlAb(Cn(X, A), R) — f o 8n € HOIHAb<Cn+1(X, A), R)
We write C"(X, A) for C"(X, A;Z) and C"™(X; R) for C"(X, A; R).
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Note that we have 0 o @ = 0 since the corresponding relation holds for 0,. Also note
that the group C"(X) can be explicitly described using the fact that C),(X) is a free abelian
group: a cochain ¢ € C"(X) can be described as an assignment of an integer ¢(o) to every
simplex ¢ : A" — X without any further constraints. The group structure is pointwise
addition.

Definition 2.2.2. A cochain complexes is a graded abelian group C* together with a se-
quence of morphisms d : C* — C**! such that d> = 0. A morphism of cochain complexes is
a sequence of morphisms f; : C* — D' such that df = fd i.e. the ladder diagram commutes.
The category of cochain complexes is denoted CoCh.

Proposition 2.2.3. For every space X the cochain groups form a cochain complex C*(X).
For every morphism of topological spaces f : X — Y there is an induced morphism of cochain
complexes C*(f) : C*(Y) — C*(X) defined as postcomposition with Ci(f). We have

C*(fog)=C*(g)oC*g) and  C*(id)=1id

Remark 2.2.4. e The last proposition can be restated in saying that the assigment
X — C*(X) is a contravariant functor from Top to CoCh.

To define contravariant functors formally we define for every category C' the opposite
category C'P as follows: objects of C'P are objects of C'. Morphisms sets are given
by Homeor(a,b) = Home (b, a). Identites are the same as in C' and composition is the
composition ‘reversed’.

A contravariant functor from C' to D is then by definition a functor C? — D.
e The construction which sends a chain complex C to its dual C* with C" = Homyy,(C,,, Z)
is a contravariant functor from Ch — CoCh. Then the functor functor Top” — CoCh

sending X to C™(X) can be written as the composition of the functor X — C,(X)
and this functor.

Definition 2.2.5. For every cochain complex C* the cohomology groups are defined as

e ker(d:C™— O™
A (C7) = im (d: Cn=1 — Cn)

For a pair of spaces the cohomology groups (X, A) are defined as
H"(X,A;R) := H"(C*(X, A; R))

For every morphism f : (X, A) — (Y, B) the induced morphism on cohomology groups is
denoted by
£ H"(Y, B) — H"(X, A)

All important Properties and results from chain complexes also hold for cochain com-
plexes, i.e.

e Chain homotopic morphisms induce the same morphism in cohomology

e Short exakt sequences of cochain complexes give rise to long exact sequences in coho-
mology.
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Lemma 2.2.6. 1. For every pair of spaces (X, A) the sequence
0—-C"(X,A) - C"(X)—>C"(A) =0

is short exact (like the corresponding sequence in homology). In particular we get a
long exact sequence in cohomology and connecting homomorphisms of the form

L (X, A) S B X)) S HMA) S HY(X A) S B x) D gt A) s
2. For homotpic morphisms f,g : X — Y the induced morphisms C*(Y) — C*(X) are
chain homotopic.

Proof. Lets analyze the sequence:
C*(X, A) = Hom(C.(X, A), Z) = Hom(C.(X)/C.(A), Z) = {f : Au(X) = Z | Fla,n) = 0}
Then we have clearly that
C*(X)=A{f:AnX) > Z} and C*(A) ={f:A,(A) = Z}
From this description it is easy to see that the sequence is exact.

For the second part note that a chain homotopy between chain complexes A, B is a
sequence D,, : A, — B,y such that 0D + D0 = f — g. Applying the dualizing we get
morphisms

D :B" - A"

satisfiying D*0+0D* = f*—g*. We have thus shown that the dual of a chain homotopy is also
a chain homotopy. Now for two homotopic morphisms of topological spaces f,g : X — Y
(or more generally of pairs of spaces) we have shown in Theorem that the induced
morphismsm C,(f) and C,(g) are chain homotopic. Thus it follows by the above argument
that also C*(f) and C*(g) are chain homotopic. O

Definition 2.2.7. A generalized cohomology theory consists of a (contravariant) functor
E* : (Top*)? — grAb
together with morphisms
§: E"(A) = E"(X, A) (here we set E™(Y) := E"(Y,0))

which are natural in the pair (A, X) , called connecting homomorphisms, which satisfies the
following axioms:

1. (Homotopy invariance) If f ~ g : (X, A) — (Y,B) then f* = ¢* : E"(Y,B) —
E™(X,A)

2. (Long exact sequence) For a pair i : A C X (with morphism j : (X,0) — (X, A) the

sequence

S EMX,A) = BY(X) = EY(A) S B (X, A) — ..

is long exact.
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3. (Excision) Given (X, A) and U C A with A C int(A) then the morphisms
E"(X,A) = E"(X\UA\U)
induced by the inclusion (X \ U, A\ U) — (X, A) is an isomorphism.

4. (Additivity) For a topological space X = | | .4 X, the canonical morphism

acA

E*(X) = [] B*(Xa)

acA
induced by the inclusions X, — X is an isomorphism.

A generalized cohomology theory E is called ordinary if it in addition satisfies the dimension
axiom

E"(x) =0 for all n # 0.

Theorem 2.2.8. The singular cohomology groups H*(X, A; R) for an abelian group R to-
gether with the functoriality and the connecting homomorphisms 6 : H"(A) — H" (X, A)
form a cohomology theory.

Conversely every cohomology theory E which satisifes the dimension axiom has to agree
with singular on CW complexes in the sense that there is a isomophism

E*(X, A) — H*(X, A; R)
for R:= H*(pt) and for every CW complex X .

Proof. We have to check the axioms. First the naturality of  and the functoriality are clear
by definition and the functoriality of the construction X +— C*(X). Homotopy invariance
follows immediately from part two of Lemma [2.2.6, The long exact sequence follows from
the first part of that Lemma. The proof of Excision is a bit more tricky. For this we recall
the proof of excision in homology. The key was to construct natural subdivision operators

(1.16.3)
TF: C(X) = Cu(X)

with the property that T* is chain homotopic to the identity functor and with the property
that the T* decrese the ‘size’ of simplices in the following sense: For every open covering
U; of X and every element ¢ € C,(X) there exists a natural number k such that YT*(c) is
U-small, i.e. that every summand of T*(c) is contained entirely in one of the U/s.

By dualizing the T* we get natural subdivision operators

TF: C*(X) — C*(X)

which are chain homotopic to the identity as well. Now we proceed exactly as before, we
proove that the canonical morphism

H*(X,A) — Hj;(X,A)

is an isomorphism (see Theorem [1.16.7)) and then exactly as for homology it follows that
excision holds (Theorem |1.16.8]).



CHAPTER 2. TOPOLOGY II, SUMMER TERM 2025 99

Additivity finally follows since we have C,(X) = @ C.(X,) and thus C*(X) = [[ C*(X,)
which is easily seen to imply the claim since taking cohomology of a cochain complex com-
mutes with products.

The uniqueness follows then from the descriptions in terms of cellular homology that we

will discuss now and the same arguments as for homology, see Theorem [1.19.10] O]
Remark 2.2.9. e The explicit excision argument is in fact superflous. We will see soon

independently, that if a morphism f : (X, A) — (Y, B) induces an isomorphism in
homology, i.e. f.: H.(X,A) - H.(Y, B) is an isomorphism, then also the morphism
in cohomology f*: H*(Y, B) — H*(X, A) is an isomorphism. This then immediately
implies excision for cohomology, once we know it for homology.

e One could also attempt to define cohomology just as the dual of Homology, i.e. as

%
H naive

(X, A) = Hom(H, (X, A),Z)

and not dualize on the chain level. It turns out however, that this would not give a
cohomology theory, as the long exact sequence axiom would fail. We will investigate the
precise relation between cohomology H*(X, A) and the dual of homology H,. (X, A)
soon.

Definition 2.2.10. Let H* be singular cohomology and X a CW complex. Define the
cellular cohomology chain complex C¥,(X;R) as the dual of the cellular chain complex
C(X,R),ie. C"(X;R) = Hom(C®(X),R). Cellular cohomology is then defined as the
cohomology of the cellular chain complex.

If H* is an arbitrary cohomology theory, then define the cellular chain complex as
Cru(X) :== H"(X,, X—1) (cf. as[1.12.4]). The differential comes from the triple long exact

sequence of (X411, X,,, X,,_1), more precisely is given by the composite:
d: H"(Xy, Xoo1) = H'(X,) 2 H™ (Xpi1, X,) -

Theorem 2.2.11. For every cohomology theory and every CW complex there is a canonical
tsmorphism
H"(X;R) — Hyy(X; R)
which is natural in X (by cellular morphisms) as in Theorem |1.12.6,
Proof. The proof is precisely the same as the proof of Theorem [1.12.6 O]

Examples 2.2.12. Let us compute cohomology groups of some spaces using the ‘standard’
cell structures.

1. For X = S™ the sphere we had
CelS™) = (. 20 =Z — ... > 7)

thus we have
(S R)=(R—0—..—>R—>0—..)

cell

Thus
R for x=0,n

0 else

(5" R) = {
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2. Let X = CP™ be complex projective space. We have
CelCP)Y=(.. 5 0=0=Z—..>0—=7Z—0—7)
Thus we find that
w(CPuR)=(R-0—->R—-0—->R—>.. > R—>0—->0—..)

cell

and therefore
R for x=0,2,4,6,2n

0 else

HWCP%R):{

3. For Lens spaces L, , we have

ClLy)=(.. 02257225725 7)

*

Thus we find that
Ly B)=(RSREBRLR—-0— )

cell
We get
7 for x =0,3
H*(L,:Z) =< Z/pZ for x =2

0 else
4. For the real projective space RP"™ we have the cellular chain complex
= 257257257
Thus we find that the cellular cochain complex is given by
RERLERLZRERS .

which implies

7 for x =0

7.]2 fi =24, ..., %<
P gy = QL2 forx =24 xsn
for * = n odd

0 else

2.3 Homology versus cohomology

By definition the cochain complex of a space arises from the chain complex by ‘dualizing’.
This spots the question whether the cohomology can be computed from homology by dualiz-
ing. For example for S™ and CP" the respective homology and cohomology groups turn out
to by isomorphic as abstract groups. This can not be expected in general (already because
they have different variances). A better guess is that H"(X; R) and Hom(H,(X;Z), R) are
isomorphic. Indeed there is a canonical morphism: let C' be a chain complex and R be an
abelian group. We define a natural morphism

¢ : H"(Hom(C, R)) — Hom(H,,C, R)
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by
[f: Co— Rl = ([] = f(c))

where Hom(C, R) denotes the cochain complex which in degree n is given by Hom(C,,, R)
and with the induced differential given by the ‘dual’ of the differential on C.

Proposition 2.3.1. The morphism ® is well defined, additive and natural in C. If C' is a
levelwise free Z-module, then it admits a section (which is not natural), in particular it is
surjective

Proof. To show that the morphism is well defined let [¢] = [d]. Then there is x with
Or = ¢ — d. Thus we find that

f(e) = f(d+ 0z) = f(d) + (6f)(x) = f(d)
Thus for every cycle f we get an induced morphism Hom(H,C, R). Now let g be another
cycle with [f] = [g]. Then there is h : C},—1(X) — R with dh = f — g. We find that

f(e) = dh(c) + g(c) = h(de) + g(c) = g(c).

Now we want to construct an additive section s : Hom(H,,C, R) — H"(Hom(C, R)) of ®.
To do this we first choose a retract r of the inclusion

Z,C — C,
which is possible since the quotient is isomorphic to B,_;C' and thus free. Now we define
the section s for an element v € Hom(H,,C, R) the class s(7) as the class of the composition
Co % Z, ™% H,C 5 R
Then we find that in fact s(7) is a cycle, since
(ds(7))(x) = 5(7)(0x) = (rdx) = (dz) = 0

We also have that s is a section since

D(s(7))(c) = s(7)(c) = 7(re) = (c).

We conclude that the morphism
$: H'(X) — Hom(H,(X),Z)
is always (split) surjective. Note that the split is not canonical!
Corollary 2.3.2. For a space X there is a canonical, split surjective homomorphism
H"(X;R) - Hom(H,(X,Z), R)

Example 2.3.3. 1. One could hope that the homomorphism H"(X; R) — Hom(H,(X), R)
is not only surjective, but an isomorphism. This however turns out to be too op-
timistic, as the example of Lens spaces shows. We have that Hy(L,,) = 0, hence
Hom(H(X),Z) = 0 but H*(L,,) = Z/p # 0. Note that this is because of the exis-
tence of torsion...

The question is whether we can compute the kernel of the morphism ®. This turns out to
be possible in terms of the Homology of C'. Thus we can in principle describe the cohomology
purely in terms of homology. This description however need some tools from homological
algebra which we want to introduce now.
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2.4 The functors Tor and Ext

Definition 2.4.1. Let R be a commutative, unital ring. An R-module M is called projective,
if for each surjective R-module morphism p : N — M there exists a R-linear section s : M —
N, ie. ps=idy.

Example 2.4.2. Over Z the modules Z, Z™ and € Z are projective. More generally direct
sums of projective modules are projective over every ring R. In particular free R-modules
are projective.

The group Z/n is not projective over Z, since Z — Z/n does not admit a section. Also Q
as a Z-module is not projective. To see this choose a surjective homomorphisms @ Z — Q.
This can not admit a section, since every homomorphism s : Q — @ Z is zero. This is
because in QQ all elements are infinitely divisible.

Proposition 2.4.3. The following are equivalent
1. M 1is projective

2. M is a summand of a free module, i.e. there exists N such that M @ N = .., R

i€l

3. For every surjective homomorphism ¢ : N — N’ of R-modules and every homomor-
phism f: M — N’ there exists g : M — N such that pog= f.

N

|
-
s
7 f

LS N/

4. The functor
HOHlR(M, —) : MOdR — Ab

sends short exact sequences to short exact sequences
Proof. Only in lecture. O

Example 2.4.4. Over R = Z/6 the modules Z/2 and Z/3 are projective, since Z/2@G7Z/3 =
Z/6. But neither of them can be free.

For PIDs (like Z) it is true that submodules of free modules are again free. This means
that there are no projective modules that are not free.

Remark 2.4.5. Note that in the proof of Proposition we have shown more generally
that for every short exact sequence 0 - A — B — C' — 0 and every not necessarily
projective module M the induced sequence

0 — Hompg(M, A) — Hompg(M, B) — Hompg(M, C)

is exact. But the right hand map is in general not surjectivel We say that the functor
Hompg(M, —) is left exact. Dually it is easy to see that the sequence

ARrM - BRr M - C®r M — 0
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is exact, i.e. the functor — @z M is right exact. If M is projective then it also follows that
this second sequence is exact (which can be easily seen using description 2 of Proposition
2.4.3 above). But the converse is not true, in fact if this second sequence is exact for each
short exact sequence A — B — C then M is called flat.

The Tor and Ext groups that we are going to study now measure the deviation of these
sequence to be short exact.

Definition 2.4.6. A chain complex C, is called non-negative if C,, = 0 for n < 0. A
non-negative chain complex is called projective if all C,, are projective. A (projective)
resolution of an R-module M consists of a non-negative (projective) chain complex P, such
that H,(P,) = 0 for n > 1 together with an isomorphism ¢ : Hy(P,) — M.

Remark 2.4.7. A projective resolution P, is the same as an exact sequence

PP PS5 M

because for such a sequence ¢’ factors over Hy(P,). We can also see a projective resolution as
a chain complex P, together with a chain map P, — M[0] where M[0] is the chain complexes

i —w 0> M —-0—-0— ...

with M concentrated in degree 0. We will frequently use these different descriptions.

Note that every module M admits a projective resolution. To see this use the following
construction: choose a free module P, with a surjective morphism d : By — M. We can e.g.
take Py = @me u Bt Now choose P; also free together with a homomorphism d : P, — F
with image the kernel of d. The can be iterated inductively to get an exact chain complex

o= PP - F—-M

for which all P; are free, hence projective. Then the chain complexs P; with the induced
isomorphism ¢ : Hy(P,.) — M.

Theorem 2.4.8 (Fundamental lemma of homological algebra). Let (Py, @) be a projective
resolution of M and (Q., ) be any (not necessarily projective) resolution of N.

o For every homomorphism f : M — N there is a chain morphism P, — Q. which
induces f on Hy, i.e. f is equal to M = Hy(P,.) — Ho(Q.) = N.

o Any two chain maps P, — Q. which induce the same homomorphism on Hy are chain
homotopic.

Another way of stating the result is that under the given assumptions the canonical map
[P., Q.] — Hompg(M, N) is a bijection, where [—, —| denotes chain homotopy classes of maps.

Proof. Only in lecture. O

Corollary 2.4.9. Any two projective resolutions of an R-module M are chain homotopy
equivalent.
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Proof. Let P, and @), be two resolutions. We lift the morphism id : M — M to a morphism
of chain complexes f : P, — @), and to a morphism ¢ : ), — P,. Then we have that fg is
a morphism P, — P, which induces the identity on Hy. Thus it has to be chain homotopic
to the identity. The same is true for ¢gf. O

Another way of stating (and proving) the last result is to say that the functor
Hy : Ho(Chg)PP* — Modg

is an equivalence of subcategories, where Ho(Chg)??* C Ho(Chg) is the full subcategory
consisting of chain complexes that are positive, projective and have vanishing positive ho-
mology.

Definition 2.4.10. Let M and N be two R-modules and P, a projective resolution of M.
Define the R-module
Torf (M, N) := H,(P, ®x N)

for every natural number n.

Proposition 2.4.11. 1. The groups Torf are up to (canonical) isomorphism independent
of the choice of projective resolution of M.

2. The assigment (M, N) — Torf can be extended to a functor

Torf : Modg x Modp — grMod,

3. There is a canonical isomorphism Torl (M, N) = M ®z N.

Proof. 1. Any two resolutions P, and (), are chain homotopy equivalent. Thus also P, ® M
and @, ® M are chain homotopy equivalent and thus have the same homology. The chain
homotopy equivalence is itself unique up to chain homotopy which leads to the fact that
everything is canonical.

2: There is an essentially unique resolution functor Modg — Ho(Chg) which sends every
M to some projective resolution. Thus we consider the Tor-functor as a composite

Modg x Modg — Ho(Chyg) x Modg 2 Ho(Chg) 22 grMod,,.
3: We observe that we have that Torg is given by the 0-th homology of the chain complex

thus by the cokernel of the map
P1 X N — P() X N

But tensoring interchanges with cokernels, thus we have that
Coker(P1®N—>P0®N) :coker(Pl —)P())@N

which implies the claim since coker(P; — Py) = M. []
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Example 2.4.12. Let R be a PID. Then we have that Tor(M, N) = 0 for each n > 2.
Let M be an R-module. Then we choose a free module Fy mapping surjectively to M.
Then take the kernel F} of Fy — M. It is again free. Thus we find that the following is a
free resolution:
.= 0=20—>F—>F—M

Thus we compute that
Tor®(M,N) = H,(F,.@ M) = (.0 > FL®g M — Fy, ®r M) =0

for n > 2. Note that the key is that every module has a projective resolution of lenght two.
This can even happen, if the ring R is not a PID. In that case we say that R has projective
dimension 1.

If R is a field then we have Tor(M, N) = 0 for all n > 1 since M is itself projective.

For R = 7 we simply write Tor(M, N) for Tor”(M, N). This is the most important case.

Example 2.4.13. We find that
Tor(M,Z) =0 Tor(Z,N) =0

and
Tor(Z/n,Z/m) = Z/ged(m, n)
and
Tor(M,Q) = 0.

Proof. Consider a projective resolution P, of M. Then we have that P, ® Z = P,. Thus we
get that Tor(M,N) = H,(P,) = 0. For M = Z we have that the chain complex with Z in
degree 0 is a resolution. Thus the result follows.

For M = 7Z/n we choose the resolution ... — 0 — Z % Z — Z/n. Then we have that

P.®Z/m=(..—0—=Z/m = Z/m)

thus Tor(Z/n,Z/m) = ker(Z/m = Z/m) = Z/gcd(m,n) The last example will be done in

the exercises. O

Lemma 2.4.14. The functor Tor(—, —) preserves direct sums in both arguments, i.e. the
canonical morphisms

@Tor (A, B;) — Tor® (@AZ,@B)

are 1somorphisms.

Proof. Clear since ® preserves direct sums in both arguments and since we can choose
projective resoltuions of a direct sum as the sum of resolutions. [

Remark 2.4.15. Preserving direct sums is a property. For every functor F' : Ab — Ab there
is a canonical morphism F'(A) & F(B) — F(A @ B) obtained using the universal property
of the coproduct. This means that it is an isomorphism.
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Theorem 2.4.16. Let 0 > A — B — C' — 0 be a short exact sequence of R-modules. Then
there are a canonical induced long exact sequence

... = Torf(B, N) — Tor(C, N) — Tor{(A, N) — Torl (B, N) — Torf(C,N) = 0
and

... = Tor®(M, B) — Tor®(M,C) — Torl(M, A) — Torf(M, B) — Tort(M,C) — 0
This sequences are natural in M, N and the short exact sequence.

Proof. For the second sequence pick a projective resolution P, of M and observe that the

resulting sequence
0P ®A—-P,®B—P.®C—0

is short exact (since P; are projective, thus flat). Thus we get an induced long exact sequence
in homology.

For the first long exact sequence we pick pro/jg(iive resoltuons P, of A and ), of C. The
claim is that there is a projective resolution P, @ ), of B such that we have a short exact
sequence

—_——

0P, —>PdQ,—Q,—0

extending the short exact sequence 0 — A — B — C — 0. More precisely we want
P, ® Q., = P, ®Q,. Thus we have to find a commutative diagram

P——=P & Qi —Q

]

Py——= P& Qo— Qo
ol
A B C

This is easy by the universal properties of coproduct and the fact that the (); are projective.
Then the fact that P, @ Q. is a resolution follows from the long exact sequence. m

Remark 2.4.17. Recall that an R-module M is called flat if the functor — ® g M is exact.
Using the last Theorem this is easily seen to be equivalent to Torff(]\/[ ,N) = 0 for each
R-module N and each n > 1. The last theorem makes Torf(—, N) and Tor(M, —) into
“o-functors”.

The next proposition we want to remark, but do not want to proof. It is more or less
straightforward, but we do not want to develop the necessary tools here.

Theorem 2.4.18. Let M and N be R-modules. There is a canonical isomorphism Tor2 (M, N) =
Torff(N, M). In particular the Tor-groups can be computed by resolving the N-variable as
well.

Recall that for a chain complex C, and and R-module M the cochain complex Hompg(C\, M)
is defined as the cochain complex with Homg(C\, M)" = Hompg(C,,, M) and the induced dif-
ferential.
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Definition 2.4.19. Let M and N be R-modules. Let P, be a projective resolution of M.

Then define
Exth(M, N) := H"(Hompg(P,, N))

The R-modules Ext have very similar properties to the R-modules Tor.

Proposition 2.4.20 (Properties of Ext). 1. The groups ExtnR are up to isomorphism in-
dependent of the choice of projective resolution of M.

2. The assigment (M, N) — Ext® can be extended to a functor

Ext® : Mod%? x Modg — grMody

3. There is a canonical isomorphism Ext{{(M, N) = Homgz(M, N).

4. For a PID R we have that Ext’ (M, N) = 0 fori > 2. We write Ext(M,N) =
Exty, (M, N). For a field R we have that Exty(M,N) =0 for all i > 1.

5. Ext commutes with direct sums in the first variable and with direct products in the
second variable.

Proof. The proof is precisely the same as for Proposition [2.4.11] and Example [2.4.12| and
Lemma 2.4.T74] ]

Theorem 2.4.21. Let0 > A — B — C' — 0 be a short exact sequence of R-modules. Then
there are canonical induced long exact sequences

0 — Ext%(C, N) — Ext%(B, N) — Ext%(A, N) — Exty(C, N) = Extp(B, N) — ...
and

0 — Ext%(M, A) — Ext%(M, B) — Ext%(M,C) — Extp(M, A) — Extp(M, B) — ...
These sequences are natural in M, N and the short exact sequence.

Proof. Exactly as Theorem [2.4.16| O

Example 2.4.22. We have that
Ext(Z, M) =0

and
Ext(Z/n, M) = coker(M = M)

in particular
Ext(Z/n,7) = Z/n and Ext(Z/n,Z/m) = Z/gcd(m, n)
Proof. Choose the standard resolution Z ~+ Z — Z/n. We get that

Homp(P,, M) = (M M -0 — )

which implies the non-trivial part of the claim. O]
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2.5 Universal coefficient theorems

In this section we explain how to compute homology with R-coefficients in terms of homology
with Z coefficients and cohomology in terms of homology.

Theorem 2.5.1. Let R be a PID. Let C, be a projective (hence free) R chain complex and
M an R-module. Then there is a canonical short exact sequences

0— H,(C,) ® M % H,(C, @ M) — Torf(H,_,(C,), M) — 0
This sequence is non-canonically split.

Proof. We first construct the map o : H,(C,) @ M % H,(C, ®r M) and see that it admits
a non-canonical retract. This is dual to Proposition so that we will be somewhat brief.

We define a by a([c] ® m) = [¢ ® m] (more precisely as the addtive map corresponding
to the bilinear map ([¢],m) — [c ® m|. We first have to check that this is well-defined.
To this extend observe that [¢c ® m] is a cycle since d(¢c ® m) = dc ® m = 0. Moreover
it is independent of the choice of representative [c] since for ¢ = ¢ + 9d we have that
d@m=(c+0d) @m=c®m+I(d®m) thus [c® m] = [ @ m].

To construct the retract of a we choose a retract r of the inclusion

Z,C — C,
which is possible since the quotient is isomorphic to B,_;C and thus free (similar to the
argument in Proposition [2.3.1)). Now we consider the map

Z(CRr M) = Cor M 2% 7.0 0p M — H,(C) @5 M

and claim that this descends to the required retract. This is straightforward to verify and
similar to Proposition [2.3.1

Now we want to construct the short exact sequence. We consider the short exact sequence
of chain complexes

O—>Z*C—>C*—>B*_IC$O

where the first and the latter are chain complexes when equipped with the zero differential.
All three chain complexes are projective and thus the sequence is levelwise split. It follows
that the induced sequence

0—>Z*O®RM—>O* ®RM—>B*_1C®RM—>O
is also short exact and we get therefore a long exact sequence
e BnC KRR M — ZnC KRR M — Hn<C* XRr M) — anlc KRR M — anlc RRr M — ..

and one verifies directly from the defintion of the connecting homomorphism (see Theorem
1.5.8]) that the first and last maps are give by the obvious inclusions. It follows that we get
a short exact sequence

0 — coker(B,C®rM — Z,C@rM) — H,(C.@rM) — ker(B,,_1CQrM — Z, 1CQrM) — 0

The first term is H,,(C,) and the third term is Torf(H,_1(C,), M), which follows from the
long exact Tor sequence associated with the short exact sequence B,, C — Z, 1C — H, 1C
(since Z,_1 is projective and thus has vanishing Tor). ]
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Corollary 2.5.2. Let M be an abelian group and (X, A) be a pair of topological spaces.
Then there is a short exact sequence

0— H,(X,A) @M — H,(X,A; M) — Tor(H,_1(X,A),M) =0

which is natural in M and the pair and which admits a non-canonical splitting, i.e. we have
an abstract, non-canonical isomorphism

Ho (X, A; M) = Hy (X, A) @ M @ Tor(H,_1(X, A), M)

Example 2.5.3. We can compute the homology of RP™ with coefficients in Z/2 and Q using
this result:

72 0<x<mn

H.(RP"7/2) = H,(RP") ® Z./2 ® Tor(H,_(RP"),Z/2) = {0 |
clse

and

1

H.(RP";Q) = H.(RP") ® Q ® Tor(H._(RP"), Q)

Q x=0or*=nfornodd
0 else

Corollary 2.5.4. There is a canonical isomorphism
H(X)®Q = H(X;Q)

for every space X. In particular the morphism H,(X) — H.(X;Q) (induced by the inclusion
Z — Q) has kernel the torsion subgroup of H.(X)

TH.(X)={me H (X)|3n>1,nm =0}

and its image is a full latice in the vector space H.(X; Q). The same is true for R and C
coefficients instead of Q.

Corollary 2.5.5. We have Tor(M,Q/Z) = TM. In particular there is a split short exact
sequence
0 — Hy(X,A) ® Q/Z — Hy(X, A;Q/Z) — TH, (X, A) — 0

Proof. Exercises. O

Theorem 2.5.6. Let R be a PID and let C, be a projective (hence free) R chain complex
and M an R-module. Then there is a canonical short exact sequences

0 — ExtkL(H,_1(C), M) — H"(Hompg(C., M)) = Hom(H,(C.), M) — 0

where ® is the obvious generalization of the morphism from Proposition|2.3.1. This sequence
18 non-canonically split.

Proof. Similar to Theorem [2.5.1 O]
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Corollary 2.5.7. Let X be a space, R a PID and M an R-module. Then there is a canonical
short exact sequences

0 — Extp(Ho_1(X, A: R), M) — H™(X, A; M) 2 Homp(H,(X, A; R), M) = 0

where ® is the morphism from Proposition|2.5.1. This sequence is non-canonically split, i.e.
we have an isomorphism

H"(X,A; M) = Homg(H,(X,A; R), M) & Extr(H,-1(X, A; R), M)

Corollary 2.5.8. If H, 1(X,A) and H,(X,A) are finitely generated then so is H"(X, A).
More precisely we have
H' (X, A)2F,&T,

where F,, is the free part of H, (X, A) and T,y is the torsion part of H, 1(X, A). EI

Proof. The only thing that has to be shown is that Hom(H,,(X.A),Z) = F,, and Ext(H,_1(X, A),Z) =
T, 1 both follows from the classification of finitely generated abelian groups. m

Corollary 2.5.9. Let M be a compact topological manifold. Then the cohomology groups
H™(M) are finitely generated in each degree and we have H*(M) = 0 for n > dim M. The
same is true for coefficients in a PID R.

Proof. We first use that the homology groups of a compact manifold are finitely generated
according to Proposition [1.17.2] For n < dim M we find that

Hn(M) - Fn EB Tn—l

Clearly F,, is zero since H, (M) is zero (Theorem [2.10.1]) and since the top homology does
not contain any torsion (its either Z or 0). O

Example 2.5.10. Consider RP". Then we find that

7 for x = 0,%x = n odd
H*(RP") = Hom(H,(RP"),Z) ® Ext(H,_1(RP"),Z) = { Z/2 for x = even ,* <n
0 else

Example 2.5.11. For all spaces X we have that Hy(X,Z) is free. Thus we get H'(X) =
Hom(H;(X),Z) = Hom(7(X),Z). In particular H'(X) is always torsion free.

Corollary 2.5.12. If a morphism f : (X, A) — (Y, B) induces an isomorphism in homology
fo : H(X,A) — H.(Y,B)
then f also induces an isomorphism in cohomology
ffH(Y,B;M) — H"(X,A; M)
and in homology with M -coefficients

fo i Ha( X, A; M) — H*(Y,B; M)

IThese identifications are not natural at all. It is for example better to think of the dual of F,




CHAPTER 2. TOPOLOGY II, SUMMER TERM 2025 111

Proof. Consider the obvious maps of short exact seugences and conclude by the 5-lemma. [
Its now an immediate corollary of the generalized Jordan curve theorem that:
Example 2.5.13. Let S™ — S™ be an embedding. Then we have

Z f = —r—1
H*(S"\Sr):{ or x=0,n—r

0 else

Corollary 2.5.14. Let k be a field. Then the morphism
H"(X,A; k) — Homy (H, (X, A k), k)

is an isomorphism. Moreover for the rationals Q (and R, C) we have
H"(X,A;Q) = Hom(H,(X,A),Q)

Proof. We use the universal coefficients theorem for the ring k£ and the free module
being the singular chain complex C, (X, A) to obtain a short exact sequence

0 — Ext(H,(X, A: k), k) — H"(X, A; k) — Homy(H, (X, A: k), k) — 0

But the Fzt-term vanishes since H,,_1(X, A; k) is free over k. Thus we get the result. The
second result now follows since we already know that H, (X, A;Q) = H,(X,A) ® Q by
Corollary and since Homg(A ® Q; V) — Hom(A; V) for every Q-vector space V. [

Note that the second result shows that Ext(H,_1(X, A); Q) = 0 since there is also the
sequence

0 — Ext(H,(X,A),Q) - H"(X,A;Q) - Hom(H,(X,A),Q) — 0

This is true for all M instead of H, _1(X, A) and relies on the fact that Q is ‘injective’ over
Z. This is not true for IF,. While we still have

H"(X,F,) = Hom(H,(X,F,),F,)
it is not true that the latter term is isomorphic to Hom(H,(X),F,)).

Example 2.5.15.
Z]2 for x>0

H*(RP*;Z)2) = {0 else

In degree one we have
7)2 = H' (RP>;Z/2) = Hom(H,(RP™),Z/2) = Hom(m, (RP>),Z/2)

The generator can be described as the classifying morphism of the universal cover S —
RP> (which is a 2-1 cover) and is denoted by w; € H*(RP>;Z/2). It is the universal first
Stiefel-Whitney class for line bundles.
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2.6 Direct and inverse limits

Recall the definition direct limit and inverse limits. We will here specialize to the case of
the natural numbers and call them sequential, i.e. we consider diagrams of the form

Mo%M1—>M2—>...
and denote the colimit by coligMZ». Similarly we consider diagrams of the form

...—>M2—>M1—>MQ

and denote the limit by @MZ Recall that in abelian groups the direct and inverse limits
are preserved by the forgetful functor to sets, i.e.

MMi = H M;/ ~ m; ~ f(m;)

and
@Mi ={(ms) | mi = f(miza} C HMz
Example 2.6.1. 1. The Priifer group is defined as
Z(p™) := colim(Z/p — Z/p* = Z[p® — ...)

where the morphismsm Z/p" — Z/p™*!

Z(p>) =2 Z[1/p]/Z = Q/ Ly

are given by k — pk. It is isomorphic to

m

where Z[1/p] C Q is the set of rationals ™ where n is a power of p and Zg) C Q is
the set of rationals ™ where n is not divisible by p. These isomorphisms are induced
by the inclusion Z/p™ — Q given by k — ﬁ and the universal property of the direct

limit. Also the priifer group can be described as the sylow p-subgroup of Q/Z.

2. The p-adic numbers Z,, (also written as Z,) are defined as the limit
Ly = l’&n(Z/p — L)p* TP+ ..)

where the maps send [k] € Z/p" — [k] € Z/p"~'. Note that Z, inherits the structure
of a commutative ring, since all these maps are ring maps. Despite the fact that Z/p
have a lot of torsion, it turns out that Z, is torsion free, a domain and even a principal
ideal domain (its in fact a DVR). Its uncountable. Using the universal property it is
also not hard to check that Z, is the endomorphism ring of Z(p>). Moreover the ring
Z,, contains Z,) as a subring.

A short exact sequence of direct systems is a diagram of the form
00— M, —N,—F,—0

in which all rows are exact.
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Lemma 2.6.2. For a direct system M;, the map
T: @ M, — @ Mz

sending with T(x); = x; — f(x;_1) is injective with cokernel colimM;.

Proof. Assume (z;) is in the kernel. Assume (z;) # 0. Let n be minimal such that x,, # 0.
Then 7(z), = x, — f(xy_1) = y, thus z,, = 0, contradiction.

Let C denote the cokernel. Thus, maps out of C' are the same as maps out of @, M; which
vanish on the image of 7. In other words, a map C' — N is a tuple of maps ¢; : M; — N
with g, — f 0 g,_1 = 0, thus the same as a system of maps out of the M; compatible with
the f M, — M. So C' = MMZ O

Lemma 2.6.3. The functor colig is exact, i.e. for a short exact sequence of direct systems
0 — M; = N; —» P, — 0 the induced sequence 0 — ColiQMi — colim/N; — colimP; — 0 is
also short exact.

Proof. Consider the diagram

0 — P, M, — P, Ni — P, P, —— 0

I I I

0 — P, M, — P, Ni — P, P, — 0,

then apply the long exact sequence of homology, where we consider the diagram as a short
exact sequence of 2-term chain complexes. [

Lemma 2.6.4. Let C° be a direct system of chain complexes. Then the canonical morphism
colim; H, (c;;) 5 H,(coling C)
s an isomorphism.

Proof. This is generally true for any exact functor, since one can characterize homology
groups of a chain complex in terms of some short exact sequences. But here we can give a
direct proof: Consider the short exact sequence of chain complexes

and pass to homology. Since homology commutes with direct sums, the left-hand map on
H,, still admits the description

Ty @HH(CZ) — @Hn<ci>

with 7.(x); = x; — fu(x;_1). Thus, Lemma implies that all those maps are injective.
The long exact sequence thus decomposes into short exact sequences

0 — P Ha(C:) = @ Ha(Ci) = Hy(colimC?) — 0

which furthermore imply that Hn(cohgaﬁ) ~ colim; H,, (C). O
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The next theorem we have already seen (Lemma , but lets reprove it using our
new methods.

Theorem 2.6.5. Let
XoC X1 CXoC o

be a sequence of subspaces of a space X with X = UX; such that either each X; is open in
X or such that each X; — X; 11 is a CW inclusion. Then the canonical morphism

s an isomorphism.

Proof. First case: If all the maps X; — X;.; (and therefore also X; — X) are injective,
the singular chain complexes C,(X;) are an ascending sequence of subcomplexes of C,(X),
spanned by the singular simplices in X;. It is easy to see that a sequential colimit of an
ascending sequence of subgroups is their union (universal property), thus we need to check
that any singular simplex A" — X factors through some X;. Since the X; are all open
subsets of X, and thus an open cover, this follows from compactness of A”.

For the second case, use the cellular chain complex instead. Then C¢!(X;) C Ccl(X)
is spanned by the cells contained in X;, and since every cell of X lies in some X;, the claim
follows again. O]

We now try to apply this to sequential limits. However, the analogue of Lemma is
wrong: We can write @Ml as a kernel, but the map is not generally surjective:

Definition 2.6.6. Let M° < M! + M? + M? «+ ... be an inverse system of R-modules.
Then we define the group lgll(M ) to be the cokernel of the morphism

M:HMZ'—>HMZ' () = x; — f(xi)
Note that the kernel of p is the inverse limit. It is easy to see that @1 is functorial in

morphisms of inverse systems (i.e. ladder diagrams).

Lemma 2.6.7. For a short exact sequence of inverse systems 0 — M* — Nt — Pt — 0 we
get an induced long exact sequence

0 — Lm(M') — Im(N') — lim(P') — lim' (M) — lm"(N') — Lim'(P") — 0

Proof. This is the long exact sequence associated with the short exact sequence of chain
complexes

[[M —=][Ni —]] P .

N

[IM'—TIN' —]] P

O

The last lemma in particular shows that the functor lim is left exact but in general not
right exact. This is why the @1 correction terms come up.

Now one wants to study situations in which the lim'-groups vanish. Therefore the fol-
lowing condition turns out to be crucial.
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Definition 2.6.8. An inverse system of R-modules (or even of sets)
M M« M? « M3« ...
satisfies the Mittag-Leffler condition if for each n the decreasing family
im (M™™ — M™) C M,
stabilizes as k tends to oo, i.e. for each n there exists kg such that for each k > ky we have
im (M™% — M™) =im (M™ — M™)
Example 2.6.9. 1. The inverse system of the p-adic numbers is Mittag-Leffler, since
Z/p" — Z/p"

is surjective. More generally if all morphisms are surjective, then the system is Mittag-
Leffler.

2. Every inverse system My <— M; < My < ... in which all M; are finite abelian groups
are Mittag-Leffler. Also all inverse systems of finite dimensional Q-vector spaces.

Lemma 2.6.10. If M is Mittag-Leffler, then 1&11(]\/[1) = 0.

Proof. By considering the sequence M := [, im (M™** — M?) we obtain a short exact
sequence ‘ '
0— M — M — M /M —0

with the following properties: in M, all the restriction maps are surjective. Indeed, f :
im (MF — MH*) — im (M™% — M?) is surjective, and if we choose k large enough,
by Mittag-Leffler, the sides agree with M and M. Tn M? /Ml, the maps are eventually
trivial: For any ¢, there exists k such that f(y.,) : Mtk AT s M /BT is zero. From the
long exact @ sequence, it is now sufficient to prove the vanishing of @11 in these two cases.

First case: Let M* wlog have the property that all restriction maps are surjective. Then
let x; € [[ M; be any sequence, we want y; to be a preimage. We need z; = y; — f(yi+1)
for all 4, since all the f are surjective, we can inductively define y; 1 to be any value that
satisfies f(yi11) = yi — 74

Second case: Let M® wlog have the property that all restriction maps are eventually
trivial. Then we try to find a preimage (y;) for a sequence (x;) by writing

Yi = Ti + far10Tiv1 + far20)Tivz + - -,

which makes sense precisely because from some k on, fy4) is zero. Now

N(y)z = (l'z - f(i+1,i)«75z'+1) + (f(1;+1,i)$i+1 - f(z‘+2,i)33i+1) + ... =ux;.
]

Lemma 2.6.11. Let (C*); be an inverse system of cochain complexes such that for each n
the inverse system (C™); satisfies the Mittag-Leffer condition. Then there is a natural short
exact sequence

0 — L' 171 ((€7);) = H" (ln(C"),) = JmH"((C"):) — 0
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Proof. By assumption, 1&11(0*)1- vanishes, so we have a short exact sequence of chain com-
plexes

0 — lim(C*); = [ (™) & [J(C")i = 0.

Now since homology commutes with products, we get a long exact sequence
[T, 2" (C*))) === L, H"((C*):) —— H"(im(C");) — [, H*((C*);) = [, H"((C"):)

The map p. still sends a sequence (x;) to the sequence p.(z); = x; — f(x;41), so its cokernel
on the left is lim' A"~((C*);) and its kernel on the right is im/7"((C*);). Thus,

0 — Lim' B ((C*)) = H"(im(C");) — LimH"((C*),) = 0.

Theorem 2.6.12. Let
XoCX;CXpC .

be a sequence of subspaces of a space X with X = UX; such that either each X; is open in
X or such that each X; — X;11 is a CW inclusion. Then there is a short exact sequence

0 — Ym'H"~(X3; M) — H™(X; M) — GmH"(X;, M) — 0

Proof. Like in the proof of Theorem 77, we do both cases separately, with the simplicial or
the cellular chain complex. In both cases, the dual cochain complex will have restriction maps
surjective, in particular satisfies Mittag-Leffler. Thus, we can apply the previous Lemma to
obtain the desired sequence. [

Proposition 2.6.13. For coefficients in a field the morphism and under the conditions of
Theorem the canonical morphism

H"(X:k) — @H”(Xi,k)
is an tsomorphism, i.e. the @nl—term vanishes.

Proof. We have shown in Corollary [2.5.14] that over a field, Homy(H,(X; k), k) = H"(X; k).
Thus, from
H,(X; k) = olian(Xi; k),

we obtain the desired equality by dualizing. O]

Warning: it is not generally true that l'&nl—over a field vanishes. There are algebraic
counterexamples. But the last proof shows that those sequences coming up as cohomology
groups have vanishing I'&nl—terms.
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2.7 Kunneth theorems

Let us start recalling some conventions. Let A,, B,, C, and D, be graded abelian groups. A
morphism of degree d from A, to B, is a sequence of morphisms f : A, — B..4. We also
write f : A, — B, and say that it is of degree d. A chain complex is this a graded abelian
group A, with a morphism d : A, — A, of degree —1 such that d? = 0.

The tensor product of graded groups is defined as

(A, ® B,), = ® A, ® B,

ptq=n

For f : A, — C, and g : B, — D, (possibly of non-zero degree) we define an induced
morphism f, ® g, : A, ® B, — C, ® D, as

(f®@g)(a@b) = (~1)1"¥f(a) @ g(b)

If g is of degree zero, then the sign vanishes. The rule is that interchanging elements induces
a sign. Given complexes (A.,d) and (B, d) we get an induced differential

dg =d®id+id®d: A, ® B, > A, ® B,
This is given concretely as
dg(a®b) =da @b+ (—1)"a ® db
We will drop the subscript in dg.

Theorem 2.7.1 (Algebraic Kiinneth theorem). Let R be a PID. Let C, and D, be projective
(hence free) R chain complexes. Then there is a canonical short exact sequences

0= (H.(C.) ®p Ho(D.))n < Hy(Co @ D) — @ Torf(H,(C.), Hy(D,)) — 0

where the morphism « sends [c|, [d] to [c ® d]. This sequence is non-canonically split.

Proof. The proof is a straightforward generalization of the proof of the UCT [2.5.1] Instead
of tensoring with a module M, we tensor with the chain complex D,, but the formula for
the retract and the long exact sequence

H,(B.C ® D,) — H,(Z.C ® D,) — H,(C, ® D,) — H,_(B.C ® D,) = H,_1(B.C ® D,)

still work as before. Finally, since Z,C' and B,C' have zero differential and are levelwise free,
one easily sees H,(B,C ® D,) = B,.C ® H,(D,) etc. O

Remark 2.7.2. 1. Only one of the chain complexes needs to be free for the above result.

2. The universal coefficients sequence in homology is a special case of the Kiinneth theo-
rem for D, = M|0].

Lemma 2.7.3. Let X and Y be CW complexes and assume one of the them is locally
compact. Then the cellular chain complex C¢'(X x Y') is naturally isomorphic to the tensor
product C¢(X) @ C(Y).
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Proof. Under these conditions, the filtration given on X x Y by (X xY)" =J,,,_,
is a CW filtration with each n-cell given by the product of an i-cell in X and a j-cell in Y
for all (4, ) with ¢4+ j = n. This shows the claim additively, to compute the differentials the
idea is roughly to describe the attaching map

O(D" x D7) — (X x Y)ti-1

in terms of attaching maps in X and in Y by decomposing (D’ x D7) into D' x D7 Uypixapi
D?x 0D?. The attaching map thus factors through the subspace X! x Y7 Uyi-14y7-1 X% x
Y771 and after passing to the quotient (X x Y)"™=1/(X x Y)i=2 factors as

Di x D7 Uapixapi 0D x D’

~

(OD* A D7 /OD7) v (D' JOD" A ODY)

v

(XT/XV A YT YI2) v (XL X2 A Y Y

v

(X x Y)H~1/(X x Y)iti-2,

If D'/OD" — H;(X'/ X" ') represents x and D7 /0D? — H;(Y7/Y7~!) represents y, one sees
how this composite suggests dr x y+x x dy € Hij (X x Y)H71/(X x Y)H~2). To
determine the signs, one needs to fix conventions for generators of the homology groups and
determine the map
Hi; 1(0(D" x D7) — Hiyj 1((0D* A D7 JOD?) v (D'/OD' A OD?))
= H;,; 1(0D" A D?/OD?) @ H;y; 1(D"/OD" A ODY),
which we won’t do. [

Corollary 2.7.4. For CW complexes X and Y with one of them locally compact, there is a
canonical short exact sequence

0— (HEMX) @ HeM(Y )y = HEMX xY) > @ Tor(HF'M(X), HiM(Y) = 0
p+g=n—1
This sequence is non-canonically split.

Example 2.7.5.

e Lets compute the homology of S™ x S™. Thus all relevant homology groups are Z.
Thus all Tor terms vanish. As a result we have:

H.(S" x 8™) =2 H.(S") ® H.(S™)
ie.
7 for x =0,n+m
Z for x =n,mif n #m
7Z®7Z forx=nifn=m

0 else

H,.(S" x S™)

I
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e The same argument shows that for a space X we get
H (X xS") = H(X)® H,n(X)

e For RP? x RP? we get:

;

Z for x =0
Z)2®7Z)2 forx=1

H,(RP? x RP?) = { 7,/2 for % = 2
Z]2 for * = 3
0 else

\

where the (only) Tor term is in degree 3.

Recall from Proposition the cross product
X Cu(X) X Cu(Y) = Cu(X xXY)
which induces the morphism
X H (X)x H(Y) > H (X xXY)
It was constructed such that it precisely gives a chain morphism
Ci(X)®Cu(Y) = Cu(X xY)

because we had

d(a x b) = da x b+ (—1)%%% x Ob.
More generally for pairs (X, A) and (Y, B) we get a map

C.(X,A)®C,(Y,B) S C. (X xY,AxYUX x B)

Note that we can use the cross product to describe the isomorphism of Lemma [2.7.3] as
follows:

C(X) @ CR(Y)
= H (X0, Xn1) © Ho (Yo, Yao1) = Ho(Xp X Y, Xy x Y g U Xy X Y)
— Cr(X xY)

In general we can not expect that C,(X) ® Ci(Y) — C.(X x Y) is an isomorphism. But we
want to show that it is in fact a chain homotopy equivalence.

Lemma 2.7.6. If X and Y are contractible. Then Cy(X) ® Ci(Y) has homology zero in
positive degrees and 7, in degree 0 generated by [xo ® yo| for any point xy € X, yp € Y.

Proof. 1t follows directly from the algebraic Kiinneth theorem that the Homology of the
chain complexes is isomorphic to Z in degree zero. [



CHAPTER 2. TOPOLOGY II, SUMMER TERM 2025 120

Lemma 2.7.7. There exists a natural chain morphism
0:C (X xXY)— Cu(X) ®C(Y),

which is in degree 0 the canonical morphism (x,y) — (z ® y) (recall that x is the 0-simplex
A% — X given by the point v € X ).

Proof. Given any map o : A" — X x Y, we obtain the projections ox : A" — X and
y : A" — Y and a commutative diagram

AP B 4 A" AT

\ lo’XXO'Y

X xY

Thus, the element o0 € C,(X X Y) is the image under (ox X oy), of the element A €
C,(A™ x A™). By naturality, defining a natural map

WX xY) = @ Ci(X (V)

i+j=n

is thus the same as defining its value on A € C,,(A™ x A™), which is just a choice of element
in @,.,_, Ci(A") ® C5(A").

Now assume we have defined 6 in degrees smaller than n. In order to define 6,, with the
compatibility

CalX X Y) = @, Ci(X) ® Cy(Y)

l@ lax id+idxo

Cot (X X Y) 25 @, Ci(X) ® Cy(Y)

we just have to do it for A € C,,(A" x A™) and extend naturally. So we can take 6, (A) €
D jn Ci(A™) @ C;(A") to be any element whose boundary is the cycle 6,1 (0A), which we
can do as C\(A") ® C,(A") is acyclic by Lemma [2.7.6] (For n = 1, observe that 6(9A) =
0o(1,1) — 65(0,0) = [1] ® [1] — [0] ® [0] is also zero in homology)

[

Remark 2.7.8. One can write down a completly explict version of # if needed. We don’t
want to to do this at the moment but will give it later.

Lemma 2.7.9. Any two natural chain morphisms f,g : C.(X xY) — C.(X X Y) which
are equal to the canonical isomorphisms in degree 0 for X =Y = pt are naturally chain
homotopic. The same holds if we replace the source and/or the target of the morphism by

Ci(X) @ CL(Y)

Proof. The proof again proceeds by defining a natural map inductively. In the first case,
we want a chain homotopy H : Cp,(X X Y) — C,11(X x YY), with 0H — HO = f —g. We
are again reduced to choosing a value H(A) € Cp,11 (A" x A™) for A : A" — A" x A" the
diagonal map, having inductively defined H on all C,,_;(X x Y). The compatibility now
requires us to pick H(A) in such a way that

OH(A) = H(9A) + f(A) = g(A),



CHAPTER 2. TOPOLOGY II, SUMMER TERM 2025 121

where the right hand element is already defined and a cycle in C, (A" x A™), and since
A" x A™ is contractible, a boundary. For n = 0, we need to check that f[(0,0)] — g[(0,0)] is
indeed zero in homology, but this follows from the assumptions.

In the second case, we want a chain homotopy H : (Cy(X) ® Ci(Y)), — (Ci(X) ®
Cu(Y))nt1. It suffices to define it on C;(X) ® C;(Y') one pair (¢, j) after another, and by
naturality we are reduced to A* ® A7 € C;(A?) ® C;(A7). Again one inductively assume
it is defined already for lower degrees, and have to write down an element in (C,(A?) ®
C.(A7));4;+1 whose boundary is a suitable cycle. By Lemma we can do this. O

This immediately implies:
Theorem 2.7.10 (Eilenberg-Zilber theorem). The chain maps
0:C(X XY)—= Cu(X)®C.(Y)

and
X Ol X)®C(Y) = Cu(X xY)

are naturally homotopy inverses of each other. In particular both are homotopy equivalences.

Observe that the Eilenberg-Zilber theorem implies that also the chain complexes C, (X X
Y; R) and C,(X; R)®gC.(Y; R) are chain homotopy equivalent over R for every commutative
ring R since C,(X; R) = C«(X) ® R and therefore

Ci(XoR)@rCu(Y;R) = (Chi(X)@Cu(Y) @ R~ Cu(X X Y)® R)
Theorem 2.7.11 (Geometric Kiinneth theorem). For spaces X and Y and R a PID there

1$ a natural short exact sequences
0 — (Hu(X;R) @r Hi(Y;R))n = Ho(X X Y;R) —» @) Torg(Hy(X; R), Hy(Y; R)) = 0
p+g=n—1

which 1s natural in the spaces X and Y. This sequence is non-canonically split.

Proof. Apply the algebraic Kiinneth theorem [2.7.1] The fact that the morphism is given by
the cross product is immediate from the construction. [

Corollary 2.7.12. For field coefficients we have a canonical isomorphism
H.(X; k) @ Ho(Y; k) = H (X X Y k)

We can now improve a result about the Euler characteristic that we have obtained in
Proposition [1.14.9| by counting cells.

Corollary 2.7.13. For X and Y are homologically finite over Q then X xY is also homo-
logically finite over Q and we have

X(X X Y) = x(X) x x(Y)

Proof. We compute the homology H.(X xY;Q) = H.(X;Q)®qg H.(Y; Q). In particular we

find

X(XXY) =) (=1)"dim H,(XxY;Q) = Y (=1)" Y dim H,(X;Q)-dim H,(Y; Q) = x(X)-x(Y)
pta=n

]
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Now we want to consider cohomology with coefficients in a commutative ring with unit
R. Recall that we have 0 : C.(X X Y;R) = C.(X;R) ®r C.(Y; R) and X : C.(X; R) Qg
C.(Y;R) = C.(X xY; R). We now want to define a cohomology cross product by dualizing
6.

In order for this we need to be slightly careful with signs. Up until now, we have defined
the differential on the cochain complex C*(X) by

(df)(@) = f(da),

i.e. as the dual map. However, we see that two symbols switched places here, d and f. Since
d has odd degree, in order to be consistent with the Koszul sign rule we introduced earlier
(for the tensor product of maps between chain complexes), we need to define

(df) () = (=1)If(0a).

So from now on C*(X) is defined taking this sign into account. This change of sign does not
really affect anything we did up until now, since the cohomology is unaffected (as ker and
im do not change).

Definition 2.7.14. The cohomology cross product
x: C'X;R)®@rC*"(Y;R) — C*(X xY;R)
is defined as follows: it maps f ® g € C?(X; R) ®r C?(X; R) to

(Cpag(X X Vi R) % (CL(X; R) @5 Cu(Y; R)prg 2% R R R)
where f ® g is interpreted to be zero on the summands which are not C,,(X; R) ®p Cy(Y; R).

Remark 2.7.15.

1. One can describe the procedure slightly more conceptual as follows: first we introduce
the tensor product of cochain complexes as for chain complexes. Now for a chain
complex C, denote the ‘dual’ cochain complex by (C,)Y. Thus (C,)Y is in degree n
given by Homg(C,,; R). Then there is a canonical morphism of chain complexes

¢/ @r D! — (C. ®r D.)"

given by
feg—=(feg)
This is a chain morphism. To see this, we recall that (f®g)(a®B) = (—1)19 f(a)g(3).
Now
(d(f @ g))(a® p) DY @ g)(0(a @ B))

—1)
—D)IIH(f @ g)(0a ® B + (—1)la ® 88)
—1)fI+lalHlalle D) £(90) g(B) + (—1)HIHlal+sl+Dlel () g(98)
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2. Some authors here take a slightly different convention. Be careful with signs!

Lemma 2.7.16. The morphism X s a chain map.

Proof. This is precisely the work we did in Remark [2.7.15] together with the fact that the

dual of a chain map is a chain map. O

The last lemma in particular implies that the cross product induces a well defined mor-
phism

x: H*'(X;R)®r H*(Y;R) - H(X X Y};R)
Pl @ gl = [pxq =[p®q)ob)

Definition 2.7.17. The Kronecker product is the pairing
HP(X;R)® H,(X;R) = R

given by ([f], [c]) :== ®([f])([c]) = f(c). It is of course zero unless p = ¢, but it is convenient
to define it for all p and ¢q. The same pairing exists as

HP(X;R) ®p Hy(X;R) = R

For any space X let 1 € H°(X) be the class represented by the cocycle 1 : Co(X) — Z
which takes every element x € X to 1. Let 7: X XY — Y X X be the flip map, that sends

(z,y) = (y,2).
Proposition 2.7.18 (Properties of cross product).

1. For o, € H (X) and f,g € H*(X) we have
(f x g0 x B) = (=)W, a) - (g, )
2. The cross product is natural in X and Y.
3. For the product projection p: X xY — X and o € H*(X) we have
ax1l=rp(a)
Similarly we have 1 X g = q¢*g where q : X XY — Y 1is the other projection.
4. For o € H*(X) and B € H"(Y) we have

ax f= (=15 x a)

5. Fora € H*(X),8 € H*(Y) and v € H.(Z) we have
(xxy)xz=1xx(y % 2)

in H"(X XY x Z).
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Proof. For the first point, represent f, g, « and 8 by actual cocycles and cycles (which we
denote by the same letters for simplicity). Then by definition of the cross product,

(fxg,axB) = (fog)Blaxp) = (fog)(as) = (=1) f(a)g(8) = (=1)/(f,a){g, B)

Here the key step is the second equality, which uses that # and x are homotopy inverses and
the value of the cocycle f ® g on a cycle only depends on its homology class.

The second point is clear. For the third point, observe that it is enough to do it for Y = pt
because of naturality. For Y = pt we have to show that « x 1 € H*(X X pt) corresponds to
« under the natural isomorphism (by the variant of Lemma for C,(X)) . This follows
from the fact that the map C.(X) ® Ci(pt) — C.(X x pt) inducing the homology cross
product is the canonical isomorphism.

For the fourth point, let 788 : C,(X) ® C.(Y) be the map 7(a ®b) = (—1)l7ltlp @ a. The
sign is necessary to make this a chain map! Now the composite 7 o (x) o 728 agrees with
x on degree 0 terms, so by the uniqueness of x is chain homotopic to x. We thus have a
chain homotopy commutative diagram

C(X)® C(Y) —== C(X xY)

C.(Y)® Cu(X) —== C,(Y x X)

and thus get the same chain homotopy commutative diagram in the other direction with 6.
By dualizing we get the desired compatibility for the cohomology cross product. [

Recall that we say that a space X is homologically of finite type over a PID R if all
homology groups H.(X; R) are finitely generated. This is for example the case if X is a CW
complex of finite type. Similarly a chain complex C' is homologically of finite type over a
PID R if if is bounded below, i.e. Cy = 0 for k << 0, and all homology groups H,(C')) are
finitely generated. For general R there is a similar condition, but finitely generated is not
sufficient and we abstain from giving it here.

Lemma 2.7.19. Let C, be a finite type chain complex that is levelwise free over R. Then
C. is chain homotopy equivalent to a bounded below chain complex that is finite and free in
each degree. For another bounded below chain complex D, t that is levelwise free over R the
canonical morphism of cochain complezes

(C)Y @ (D,)Y = (C.® D,)Y
1 a chain homotopy equivalence.

Proof. We will show the slightly weaker statement that the map is a homology iso and that
we can replace C, be a finite chain complex that is isomorphic in homology. In fact it
can be abstractly shown that if a map between projective, bounded R-chain complexes is a
homology iso, then it is already a chain homotopy equivalence.

We consider the sequence

O—>Z*C—>C*—>B*_103>O
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Because C, is free and R is a PID it follows that Z,C' and B,_;C are also free in every
degree. In particular the short exact sequence above splits giving rise to isomorphisms
C, = 2,C & B,_1C. Under these identifications the differential is given by the inclusion of
B,,_1C into Z,_1C, so that the chain complex C, is isomorphic to the chain complex

Co = (. = ZnnC® B,C = 2,0 & BypiC = Z,1C & B, 20 — ...)

with the maps the inclusions on the last summand into the first summand of the next term.
All the terms are free.

Now we use that H,C = Z,C/B,C is finitely generated to find a finitely generated
subgroup Zf;n C Z, for every n with the property that the map ZS“ — Z, — H,C is
surjective (for example by lifting generators). We consider the intersection Bir .= Zfinn B,
which is also finite free and get the subcomplex

= (..—2zZ™ CceBC - Z"Ce B C— 2 Ce BM,C— ..

The inclusion Cfi* C C, is a homology iso by construction showing the first part.

This implies that CY — (C)Y is also a homology iso by UCT and thus also CY ® DY —
(Cin)Y @ DY by Kiinneth . Also the map (C™) @ D, — C, ® D, is a homology iso by
the algebraic Kiinneth and it follows that the dual map (C, ® D,)" — ((Ci") ® D,)" is a
homology iso again by UCT. We can now look at the commutative square

C/ ® D/ (C)Y @ DY

| |

(C.® D) —=((CI") ® D)

in which the horizontal maps are homology isos. We want to show that the left hand map is
a homology iso which is therefore equivalent to showing it for the right hand map. But the
right hand map is even an isomorphism since Cfi* is finite free.

[]

Theorem 2.7.20. Let R be a PID. If one of the spaces X andY is homologically finite over
R then there is a short exact sequence

0= (H'(X;R)®r H'(Y;R))y = H'(X xY;R) » @ Torp(H"(X),H(Y)) =0
p+g=n+1

which is natural in the spaces X and Y . This sequence 1s non-canonically split.

Proof. The dual of Eilenberg-Zilber allows us to identify C*(X x Y) with the dual complex
(Co(X) ® CL(Y))Y. This is not generally the same as the tensor product of duals. However,
in our case, we can replace C,(X) with C,, and get

Hom(C, ® C\(Y), R) 2 Hom(C,, C.(Y)") = Hom(C,, R) ® C,(Y)" = C) @ C.(Y)",

Since C is furthermore still degreewise projective, we can apply the algebraic Kiinneth
theorem to C} ® C.(Y). O
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2.8 Cup and cap product

126

Definition 2.8.1. Let d : X — X x X be the diagonal map dxr = (z,z). Then the cup
product is the homomorphism

U: H?(X;R) ® HY(X; R) — H""(X; R)
defined by a U 5 := A*(a x ) (where R is commutative with unit).

We will sometimes only write a8 or - 8 for a U 5.

Proposition 2.8.2 (Properties of the cup product). We have

1. For o € H*(X) and € H*(Y) we have a x B = p*(a) Ug*(B) wherep: X xY — X
and q : X XY —'Y are the projections.

6.

2. For o, 8 € H*(X) we have a U 8 = (
5. (aUB)Uy=aU(BUy)

/.

5. Cup is natural, i.c. for a morphism f: X —Y we have f*aU f*8 = f*(aU fB)
X (BU0).

aUl=1Ua =«

(ax B)U(yx0) = (=1 (aUy)

_1)lelBIg U o

Proof. (1) Consider the map m4: X XY x X XY — X x Y. Then by naturality of x we
have that

prax ¢*f =ni4(a x B)

so that we get

p () Ug(B) =A%(p'ax ¢ B) = A%(r(ax B) =axf

(2) We have

aUp=Aaxp)= A*((—l)‘a”mr*(ﬁ X)) = (_1)\a|\6|ﬁ Ua

since the diagram

>

X x X

i X xX

commutes. (3) Follows from associativity of cross product

(4)

aUl=A"ax1)

(5) Clear

(6)

=A"p'a=(pA)'a=a«a

(axpB)U(yx0)=d(axf xvyx0)

= (—
= (-
= (-

DIFIMA*(a x v x B x §)
DIFIFA* (o x ) x A*(B x §)
)P (auq) x (BU )
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Among other things, these properties guarantee that

H*(X) := P H"(X)

neN

is a graded commutative ring, i.e. it is a ring together with an associative multiplication
such that we have the graded commutativity. For every morphism f : X — Y the induced
morphism f* : H*(Y) — H*(X) is a morphism of graded rings. In particular if f is a
homotopy equivalence then the rings H*(Y) and H*(X) are isomorphic. Thus the ring
H*(X) is an invariant of the homotopy type of X.

Note that property (6) says that the morphism

(H*(X;R)®r H*(Y;R)) = H*(X x Y;R)

in the cohomological Kiinneth theorem ([2.7.20)) is a graded ring homomorphism where the
graded commutative ring on the left gets the obvious multiplication. More generally for two

graded commutative rings S* and 7™ the tensor product is the new graded commutative ring
S* ®@ T with
s@t)-(sot):= (1) e -)

Example 2.8.3. For the n-sphere we find the cohomology ring as:
H*(S™) = Z[z]/2* x| =n
For a torus S* x S we therefore get using the Kiinneth theorem
H*(S' x Y =2 H*(SY) @ H*(S') 2 A(wy,15) || =1
More generally we get by induction for an n-torus
H (S'x ..xSH2H(SHY®..0 H(S') 2 Az, ..., z,) lz;| =1
where

T(fl, ,xn)
_ 2 _
rx; = —x;x;, 05 =0

Ay, yxy) =

is the extrior algebra (here T'(z1, ..., x,) is the tensor algebra).

Now there are relative versions of all our constructions. As we have already seen earlier,
the cross product in Homology descends to a morphism

H,(X,A) x H(Y,B) = Hy (X xY, X X BUAXY)
The same is true for the cup and cross product in cohomology.

Proposition 2.8.4. The cohomology cross product as well as the cup product descend to

morphisms
x 1 HP(X,A) x HI(Y,B) - H"" (X x Y, X x BUAXY)

given by [f] x [b] = [f x g] and
U: H?(X,A) x H'(X,B) — H""(X, AU B)

as A*(a x f3).
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Proof. First follows from naturality and the second from the fact that diagonal is a respective
morphism. [

Again the cross product can be reconstructed from the cup product. So when axioma-
tizing we could use any of the two.

Proposition 2.8.5. The cup product endows the cohomology theory (H*,0) with a multi-
plicative structure, i.e. we have multiplications

U: H?(X, A) x H(X, B) — H"*4(X, AU B)

for a space X with subspaces A and B and a unit element 1 € H°(X) such that the following
axioms are satisified:

1. The cup is natural in morphisms f : X — X' which send f(A) C A" and f(B) C B'.
2. It 1s graded commutative
3. It is associative

4. 115 a unit
5

. We have the following compatibility with the connecting homomorphism: for the inclu-
sioni:A— X and o € HP(A) and f € HY(X) we have

0(a) U S =d(aUi™(B))

Proof. Everything works as before, except for (5) for which we shall give an argument. We
realize the cup product as induced from a natural chain map

U:C"(X)eC"(X) - C*(X) .

Naturality tell us that for any lift o/ € C*(X) of a € C*(A) (that is i*(a/) = «) we have
that i*(a/ U 8) = aUi* 8 where we abusively confuse o and [ with cycle representatives. By

construction of the connecting homomorphism it follows that we can compute §(a U i*(f3))
as the class of d(a/ U ) in H*(X, A) which is given by

dd'UB)=dod UB+ad UdBf=da"Up
which verifies the claim as [do/] represents §(«). O

Note that the cup product for B = () makes H*(X, A) into a (graded) module over
H*(X). Then the connecting homomorphism § : H*(A) — H**(X, A) is an H*(X)-linear
morphism.

Lemma 2.8.6. Let X = U UV be an open covering of a space X. The connecting homo-
morphism in the Mayer-Vietoris sequence

o N U) e H (V) > HUNV) S HHY(X) = H(U)® H (V) = HTUNV) = ...
is a H*(X)-module homomorphism, i.e. fora € H*(UNV)) and f € H*(X)

o(aUi*(B)) = d(a) U
where i : UNV — X.
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Proof. We recall that the Mayer-Vietoris sequence arose from the diagram

—— H'(U) ———— H*Y(X,U) —— HY(X) ——— B (U) ——— ..

| I | |

. —— HUNV) 5 YV, UNV) — H*YV) — HHUNV) — ...

The connecting homomorphism in the Mayer-Vietoris sequence arises as the composite of
the leftmost lower horizontal map, the inverse vertical isomorphism and the middle upper
horizontal map.

All of these groups are modules over H*(X) via the various restriction maps, and all of
the maps are module maps (the connecting homomorphism in the lower row by part 5 of
Proposition , so the same follows for the composite. [

Proposition 2.8.7. Suppose that X = U UV where U and V' are open, acyclic sets. Then
a U B =0 for all cohomology classes of positive degree in X. More generally if X can be
covered by n-acyclic open sets, then all n-fold cup products in positive degree vanish.

Proof. We generally have the following commutative diagram:

H*(X,U)® H*(X,V) —— H*(X,UUV)

| |

H*(X)® H(X) ——— H*(X)

So the cup product of two elements in the image of H*(X,U) — H*(X) and H*(X,V) —
H*(X) lies in the image of the map H*(X,U UV) — H*(X). Now if U is acyclic, the map
H*(X,U) — H*(X) is surjective in positive degrees by the long exact sequence, same for V.
So the cup product of any two positive-degree elements lies in the image of 0 = H*(X, X) =
H*(X,UUV)— H*(X) and thus vanishes. The statement for n opens follows analogously
by inductively observing that the product of n elements in the images of H*(X, U;) — H*(X)
is in the image of H* (X, U,). O

Note that it would have been sufficient to ask that the map H.(X) — H.(U) is zero in
positive degrees (and same for V') instead of asking them to be acyclic.

Definition 2.8.8. The maximal number of elements in H*(X) (H*(X; R)) of positive degree
such that the product is non-zero is called the cup length of X (with respect to R-coefficients).
It can also be 0 or co. It is an invariant of X.

Example 2.8.9. The torus S* x ... x S! has cup length n since the cohomology ring is
A(zq,...,x,). A maximal product is given by z; U ... U x,. Thus we need at least n + 1-
contractible open sets to cover S' x ... x S. For the two ordinary torus we thus need at
least 3 open sets.

Corollary 2.8.10. The suspension SX and the reduced suspension XX of a space X (resp.
a pointed space X, x) have trivial cup products in positive degrees. In particular the cup
lenghts are 1.
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Proof. Both can be covered by two open sets. O

Theorem 2.8.11. For n even the sphere S™ is not an H-space, i.e. there is no continuous
morphism

pe St x St — 8"
such that p1 oy ~1id and iy o p =~ id where i1(x) = (x,1) and i2(x) = (1, x).

Proof. Suppose we have such a map. Recall that H*(S™ x S™) = A(xy,z2) as a ring, where
r1 =x X 1 and 29 = 1 x z for a generator z of H"(S™), and equivalently x; = pi(z) and
xo = ph(x). In particular (as py o 4; is the identity if £ = [ and constant otherwise) we have

*

NT1 =12, iyre =1z, 1,22 =0, 313 =0.
Now suppose p*xr = ax; + bxy for some coefficients a,b. Then because p o 7; ~ id, we have
ar = ij(axy + bxy) = iju*(z) =«

and so a = 1. Analogously b = 1. Now z? = 0 in H*(S") and the fact that p* is a ring
homomorphism shows that

0= p*(2?) = (z1 + 22)* = 1179 + 2271 = (1 + (=1)") 2122
Since x29 is a generator of H?"(S™ x S™) we see that 1+ (—1)" =0 and so n is odd. [

Definition 2.8.12. A diagonal approximation is a natural chain map
A:Cu(X) = C(X) ® Cu(X)
such that on 0-simplices A(z) =z ® .

Clearly such a map is determined by what it does on simplices, i.e. its an association of
an element in @, ,_, Cp(X) ® Cy(X) for any n-simplex in X with certain properties.
Proposition 2.8.13. There exists a diagonal approximation and any two diagonal approz-
imations are chain homotopic.

Proof. For the existence just use the composition
CL(X) 25 CUX x X) D 0.(X) ® C.(X)
The uniqueness follows similarly as in [2.7.9] O

For any choice of diagonal approximation we get an explict formula for the cup product
as

aUB:=(a@B)oA:Cu(X) > R
for a, 8 € C*(X).

Now we want to construct a more explict diagonal approximation. For an n-simplex
A" — X with n = p + ¢ we denote by o, the front face of o, that is the composition with
the inclusion

AP — A" (20, vy Tp) > (X0, ory Tp, 0, ..., 0)

Similarly we denote by o, the back face of o, that is the composition of ¢ with the inclusion
AT — A" (20, ..., zq) = (0,...,0, 20, ..., 2,)

Note that the two have one element in common.
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Definition 2.8.14. The Alexander-Whitney diagonal approximation is defined by
Alo) =Y 0,®0, € C.(X)® Cu(X)
pHq=n

for o : A" — X.

Proposition 2.8.15. The Alexander- Whitney diagonal approzimation is a diagonal approz-
imation. The induced cup product

U: CP(X;R) ®p CU(X;R) — CP"™(X; R)
(fUg)lo) = (f®g)(Al0)) = (=1)"f(0p)g(0q)

endows the cochain complex C*(X; R) with the structure of a differential graded algebra, i.e.
we have the following:

1. Its a chain map, i.e. d(aUB) =daU B+ (—=1)*laUdp
2. It is associative a U (BUY) = (U B) U~y
3. Its unital, 1.e. aUl =1Ua =«

It moreover defines a functor
Top” — DGA

where DGA s the category of differential graded algebras.

Proof. The main thing to check is that the Alexander-Whitney diagonal approximation is a
chain morphism. Indeed, for an n-simplex o € C,(X) we have

OA(o) = Z d(op ® 0g)

p+gq=n

= Z (3(0p) ® o4+ (=1)Po, ® 30q>

pt+q=n

=D (Z (o) )®0q+z Do, @ ‘711)('))

p+g=n 1=0

S (1) @ 0y + 321y @ (7))

p+qg=n =0

= 3 (0, @ (0, + Y (1o (0) )

(]

p+qg=n =0
n—1

=Y (=" > (¢, ® (0",
=0 p+gq=n—1

= A(0o)

Then it is clear that in degree zero it does the right thing since for a zero-simplex, there
is just one pair of front-face and back-face and both are just again that O-simplex. For
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associativity, we check that both composites (A ® id) o A and (id ® A) o A from C,(X) —
C.(X)®3 send
o Z Op @04 & 0oy,
ptg+r=n
where for a triple (p, ¢, ) we have o, 0,, 0, denote the precomposites of o with the three
maps

AP — A (x,...,2p) = (20,...,2p,0,...,0)
AT — A (x0,...,24) = (0...,0,20,...,2,,0,...,0)
A" = A (xo,...,2,) = (0,...,0,20,...,2,)

again overlapping in one index respectively.

Unitality follows from the fact that the front-face, back-face splitting corresponding to
(0,n) is given by ¢(0) ® o. Since 1 is the cochain that sends every 0-simplex to 1, we thus
see that

(1®a)oA)(o) = alo)

and analogously the other way around. O]

Warning 2.8.16. Note that the cup product is still not commutative on the level of cochains
ie. fUg # £gUFf, although it is commutative on the level of cohomology [f]U[g] = £[g]U[f].
This failure of commutativity is not because we have not written down a better formula, but
its a fundamental fact. It has some important consequences that will be studied later.

Proposition 2.8.17. The cohomology ring of H*(RP?;Fy) is given by
H*(RP*7Z/2) 2 7/2[a]/a®  |a| =1

Proof. Consider the generator « € H'(RP?;Z/2) = Hom(H,(RP?);Z/2). Then choose a
loop A : St — RP? to represent the generator of m;(RP?). Since \ generates H;(RP?;F,)
and H'(RP?* Fy) — Homg,(H(RP? Fy),Fy) is an isomorphism, we see that a()\) = 1.

Define a 2-simplex o as follows: it maps the edges (0,1) and (1,2) along A and (0,2)
along a constant map. This can be done since 2 is nullhomotopic. Now, in C.(X), do =
2\ — constl, where const! denotes the l-simplex which is constant at *. We also have
dconst? = const! — const! + const! = const!. So in C,(X;Fy), we have

d(o + const?) = 0.
Now we have
(aUa)(o) =a) -a(X) =1
and for the constant 2-simplex we have
(U a)(const?) = a(constl) - aconst}) = 0

since a(constl) = a(dconst?)(da)(const?) = 0. Now aU « is a cocycle, o + const? is a cycle,
and
(aUa)(o + const?) =1,

so both are nonzero in (co)homology since the pairing descends to a well-defined pairing
there.
O
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Example 2.8.18. The integral cohomology ring of RP? is given by
H*(RP%Z) = Z[B]/(8* = 0,26 =0)  |B] =2

The reduction morphism
H*(RP?*7Z) — H*(RP* 7Z/2)

is the ring morphism
Z[B)/(8* = 0,28 =0) = Z/2[a] /o’ B o
The integral cohomology ring of RP? is given by by
H'(RPYZ) 2 206, /]/(8 = 0,28 = 0,02 =0) |5 =2,]v| =3
Corollary 2.8.19. The space RP? can not be written as the union of two open, acyclic sets.

We now fix a diagonal approximation. Every diagonal approximation will do, but for
concreteness we think about the Alexander-Whitney map

A Cu(X) = Cu(X) ® Cu(X)

We will now define the rest of this section for homology and cohomology with values in R
but we will supress the R.

Definition 2.8.20. We define the (chain level) cap product as the homomorphism
N: CUX) ® Cpig(X) = Cp(X)

fne:=(id® f)(A))

where again id ® f is set to be zero on the summands of

(CX) @ CX)pig= P Gi(X) @ C(X)

i+j=p+q
where (7, 7) # (p, q) and our usual sign rule applies.

Using the Alexander-Whitney approximation we get the formula

fro=(=1)"f(ag)op
for f € CU(X) and 0 € Cpy4(X) (first backface then frontface).

Remark 2.8.21. Note that one can also define a ‘right’ cup product o N f = f(o,)0, with
first frontface then backface and without signs. This would canonically give a right module
structure (as opposed to a left, see next Proposition). But we prefer to work with left
modules.

Proposition 2.8.22. Let 1: Cy(X) — Z (also written as €) be the augmentation which we
consider as an element 1 € C°(X). Then we have
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1. 1Nnc=c force Cy(X) and
1(fne)=(1,fNne)=f(c)=(f.c)
if |f] = el
2. (fUg)ne=fNn(gne)
3. Forp: X =Y and f € C1(Y) and ¢ € Cpro(X) we have
e (f)Ne) = fNeo)
4. For f € C*(X) and g € C.(X) we have

o(fne)=df ne+ (=) N e
Proof. 1) We have 1N o = 1(0y) - 0 = ¢. Similarly for |f| = |o| we find

fno=f(o) oy

which shows the second part.
2) For |f| =p and |g| = q and |o| = r + p + ¢ we have

(fug)no = (=P (f U g)(opsq)or
= (—1)PrOr (1) f(5,)g(0,)0,  middle, back, first

Similarly we have that g N = (—1)9"*P) g(0,)0,, and thus find that

fnlgno) = (=1)1"*Pg(o,)(f N ory)
= (=) Pg(0y) (=1)"" f(op)o,

3) We again assume ¢ = ¢ and get

(@ (f) N o) = (=)0 (0" (f)(o4)0p)
(=D)PU"(f)(04)) s (0p)
(=D f(@u(0g))ps(0p) = f N pu(0)

4) We find that

of o) =

The last boundary formula shows that we have an induced morphism
Mn: Hq(X) ® Hp+q(X> — Hp(X>
which is well defined, since e.g. for f and c cycles it follows that f N c is a cycle.

Proposition 2.8.23. The cap product has the following properties:



CHAPTER 2. TOPOLOGY II, SUMMER TERM 2025 135

1. (Unitality) 1Ny =1~
2. If |a| = |y| then L(any) = {(a,7).
5. (aUB)Ny=an(Bny)
4. [ X =Y, ac H(Y) and B € H (X) then f.(f*(a)NB) =an f.(B)
Proof. Immediate from Proposition [2.8.22 m

The last proposition shows that H,(X) is a (graded) module over H*(X) and that f, :
H.(X)— H.(Y) is a H*(Y)-linear map.

Definition 2.8.24. If R* is a (cohomologically) graded ring. Then a (homologically) graded
module M, is a graded group together with action maps

RP @ Mg — M,

which are unital and associative. Similarly a differential graded module over a DGA (A*,d)
is a chain complex (M, d) together with a chain map

(M,,d) @ (A", d)
that is associative and unital in the obvious sense.

In general the homology of a differential graded module (A*, d)-module is a graded H*(A)-
module.

Corollary 2.8.25. The Kronecker product (—, —) : H?(X) ® H,(X) — R satisfies:
1 {aUp,7) =(a,fN)
2. ([*(@),7) = (e, (7))

Moreover we have

(ax B)N(yxd) = (=1 any) x (803)

Proof. Follows directly from the fact that the Kronecker pairing is a special case of the cap
product (by Proposition [2.8.22]) and the relation of the cap product:

<aU577> = <1’(05U6)ﬂ'7> = <17am(/3ﬂ7)> = <O‘76ﬂ7>
and
(f(a),7) = (Ix, [F(a)N7) = (Iy,an fi(7)) = (o, fu(7))

And
(axB)N(yxd)=..
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Example 2.8.26. For a sphere S™ we denote the generator in homology of degree n by [S”]
and the generator in cohomology by a. Then we get that

anls"] =1

where 1 € Z = Hy(S™) is the basepoint. Thus. as a module, H,(S™) over H*(S™) = Z[a]/a?,
the homology is isomorphic to the cohomology and the isomorphism is implemented by

—NI[S"]: H*(S™) — H,_(S™)
We will see that this is is true for every oriented manifold (Poincaré duality).

Finally let us remark that there is also a relative version of the cap product for A, B C X
we have
N: HP(X,A) ® H,,(X,AUB) - H,(X, B)

which has the same properties as the cap product. In particular for A = () this shows that
H.(X,B) is a module over H*(X).

2.9 Orientations revisited

Recall from Topoiogy I that an orientation of a manifold M is defined to be an (equivalence
class) oriented atlas.

Question: How many orientations exist on M? How can we know that a manifold
is not orientable?

The idea is to translate oriented charts into homological data.

Remark 2.9.1. A local orientation of a top. manifold M in m € M is a choice of a generator
0 of H,(M, M\ {m}). Every chart ¢ : U — R" around m induces such a local orientation
om(p) since it induces an isomorphisms

H,(M, M\ {m}) = H,(R",R"\ {p(m)}) = Z

Then o0y/(p) is the element corresponding to 1 € Z under this isomorphism. Conversely
every local orientation o0, singles out a class of charts around m which we call oriented,
namely those ¢ with 0,,(p) = 0,,.

We want to assemble these charts together to an oriented atlas. Therefore we need a
local orientation in every point. But these local orientations have to depend continuously
on the point, they can not be allowed to jump. We want to make this precise now.

Definition 2.9.2. Let M be a topological manifold of dimension n and G' an abelian group.
For z € M set ©, ® G := H,(M, M\ {z};G) = H,(M, M\ {z};Z) ® G. Set

OnyeG:=][6.®G
xeM

and let p : Oy ® G — M be the map that takes ©, ® G to {z}. For G = Z we just write
©. We call © the orientation bundle (with values in G).
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Give O ® G the following topology: Let U C M be open and o € H,(M,M \ U).
Assembling together the images under

Hy(M, M\ U) — H,(M, M\ {z})

defines a mapping s, : U — Oy ® G. We give O, ® G the finest topology such that all s,
(for all choices of ) become continuous.

Proposition 2.9.3. The images U, := $,(U) for allU € M and o € H,(M, M\ U;G) form
a basis of the topology. Moreover p: © @ G — M 1is a covering map and fibrewise addition
1S continuous.

Proof. Let U C M be a convex ball in some coordinate neighborhood. Then by excision and
the long exact sequence the morphism

op  Hy(M,M\U) — H,(M, M\ {z})

is an isomorphism for every x € U. Thus we have an isomorphism

U x H,(M, M\ U:;G) 7 p~Y(U)

~_

U

We equip H, (M, M \ U; G) with the discrete topology. Then this morphism is by definition
of the topology continuous. It is also bijective and it is straightforward (but a bit annoying)
to check that it is a homeomorphism.

Since every point x € M is contained in some convex coordinate ball this shows that
the morphism p : Oy — M is locally a product with a discrete sets (namely the set Z)
and therefore a covering map. The statement about the basis of the topology can easily be
derived from that. The fibrewise addition corresponds to the addition on the product factor
and is therefore also continuous. [

Definition 2.9.4. The orientation cover of M is the subspace M C © consisting of all
elements H,(M, M \ z) that are generators.

Corollary 2.9.5. The orientation cover M — M is a 2-sheeted covering of M (with not
necessarily connected total space). Hence for connected M it is classified by a group homo-
morphism wy : w1 (M) — Z/2 which we call the orientation character.

Proof. Use the same proof as the the last Proposition to see that locally it is reduced to
the generators. For the covering statement note that in general 2 sheeted coverings are
described by a index 2-subgroup of the fundamental group which in turn is the same as a
group homomorphism to Z/2 (since all index 2 subgroups are normal). O

Remark 2.9.6. Note that the orientation character can equivalently be described as a group
homomorphism wy : Hy (M) — Z/2 since the group Z/2 is abelian and hence by the universal
property of the abelianization. This is also the same as a cohomology class H*(M;Z/2).
Also note that there is unique non-trivial covering transformations 7 : M — M.
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Definition 2.9.7. A section of a covering p: N — M is a morphism s : M — N such that
ps = id. For a closed subspace A C M we denote by

IMNABOyRG) ={s: A= 0y G| ps(a) =a}
the groups of sections of the orientation bundle (with pointwise addition) and by

T.(A,0y ®G) CT(A,0y®G)

the subgroup of sections with compact support, i.e. those s for which the set {z € A | s(z) # 0}
is compact.

Lemma 2.9.8. For a connected manifold M the following are equivalent :
1. The orientation character wy is trivial.
The orientation cover M admits a section.

We have a homeomorphism M — M UM that commutes with the maps to M.

> L

We have a homeomorphism O, = M X Z that commutes with the morphisms to M
and the group structures.

5. For every abelian group G we have a homeomorphism ©; G = M x G that commutes
with the morphisms to M and the group structures.

Proof. The first three assertions are equivalent for every 2-fold covering by standard covering
theory. To see the equivalence of (3) and (4) note that if we have a homeomorphism

¢:M=MIM=Mx{-1,1}
we can extend it to a homeomorphism
O:0y > MXZ

by setting ®(x) = ®(ny) = ng(y) for a generator y € H,,(M, M\ {m}). This is easily seen to
be well-defined and commutes with the group structures. Conversely assume we have such
a ®. Then its restriction to the subset M C ©,, has image M x {—1,1} (since these are the
generators). Thus it induces the desired equivalence.

To go from (4) to (5) we tensor the equivalence fibrewise with G. Conversely (4) is clearly
a special case of (5). O

Theorem 2.9.9. There is a 1-1 correspondence between orientations on M and sections of
the orientation cover.

Proof. We describe two explicit maps

{Oriented atlases of M} «— {sections of M — M}

Given an orientation [A] send it to the section s4 defined as follows: for m € M choose a
chart ¢ : U — R" from A and set s4(m) := o () € H,(M, M\ {m}). This is well-defined
since for another chart ¢’ the transition function is orientation preserving and thus leads to
the same generator 03/(¢"). Now we have to show that s4 is continuous. For this it sufficed
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to proof this locally. But for a chart ¢ : U — R™ choose an open U’ C U such that U’ C U
and such that ¢(U’) is a ball. Then we can describe the restriction s4 |y as the section
Sq : U — M C Oy corresponding to the element a € H, (M, M\ U’) which maps to 1 under
the isomorphism

Hy(M,M\ U=~ H,(U,U\U")~ H,(U,U\U") = H,(R",R"\ B) ~ Z

Thus by definition of the topology on ©); the restriction s4 |y is continuous and therefore
a section of M — M.

The converse construction works as follows: for a given section s : M — M we define an
atlas A, a follows: A, contains all charts

p:U—R"

such that U is connected and for one m € U we have that 0,,(¢) = s(m). First note that
this already implies that we have o0,,(¢) = s(m) for all m € U since U is connected and since
both sides are sections of a covering. We have to check that A, defines an atlas. Thus for
every m € M there has to be a chart in A, around m. Pick an arbitrary chart ¢ around m
of the manifold M (which is not necessarily in Ay). Make a new chart ¢’ by postcomposing
with an orientation reversing homeomorphism R™ — R"™. Then we have 0,,(¢") # o(¢). But
since the group H, (M, M \ {m}) has only two generators one of the two elements has to
agree with s(m) and hence the corresponding chart is in As. To see that the atlas Ay is
oriented we use a similar straightforward argument.

Now it remains to show that the two constructions are inverse to each other. First to
see that s 4, = s we reduce this to a local chart, where it follows immediately from the local
descriptions given in the first part of the proof. For the converse, i.e. that A, is equivalent
to A one has to check that the transition functions are orientable, which is immediate
unwinding the definitions. O]

Corollary 2.9.10. If a manifold M is orientable and connected, then it has precisely two
orientations. Moreover if two orientations agree in one point (meaning that the induced local
orientations in that point agree) then they agree globally. In other words: an orientation is
uniquely determined by a single chart resp. a single local orientation.

Example 2.9.11. We have already stated that the genus g-surface is orientable (we will see
an independent proof soon). Recall that the genus g-surface was defined as a quotient P,/ ~
of the regular 4g-gon. This gives as a canonical chart

intP, — X,
which we want to be oriented. This uniquely fixes the orientation.

Corollary 2.9.12. If a manifold M is simply connected or if Hy(M,Z) contains no subgroups
of index 2 then it is orientable.

Proof. By Lemma and Theorem M is orientable precisely if wy : Hy (M) — Z/2
is trivial, which is automatically the case if there is no subgroup of index 2. O]
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Example 2.9.13. We can now directly see (without having to write down an oriented atlas)
that the following manifolds are all orientable: S™ for n > 2, CP", L(p, q) for p not divisible
by 2. Recall that we have m(L,,) = H1(L,,) = Z/p.

Again all of these spaces have preferred orientations which are described using (one)
preferred chart. Also products of these manifolds are orientable, e.g. S? x S3.

The case of RP™ (at least for n odd) still remains open (since H;(RP™) = 7Z/2).

Corollary 2.9.14. The total space of the orientation cover M is a manifold that is canoni-
cally oriented. The tnvolution T is orientation reversing.

Proof. Exercise. 0

2.10 Fundamental class 1

For A C M closed define a homomorphism
Ja: Hy(M, M\ {A};G) - T.(A,0) ®G) (2.1)

as before (it sends o € H,,(M,M \ {A};G) to the section s, : A — Oy x G). We must
show that this section is continuous and has compact support. Continuity can be checked
locally i.e. for opens U C A with U = VN A. Then a |y€ H, (M, M\ U) can be extended to
H, (M, M\V) for U and V sufficiently small. Thus we have that s, is the restriction of the
section induced form the extension. The fact that the section has compact support follows
from the fact that every representative of a in C,,(M, M \ A) factors through some compact
subset B C M since A™ is compact. Then the section s, has also support in B.

Theorem 2.10.1. Let M be a topological manifold of dimension n. Then the homology
groups Hy(M; G) are zero for k > n and the canonical morphism|[2.1) is a group isomorphism

Proof. We give the proof for G = Z and the other cases works exactly similar. For a
topological manifold M with a closed subset A we will prove the following statement:

S(M, A): Hy(M, M\ A) =0 for all k > dim M and J : H,(M,M\ {A}) —
I'.(A,©)/) is an isomorphism.

The statement of the theorem that we want to prove is S(M, M). We observe that we have:
1. S(M,A) holds for A compact and convex in some coordinate chart of M.
2. If S(M, Ay), S(M, As) and S(M, A; N Ay) hold, then also S(M, A; U A,).

3. For A} O Ay O A3 O ... compact subsets of M such that S(M, A;) holds, then also
S(M,NA;).

4. If A; € M are compact with disjoint open neighborhoods such that S(M, A;) holds,
then also S(M,UA;) holds.



CHAPTER 2. TOPOLOGY II, SUMMER TERM 2025 141

5. If S(AN N, N) holds for all N C M open relatively compactﬂ then also S(A, M).

Let us prove these statements and note that these statements together with the following

Lemma (Bootstrap Lemma) will imply our Theorem.
adl) We have that

Ho(M, M\ A) = H,(R", R"\ A) = H,(R",R"\ {a})

for some a € A where the last statement follows since A is convex and thus we can simply
find a homotopy equivalence. But this map just evaluates the section J4(—) at the point a
which is an isomorphism

ad2) We consider the commutative diagram

Hyot (M, M\ (AN B)) — H,(M, M\ (AU B)) — H,(M, M\ A) & H,(M, M\ B) —= H, (M, M

| | |

0 T.(AUB,Oy) T.(A,©,)® (B, Oy) T (AN

where the upper row is the Mayer-Vietoris sequence and the lower row is the obvious se-
quence. Both are exact so the conclusion follows by the 5-Lemma (also the higher cases).
ad3) We have that
H, (M,NA;) = colimH,, (M, A;)

and

[.(A,©5) = colimI'.(A4;,On)

which together imply the claim.
ad4) We choose disjoint neighborhoods A; C U; and find that

oM, M\ UA) = H(J U JTo\ ][ A) = 08U ] A)

The analogous statement also holds for I'..

adb) We have that
H,(M, M\ A) = colimH,(N,N\ (NNA))
and similarly for T'. O

Lemma 2.10.2. (Bootstrap Lemma) Let S(M; A) be a statement about pairs (A, M) where
M is an n-manifold and A a closed subset. If (1)-(5) hold then S(M, A) holds for all A and
M.

Proof. From (1)-(2) we conclude that S(M, A) holds for all finite unions of convex neigh-
borhoods contained in some given coordinate chart (by induction using (2) and the formula
AiN(A2U. UA,) = (A1 NA)U...(A NA,)). Then every compact subset in that given
chart can be written as the intersection of such unions A; 2 Ay O A3 D ... so that by (3)
the statement follows for every compact A which lies in a coordinate neighborhood. Now we
claim that any given compact subset A can be written as a finite union of such: this can be
seen by covering A by open set U; C M that have the property that the U; are still contained

2That is, subspaces with compact closure
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in a coordinate neighborhood of M. For example take coordinate neigborhoods U, and let
U; be open balls in those. Then A can by compactness be covered by finitely many of those.
The intersections of A with U; are still compact and finitely many cover A.

Now assume that M is second countable (or equivalently, separable, i.e. there exists a
dense countable subset). In that case there exists a map f : M — Ry which is proper,
i.e. preimages of compact subsets are compact. This follows from metrizability results, but
more elementarily from playing with partitions of unity. We let A; :== AN f~1[2i —1,2i] and
B; :== AN f7'[2i — 2,2i — 1]. Now the A;’s are compact and satisfy (4) so that the result
follows for the union A and similar for B. It also holds for the intersection A N B which
is the union of A; N B;. Thus by an application of (2) the statement S(A, M) follows for
A C M closed.

Finally, we observe that if N C M is open and relatively compact (i.e. has compact
closure), it is separable, and thus by the previous observation, S(ANN, N) holds for arbitrary
closed A C M. So (5) shows S(A, M) for arbitrary M.

O

This implies all the results about orientability we had before, e.g Theorem [1.17.16| which
states that

G if M is compact and orientable
H,(M,G) = { G[2] if M is compact and not orientable
0 of M is not compact

for a connected manifold and its consequences (such as invariance of dimension and non-
orientability for RP™ with n odd. Now we can also make Definition more rigorous:
for a compact oriented manifold M the class [M| € H,,(M,Z) corresponding to the orienta-
tion section I'(M, ©yr) = I'(M, ©yy) is called the fundamental class.

Also note that every compact connected manifold admits a Z/2 fundamental class, since
On ® Z,/2 is necessarily trivial (pick nonzero point in each fiber).

We will more generally talk about R-oriented manifolds in what follows. Here an R-
orientation is a section of ©y; @ R. Typically R will be Z or Z/2. A Z-orientation is an
orientation as before, and any manifold has a unique Z/2-orientation.

2.11 Poincaré duality and Applications

Our next task is to understand Poincaré duality. Now that we have the fundamental class
we can state the result:

Theorem 2.11.1 (Poincaré duality). Let M be a compact, connected, R-oriented manifold.
Then for every R-module G the map

—N[M]: H(M;G) — H,_.(M;G)
1 an isomorphism.

For nonorientable manifolds, we still have a version
For * = 0 and * = n this in particular implies that H,(M) = Z and H"(M) = Z. Our
strategy of proof will be to first generalize this to a statement that holds also for non-compact
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manifolds and then prove it similar to the proof of 2.10.1} This will be implemented in the
next section, but first we want to collect some important consequences.

Proposition 2.11.2 (Poincare). There is a compact 3-dimensional manifold which has the
same homology groups as the 3-sphere but which is not simply connected, in particular not
homotopy equivalent to S3.

Proof. Consider the group G C SO(3) of rotation symmetries of the regular icosahedron.This
is isomorphic to the group As, the alternating group on 5 letters which is a simple group.
Thus [G,G] = G. Consider the universal covering SU(2) — SO(3) which is a 2-1 covering
(think of SU(2) as the unit quaternions and let them act on the imaginary part). Then we
consider the preimage G’ C SU(2) = S? of G under the projection. We have a short exact
sequence

{(£1} - G = &

We claim that minus the identity matrix —1 is contained in the commutator subgroup of G'.
This follows for example from the observation that along SU(2) — SO(3), every lift of any
order 2 element has order 4 and squares to —1 € SU(2). In particular, writing a 7-rotation
in G as a commutator, we can write —1 € SU(2) as the square of a commutator. We see
that [G’, G'] = G'. Define the manifold

M :=SU((2)/G' = S*|¢

Then we get that Hy(M) = m(M)® = (G')® = 0 and thus by UCT H! = 0 which by
Poincaré dualtiy implies the claim. O]

Remark 2.11.3. The first version of the Poincare conjecture was that each 3-manifold
which has the homology of the 3-sphere is already homeomorphic to the 3-sphere. The
above example shows that this can not be true. Poincare conjecture: each compact simply
connected, 3-manifold is homeomorphic to the 3-sphere. Note that if M is such a simply
connected, compact 3-manifold we first conclude that Hy(M) = 0 and H'(M) = 0 and that
M is orientable. Then by Poincare duality it follows that Hy(M) = H*(M) = 0. Thus M
is a homology sphere, i.e. it has the same homology as the sphere. It is also not hard to
see that it is already homotopy equivalent to the 3-sphere. But the hard part is that it is
homeomorphic to the 3-sphere. Thats a deep theorem of Perelman.

It is even true more generally that every compact, connected manifold M of dimension
n that is homotopy equivalent to S™ (equivalently m (M) = ... = /2 (M) = 0) is already
homeomorphic to S™. This is called the generalized Poincare conjecture. This was proven
for n = 4 by Freedman and for n > 5 by Smale.

It is sometimes desirable to have a version of Poincare duality entirely in terms of coho-
mology.

Definition 2.11.4. Let M be a compact R-oriented n-dimensional manifold. The bilinear
form

U: H*(M;R)® H"(M;R) — R
given by a ® 8 — (U B, [M]) is called the intersection form.
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Recall R a PID we have TH*(M; R) C H*(M; R) torsion submodule, set ﬁk(]\/[; R) =
H*(M; R)/TH*(M; R) torsion free part. For a field R the torsion submodule is zero, thus
everyting is free. For M a compact manifold we have a canonical isomorphism

H"(M; R) =~ Hom(H(M); R)
as a consequence of the Universal coefficents theorem
H"(M,R) = Extr(H,_1(M); R) ® Hom(H,(M); R)
A bilinear pairing M ®r N — R is called perfect, if the induced morphisms
M — Hompg(N; R) N — Hompg(M; R)
are isomorphisms.

Theorem 2.11.5. For a PID, let M be a compact, connected, R-oriented n-manifold . Then
the pairing
U:H (M;RoH “(M;R) > R

induced by the intersection form is perfect.

Proof. By properties of the cap product,

(U, [M]) = (a, O [M]),

so the pairing

o (M;R) @ H "(M;R) > R

corresponds to the pairing

H(M;R)® Hy(M;R) — R,
which we saw to be perfect above. [

Corollary 2.11.6. For a closed (i.e. compact without boundary) manifold the pairing
U: HYM,7Z/2) @ H" *(M;Z/2) — 72
is perfect. If M is oriented then
U: HYM,Q) @ H" *(M;Q) — Q
is perfect. If M in addition has torsion free homology then
U: H"(M)® H" (M) = Z
is perfect.

Remark 2.11.7. If we compose the intersection form with the Poincare duality isomorphism
then we obtain the homological intersection pairing
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given by
a® B ((=N[M]) " au (=N [M])718, [M]) = (- N [M]) (@), B)

Historically this pairing came before the cup product. It has the following geometric interpre-
tation and that is why it is called intersection pairing: assume M is smooth and the classes
a and g are the fundamental classes of oriented manifolds f : N, — M and g : Ng — M.
Here we also assume that f and g are smooth, i.e. a = f,(IV,) and 8 = g.(Ng). We get that
dim N, + dim Ng = dim M. Now assume that f and g are transversal to each other which
means that f(NV,)Ng(Ng) consists of finitely many points and that for each x = f(y) = g(2)
we have that T, N, ®T,Ng ~ T,,M. We define ¢(X) to be 1 if that isomorphism is compatible
with orientations and —1 if it is not. Then we have

aeff= Z €(x)
erf(Na)mg(Nﬁ)

Theorem 2.11.8. The cohomology rings of the projective spaces are given as follows (where
n = oo is allowed))

H*(RP™Z/2) = Z./2[a] /o la| =1
H*(CP™Z) = Z[z] /2" 2] = 2
H*(HP™,Z) = Zly] /y"* ly| =4

Proof. We do CP™, the rest works equivalently. We have to show that for each k, 2% is a
generator of H?**(CP";7Z). For k < n, this follows inductively by restricting along the map

H**(CP";Z) — H*(CP"; Z),

which is an isomorphism by cellular cohomology. For k = n, we use that the cohomology
intersection pairing is nondegenerate to see that 2"~! Uz is a generator of H**(CP"). [

Corollary 2.11.9. The space CP? is not homotopy equivalent to S* v S*. In particular the
attaching map n : S3 — CP! = S? is not homotopic to the trivial map.

This is the first element in m3(S?%) = [S®, 5%, which is not trivial. This is somewhat
surprising since by analogy with homology one could expect this homotopy group to be zero.
Similarly we non-nullhomotopic elements in 7 (S!) and 77(S?) as the attaching maps of RP?
and HP?2.

We can try to imitate this construction.

Definition 2.11.10. Let ¢ : S?"~1 — S" be a continuous map for n > 2. We consider the
CW complex
C, = S"uU, D*

(i.e. it has one n-cell and one 2n-cell attached through ¢). We have H*(C,) = Z for
x = 0,n,2n and zero else. We denote the generator in degree n be o and in degree 2n by f.
The Hopf invariant of ¢ is the integer h = h(y) such that o U o = hp.

Note that for n odd the Hopf-invariant is zero. In particular none of these CW complexes
C,, can not be (homotopy equivalent to) manifolds.
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Remark 2.11.11.

1. One can show that h is a group homomorphism 7y, 1(S™) — Z which for n even
contains 27 in the image.

2. It is a famous problem in algebraic topology which maps can have Hopf invariant
one (the Hopf invariant 1 problem). The answer is as proved first by Adams (1960)
that this can only happen for the n = 2,4, 8 and the attaching maps of the complex,
quaternionic and octonionic projective planes (and n = 1 if sufficiently interpreted).

Proposition 2.11.12. Suppose M and N are closed topological manifolds of dimension n
and f: M — N is a map of degree +1. Then the map
H*(N;Z) L~ H*(M;7)
15 split injective and the map
H.(M;Z) "~ H.(N: Z)
15 split surjective.
Proof. We have f.[M] = [N]. So
f(f7(B) N [M]) = B0 [N].
We get the diagram

H*(M) +——— H*(N)

l—m[M} l—m[N]

H, (M) —L— H,_.(N)

In particular, since the right vertical map is an isomorphism, the claim follows. O]
Corollary 2.11.13. Suppose f: S™ — M is a map of degree 1. Then M ~ S™.

Definition 2.11.14. Let M be a closed connected oriented topological manifold of dimension
4n. Recall that Poincaré duality implies that

H?*"(M;Z)/tors @ H*(M;Z)/tors ———Z

TR Yt (ny,[M])

is a symmetric unimodular (also called perfect or non-degenerate) bilinear form which is
called the intersection form the manifold M and denoted by Ap;. We can tensor this up
to R to obtain a symmetric unimodular form Ay; ® R over R. By Sylvester’s theorem any
such form is equivalent to a form described by a diagonal matrix with only 1’s and —1’s as
non-zero entries (the number of 1’s equals the number of positive eigenvalues of Ay ® R and
the number of —1’s equals the number of negative eigenvalues of Ay ® R.) We define the
signature of a symmetric unimodular form A over R to be the integer

o(A) = { positive eigenvalues — # negative eigenvalues
and the signature of a manifold M of dimension 4n by

o(M)=0(Ay®R) € Z
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In order to compute the signature of a manifold we thus a priori need to know about the
intersection form.

Example 2.11.15.

(%" x §*M) = 0.

Lemma 2.11.16. Suppose f: M — N 1is a homotopy equivalence between oriented closed
dn-manifolds. Then o(M) = o(N) if f is orientation preserving (i.e. of degree +1), and
o(M) = —a(N) if f is orientation reversing (i.e. of degree —1).

Proof. Clear [
Proposition 2.11.17. Let M and N be oriented and compact as always. Then

AvgN = Am @ An

i particular we have

oMt N)=0c(M)+o(N)

Proof. The map MgN — M V N induces an isomorphism on cohomology of the middle
dimension 2n and the canonical surjection Z & Z — Z in degree 4n. The result follows. [

Corollary 2.11.18. CP? § CP? is not homotopy equivalent to CP? § CP2.

We will now see that in general to compute the signature one needs to know the intersec-
tion form. But if one only wants to show that the signature is zero, one can make arguments
without computing the full intersection form:

Proposition 2.11.19. Suppose that there exists a self-map ¢: M — M with deg(p) = —1.
Then o(M) = 0.

Proof. This is an orientation-preserving equivalence between A and M. Thus, o(M) =
o(M) =—a(M). O

Corollary 2.11.20. We have that o(T*") = 0.
In general we have the following

Lemma 2.11.21. Let A be a symmetric non-degenerate form on an R-module V. Then
o(N) = 0 if and only if there exists a Lagrangian for A, i.e. a submodule L C V' such that
AL =0 and 2-dim(L) = dim(V).

Proof. Pick an orthogonal decomposition V., & V_ into spaces where A is negative definite
resp. positive definite. Now decompose a v € L accordingly as v, + v_.

0= Av,v) = AMvg,vy) + Av_,v_).

If v, = 0, then this shows that v_ = 0. So the projections L — V, and L — V_ are
both injective, and dim(L) < min{dim V,,dim V_} < %dim V', with equality only possible if
o(A) =dimV; —dim V_ = 0. Vice versa, if dim V; = dim V_, there is an isometry ¢ between
the inner product spaces (Vi, Ay) and (V_,—A_), and we let L be its graph {(z, p(z)}. Now

Mz, 9(2)), (v, 0()) = Az, y) + A-(p(2), 0(y)) = 0.
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Using this we can produce nice topological criteria for vanishinig signatures:

Theorem 2.11.22. Suppose M is a 4n—1-dimensional closed oriented manifold and ¢: M —
M s an orientation preserving homeomorphism. Then we denote by T, the mapping torus
of ¢. It is an 4n-dimensional closed orientable manifold and o(T,) = 0.

Proof. Here, we consider the long exact sequence associated to the pair (T, M). It takes
the form

. —— H>™ (M) —— H>(T,,M) —— H*(T,) —— H>(M) —— H>**(T,, M) — ...

We can identify the maps and groups by considering the map of pairs (M x [0,1], M x
{0,1}) = (T,,, M). It induces the diagram

H* (M) 5 » BT, M)

l(icw*) lg
H*(M x {0,1}) —2— H*1(M x [0,1], M x {0,1})

- 1

(17_1)

H*(M) & H*(M) s H*(M)

which allows us to identify the maps labelled ¢ in the long exact sequence by
id—¢*: H*" Y(M) — H* (M)
and
id — ¢* : H*(M) — H*™(M).

Now we work with R-coefficients. The first map is dual to the map id — ¢, : Ha,—1(M;R) —
Hy,1(M;R), which, under Poincaré-duality gets identified with the second map. Thus, the
second map is dual to the first under the nondegenerate pairing between H?"~! and H?". In
particular, the dimension of the cokernel of the first agrees with the dimension of the kernel
of the second. From the exact sequence, it follows that

1
dim img(H*"(T,, M;R) — H*'(T,; R)) = 5 dim H*' (T, R).
Also, the isomorphism H*(T,, M;R) = H*(M x [0,1], M x {0,1};R) shows that all cup
squares in H*(T,,, M;R) vanish. So the image forms a Lagrangian and the result follows. [

The second result we want to discuss is that the signature of boundaries vanishes. For
that we will need a version of Poincaré duality for manifolds with boundary:

Theorem 2.11.23. Let W be an oriented n-manifold with boundary. Then there is an
orientation class (W] € H,(W,0W). We get cap product maps

(=N [W]): H*(W,0W) — H,_x(W),
(=N [W]): H¥(W) — H,_(W,0W),

and both of these are isomorphisms.
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In fact, we shall consider a compact manifold W of dimension n with boundary. Then the
boundary 0W is a manifold of dimension (n—1) and we claim that this is also orientable. One
can determine this by geometric considerations, but we will just determine the orientation
using the long exact sequence

H,(W)— H,(W,0W) — H, 1(0W) — H,, (W) = H,_1(0W)

We infer from Poincaé duality that H,(W) = H°(W,0W) = 0 and that H, (W) =
HY(W,0W) is torsion free. Since OW is a manifold the top homology can only be Z or
0. The long exact seqeuence now shows that it has to be Z and that the map H,(W,0W) —
H,_1(0W) is an isomorphism (otherwise the cokernel would be torsion). We given dM the
induced orientation.

Theorem 2.11.24. Let W be a 4n+1-dimensional compact oriented manifold with boundary
OW =M. Then o(M) = 0.

Proof. All cohomology groups with real coefficients.
The Lagrangian is given by the image of H*"(W;R) — H?**(M;R). The fact that it is a
Lagrangian follows from the fact that

H*(W;R) — H*™(M;R) — H*"* (W, M;R)

is exact, and the right hand side map is an isomorphism (relative orientation classes are
compatible with connecting homomorphisms), so the left hand map is zero.

The fact that it is of half dimension follows by examining the exact sequence more closely.
It takes the form

H™(W, M) 5 H*™(W) = H>™(M) — H>™ (W, M) 5 B> (W)

With R-coefficients, i* : H*"(W, M;R) — H*"(W;R) is dual to i, : Ho,(W;R) — Ha, (W, M;R),
which, under Poincaré-Lefschetz duality, agrees with ¢* : H?*"TY(W, M;R) — H*"T(W;R).
So under the perfect cup pairings

H*™(W, M;R) @ H*""'(W;R) — R
H> (W, M;R) @ H*(W;R) = R

the two induced maps * : H?*"(W,M;R) — H*(W;R) and i* : H*" (W, M;R) —
H?**1(W;R) are dual to each other. Thus, the cokernel of the first has the same dimension
as the kernel of the second, and thus the image of H**(W;R) — H?"(M;R) has half the
dimension. O

Note that this proves that for example CP? cannot be the boundary of an oriented
manifold. More generally, one can infer from this that if 9W = M UN (M and N are called
cobordant), o(M) = o(N), so o is a cobordism invariant.

At last we want to argue how for odd dimensional manifolds the cup-product structure
can distinguish spaces that we could not distinguish before, namely 3-dimensional lens spaces.

Theorem 2.11.25. Fiz a number p € N and q,q € Z coprime to p. Then

Ly~ L,y = q-¢ ==+n®mod p.
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Proof. In F,-cohomology, H*(L, ,;F,) is F, in each degree. By working with the universal
coefficient theorem, one sees that 3 : H'(L, ,;F,) — H*(L,,;F,) is an isomorphism. Thus,
the bilinear form on H'(L, ,;F,) given by

AMz,y) = (x U B(Y), [Lpg))

is nondegenerate. This is generally defined for 2n + 1-dimensional manifolds on H™ and is
called the linking form.

From the fact that 3 is a derivation, one can check that A(x,y) = (—1)""'\(y, ), i.e. the
linking form is symmetric in our case. A nondegenerate symmetric bilinear [F,-valued form
on I, is given by a single coefficient, and change of basis allows us to multiply the coefficient
precisely by squares. Now one can check that the linking form of L, , is given by the form

Az, y) = qzy,
and thus the linking forms for L,, and L, , agree if and only if ¢ - (¢/)”' is a square, or
equivalently, ¢ - ¢ is a square. Thus there can only be an orientation preserving equivalence

between L, , and L, if g¢ = n? modulo p for some n. Passing to arbitrary equivalences
introduces a sign. [

Corollary 2.11.26. The lens spaces L5y and Ls o are not homotopy equivalent.

Remark 2.11.27. Unimodular symmetric forms over Z are complicated and closely related
to low-dimensional topology:

(1) two simply connected topological 4-manifolds are homeomorphic if and only if their
intersection forms agree (Freedman);

(2) Any perfect symmetric form over Z arises as the intersection form of a (simply con-
nected) topological 4-manifold;

(3) indefinite forms over Z are classified by their rank, signature and type (even or odd)

(Serre);
(4) A form is called even if A(z,z) = 0 mod 2 for all x. If A is even, then o(A) = 0 mod §;
(5) definite forms are complicated and not well understood;

(6) If a smooth 4-manifold has definite intersection form, then it is equivalent to the
standard form (notice that the similar statement for topological manifolds is wrong,

due to (1) and (2));

(7) smooth spin 4-manifolds have even intersection form, thus for such M we have o(M) =
0 mod 8. A theorem of Rokhlin says that indeed one has (M) = 0 mod 16.

2.12 Twisted (co)homology

In this section and the next section we want to introduce variants of singular (co)homology
which are central to generalizing and proving Poincaré duality. Note that if M is a manifold
of dimension n then there we have seen in Theorem [2.10.1| that H,(M,Z) = I'.(M,©). So
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in order for M to admit a fundamental class [M] € H,(M) we need to things to be satisfied:
the cover © must be trival i.e. admit a section, which is equivalent to the assertion that
M is orientable. Secondly we need that we have a section with compact support, which is
equivalent to M being compact. The idea here now is to alter the Definition of singular
homology H, (M) so that every manifold admits a fundamental class

More precisely, we shall introduce homology and cohomology with local coefficients

H(X, A  H(X,A)

where X is a topological space and A a local system of abelian groups. A local system is
a covering space with a fibrewise structure of abelian groups. For example the orientation
bundle 0, of a manifold M will be an example. The rough idea is that the chains/cochains
that we allow take values in these varying abelian groups.

Then we also introduce locally finite homology

H(X, A)

which is in some sense an enlargement of H,(X, M) where we allow infinite linear combina-
tions of simplices, but which are locally finite. For a compact space X we have HY(X, M) =
H.(X,M). We also discuss cohomology with compact support

H(X,A)

which is smaller version of cohomology where we require that the cochain have compact
support in X.

Theorem 2.12.1. For every n-dimensional topological manifold M (not necessarily compact
or oriented) we have a canonical isomorphism

HY(M,0y) = 7

and in particular a canonical fundamental class [M] € HY(M,Z%). Then capping with this
class induces isomorphism

N[M]: H*(M, A) - HE (M, A® ©)
N[M]: H¥ (M, A) — H, (M, A® ©)

In the case that M is compact and oriented we will see that this statement reduces to
Poincaré duality as stated in [2.11.1}

Definition 2.12.2. A local system of abelian groups A on a topological space X is a covering
space together with a fibrewise abelian group structure.

In particular we have for every point x € X an abelian group A, given as the fibre over
x. For every path v : 2 — y in X we get an induced group homomorphism A, : A, — A,
This homomorphism is an invariant of the homotopy class of the path and for compositions
of paths we get the composition of maps. By covering theory the local system is for (good)
spaces X determined by these assignments. In particular if X is connected and locally path
connected then local systems are classified by an abelian group A together with an action
of m(X) through group automorphisms. For what follows we shall only need the groups
(Ap)zex together with the maps A(7Y).
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Example 2.12.3. For every abelian group A we have the constant local system Ax X — X.
For every n-dimensional manifold M we have the orientation bundle 6,,.

Now we want to define (co)homology with coefficients in a local system .4 on X. To this
end we define the singular chains

D A
o A" —X

where o is the point obtain by the 0-th vertex of A™. Now lets define a differential
d:Ch(X;A) = Ca (X5 A)

on this chain complex as follows. We will write an element m € A,, as a pair (o, m) for
simplicity. Also recall that the i-th face maps d* : A" ' — A" is given by the unique affine
linear map which sends the vertices vy, ...,v;_1 to vp,...,v;—1 and v;,..,v,-1 t0 Viy1, .., Up.
With this terminology the differential in the chain complex is defined as

d(o,m) = (o 0d’,(00,) +Z “(ood',m)

where d* : A" — A™ is the i-th face map and o is the composition A! — A" — X where
the first map is the straight line connecting the 0-th vertex of A™ and the first vertex of A™.
Note that all the faces o o d* have the same 0-th vertex as o.

Lemma 2.12.4. This actually defines a chain complez, i.e. the differential squares to zero.
Proof. TODO O

Moreover its obvious that in the case of the constant local coefficient system this chain
complex is just the ordinary singular chain complex of X. Clearly C.(X,.A) is functorial
in both variables: if there is a map of local systems A — B then we get an induced map
Ci(X, A) = C.(X,B). For a map of spaces f : X — X’ we get a pullback local system f*A
and a map C,(X, f*A) — C.(X, A).

Definition 2.12.5. For a local system A on X we define H,(X,.A) as the homology of the
chain complex Co(X, A).

We now similary want to define the cochain complex C*(X; A) for a local system A. This

is defined as
I 4.
oA —X

We think of an element in this product as a map f which assigns to every simplex o : A" — X
an element in f(o) € A,,. Then we can define the differential d : C"(X; A) — C"(X; A)

(df)(0) = Alo01)" (f(doa))+i(—

Definition 2.12.6. Cohomology with local coefficients is defined as H*(X, A) := H*C*(X, A).



CHAPTER 2. TOPOLOGY II, SUMMER TERM 2025 153

Now this has similar properties as ordinary cohomology which we leave to the reader to
work out. We will however indicate, how this already solves one of our problems with the
existence of fundamental classes.

Example 2.12.7. Recall that before we had seen that the relative homology H,,(R™, R™\ 0)
is isomorphic to the integers. This isomorphism however requires a choice of isomorhism on
R™, in fact is is equivalent to chosing an orientation. We have made such a choice implicitly
all the time. For a given homoeomorphism f : R" — R™ with f(0) = 0 we get an induced
map

7 = H,(R",R"\ 0) — H,(R",R"\ 0) = Z

and this map is given by multiplication 41 or —1 depending on whether f is orientation
preserving or not.

Also note that the orientation cover of R™ is trivial, since R™ is orientable. That is, we
have an isomorphism Or~» = R"™ x Z. But this choice of isomorphism is the same as an
orientation of R™ as well and thus also not natural in self-homeomorphisms. More precisely
for a given map R™ — R" as avove we get an induced diagram

and it follows immediately that the induced map R" x Z — R"™ x Z is given by (id, £1)
depending on whether f is oriented or not.

The key point is that these two sources of not being canonical cancel each other in the
sense that we have a fully canonical isomorphism

H,(R",R"\ {0};Opn) = Z

To see this just chose an orientation on R™ (e.g. the prefered choice that we have used all
the time) and we get the induced isomorphism

H,(R",R"\ {0}; Ops) = H,(R",R"\ {0}) 2 Z .

If we had chosen the other orientation both isomorphisms above would transform with a sign,
so that the composite stays the same. More generally for every homeomorphis f : R* — R”
with f(0) = 0 we have the diagram

R X 7 —Z> Ogn —2> Opn —>R" x 7

|,

R?» ——=R"

In particular for every homeomorphism f : R®™ — R"™ which takes 0 to 0 the induced map
H,(M,M\ {0},0,) = H,(M, M\ {0},0)
from the map f is given under the isomorphism with Z by the identity.

We let M be an n-dimensional topological manifold and consider the group H,,(M;©,,).
For every point m € M we get a canonical map

Hy(M;©n) — Hy(M, M\ {m});Oy) = Z

where the latter isomorphism follows by excision using the last example. If we group all
the values for given points m € M together we get for every class o € H,(M;©);) a map
M — 7Z. 1t is easy to see (as before) that this map has compact support and is continuous.
Thus we get a map

J : H,(M;©y) — Homy (M, Z)
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Theorem 2.12.8. The map J : H,(M;0©,) — Hom.(M,Z) is an isomorphism.

Proof. The proof more or less varbatim follows the proof of Theorem [2.10.1| above. We first
defined the more general map

Ja: Hy(M, A;©5) — Hom (A, Z)

and claim that it is an isomorphism. This we show using the Bootstrap Lemma [2.10.2| by
verifying the assumptions, which works precisely as in the proof of Theorem [2.10.1]| O]

Corollary 2.12.9. For a connected, n-dimensional manifold M we have

H, (M: ©pp) = Z if M 1s compact
M if M is not compact

2.13 Locally finite homology

Now we will introduce the other (co)homology groups. We will do this with values in the
abelian group 7Z, but everything works with coefficients in an arbitrary abelian group, in fact
even with values in local system.

Why don’t non-compact manifolds have fundamental classes? Draw a picture showing
that one needs infinite traingulations.

Definition 2.13.1. Let X be a locally compact topological space. We define the locally
finite chains on X to be
clxyc I z

g A"— X

to be the subset consisting of all those formal linear combinations ) a, - o with a, € Z such
that for every compact subset K C X we have that the set

{o|o(A")YNK #0,a, # 0}

is finite. Thus informally these are those infinite linear combinations of chains that are
locally finite.

We observe that CIf(X) forms a chain complex as before (since every boundary is again
locally finite) and thus we can define the locally finite Homology of X to be the abelian
group

Hy(X) := H,(C(X); Z) .
This is also sometimes called Borel-Moore homology. We warn the reader that locally finite

homology is not functorial in all maps. It is functorial in proper maps f : X — Y, i.e. those
compact maps for which preimages of compact subsets are compact. Then we get a map

H, (X) = H,(Y)

defined exactly as in Homology and we observe that for a locally finite chain ¢ € CY(X) the
induced chain f,c is also locally finite. Thus locally finite homology gives a functor from
locally compact topological spaces and proper maps to abelian groups.
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Lemma 2.13.2. The canonical morphism
Cf(‘)() - @KchompactC* (X, X \ K)
s an tsomorphism.

We also want to define a relative version C(X, A) for a subset A C X. To this end we
require X \ A to be locally compact and define

Cif<X, A) = @KQ(X\A)compactC* (X7 X \ K)

One can think of this as formal linear combinations ) a, - o which are finite on each com-
pactum in the complement of A. Again this is not functorial in all maps f : (X, A) — (Y, B)
but only in those maps of pairs f such that f~!(K) is compact in X \ A for each K C Y\ B
compact. We warn the reader that one does not get long exact sequences for a pair in gen-
erall We also warn the reader that this definition of relative locally finite homology is not
entirely standard.

We have the following very strong form of excision.

Lemma 2.13.3. For U C X open and Hausdorff, the morphism HX(U) — HY(X, X \ U)
s an isomorphism.

Proof. Apply excision to deduce that C,(U) — C.(X, X \ K) is a quasi-iso for each K C U.
Then it follows by the fact that the inverse limit satisfies Mittag-Leffler. m

This in particular implies that we have maps HY(X) — HY(U) for U C X open.

Lemma 2.13.4. Let M be a compact manifold with a closed submanifold A (which can be
the boundary). Then we have that the canonical map

H.(M, A) = H}(M, A)
s an isomorphism.

Example 2.13.5. We have H(R") = H¥(S" pt) = H,(S", pt) = H,(5").

*

The canonical map H(M;©,;) — Z is an isomorphism as well as the maps

H*(M,U) — HY (M,U)=H,_,(M\ A)

2.14 Poincare Duality

Let us first sketch what Poincare duality is. Recall that for a topological manifold M we
had the orientation bundle #,; — M which was a Z-sheeted cover (its fibres are abstract
groups isomorphic to Z) and the orientation cover M — M which was a 2-sheeted cover.
Then orientations over M are in 1-1 correspondence to sections of M — M which we
could also interpret as sections of 6); — M which are fibrewise generators. We also proved
that H, (M) = T'.(M;0©,). For compact M we concluded that an orientation gives a class
[M] € H, (M) which was a generator (i.e. H,(M) = Z) and which was called the fundamental
class. Now the cap product with the fundamental class induces a morphism

—N[M]: H*(M) — H,_(M)
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where n = dim M. The statement of Poincare duality is that these morphism are isomor-
phisms, i.e. H*(M) = H,_(M).

Since we want to prove such a result for arbitrary coefficients let us a call an R-orientation
of M a section I'(M, ©; ® R) which is fibrewise a generator. In the case R = Z this reduces
to the ordinary notion of orientation, for R = Z/2 every Manifold M has a canonical and
unique R-orientation.

Definition 2.14.1 (Cohomology with compact support). Let X be a locally compact topo-
logical space. Then we define the subcomplex

C:(X5R) € C7(X; R)

consisting of those morphismsm f : C,(X) — R for which there exists a compact subset
K C X such that for all o : A™ — X \ K considered as element o € C,,(X) we have f(c) = 0.
Then cohomology with compact support of M is defined as

HI(M; R) = H"(CZ(M; R))

There is a canonical morphism H(X; R) — H*(X; R) given by the inclusion C¥(X; R) —
C*(X; R). Note that this morphism is not injective in general! There are also canonical
morphisms C*(X, X \ K;R) — CX(X;R) and H*(X,X \ K;R) — H}(X;R) for K C X
compact.

Lemma 2.14.2. 1. The canonical morphism
COﬂ}KchompactC* (X, X\ K;R) = CI(X; R)
1s an isomorphism.
2. The canonical morphism
C_OlingchompactC* (XW; R) — C:(X; R)
s an isomorphism.
3. The canonical morphism
(ﬁi_ngchompactH*(X7X \ K;R) — H(X; R)
1s an isomorphism.
4. The canonical morphism
<3_Cﬂi_1§KchompactH*(X7m§ R) — H:(X;R)
1s an isomorphism.
b. There 1s a canonical isomorphism
H!(X;R) = H*(X',+;R)

where X is the one-point compactification of X.
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Remark 2.14.3. Here the limits are not indexed over the natural numbers (N, <) but over
another partially ordered set, namely the set of all open compact subsets K C X ordered
by inclusion. Direct limits make sense with the exact same definition and formulas we had
before (Definition ?7?) for every poset (P, <) as long as it has the property that is directed,
i.e. for every pair of elements p,p’ € P there is ¢ € P with p < ¢ and p’ < ¢. In our case
this is clearly satisfied. Morally we should think of this direct limit as the limit when the
compact subsets become larger and larger.

Example 2.14.4. For R" we get

Z A =
Hz<R";z>:{ e

0 else

More generally for a compact manifold M we have
HI(M\{m};Z) = H*(M; R)

for x > 1.

Corollary 2.14.5. The graded group H(X; R) is a non-unital ring with the cup product.
In fact already C*(X; R) is a non-unital differential graded algebra. It is unital precisely if
X is compact. The homology H.(X; R) is a graded module over H!(X; R), i.e. there is a
morphism

N: H(X;R)® H(X; R) —» H.(X; R)

induced by the family of morphisms
N: H(X;R)® H*(X, X\ K;R) —» H.(X;R)

Definition 2.14.6. Let M be a topoloigcal manifold and 6 € I'(M;0) ® R) be an R-
orientation of M. The Poincare-Duality morphism is the morphism

— N0 : HY(M; R) — H,_,(M; R)
It is defined as the morphism induced by the family of morphisms
—N[0k]: H*(M, M \ K; R) — H,_1(M; R)
where [0k] € Hy(M, M \ K;R) 2 T'(K,0) ® R) is the class corresponding to 6.

Remark 2.14.7. When M is compact then the Poincare-Duality morphism clearly restrict
to the morphism we have discussed before, i.e. just capping with [M].

Theorem 2.14.8. (Poincare duality) Let M be an n-dimensional topological manifold and
0 an R-orientation of M. Then the Poincare duality morphism

—N6:HM;R) = H,_,(M;R)
s an isomorphism.

Proof. This will be a special case of Alexander-Poincare duality that we will prove soon. [
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Definition 2.14.9. Let M be an n-manifold, L C M a closed subset. Define the group

H*(L; R) = colim{H"(U; R) | Uneighborhood of L in M}

here the limit is taken over all neighborhoods U ordered by the superset relation. Explicitly
we can realize these groups as the cohomology groups of the chain complex

C*(L; R) := C*(M; R)/ ~
where f ~ g if there exists L C U C M such that f|y = g|y (‘germs of cocycles’).

Remark 2.14.10. The group H *(L; R) seems to depend on the manifold M and the embed-
ding of L into M. But in fact it does not. One can show that its isomorphic to another group
called the Cech-cohomology which is independent of M. Moreover one can show that for a
nice space L (e.g. CW-complexes or topological manifolds) the group H *(L; R) is naturally
isomorphic to H*(L; R). We will not prove these facts here, but they can be found in most
topology books. We will here freely use this fact.

Definition 2.14.11. Let M be a manifold and L C M be a closed subset. We define the
group ]
HZ(L; R) := colim{H;(U) | Uneighborhood of L in M}

Here one has to be slightly careful since the group H}(—) is not functorial in all inclusions
U C V but only in proper maps. The best thing is to index the colimit only in closed
neighborhoods. Again these groups are the cohomology groups of the cochain complex

Ci(L; R) = C;(M; R)/ ~
where ~ is the equivalence relation from before.

Lemma 2.14.12. If L = M then H*(L;R) = H*(M;R) and H*(L; R) = H*(M;R). If
L C M is compact, then H:(L; R) =2 H*(L; R).

Proof. The first two statements are immediately clear. Now assume L C M is compact. We
observe that for every neighboorhood L C U there exists a compact neighborhood V' C U.
This shows that we can index our colimit also over compact neighborhoods and the result is
isomorphic. Thus the result follows. n

Lemma 2.14.13. Let M be an R-oriented manifold L. C M closed and U,V neighborhoods
of L with U C V. Then the diagram

—N[olv]

HE(V) an(V\
res Hn_k<M,M \ L)
HEU) — H, ()

commutes.
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Proof. Follows from the definitions and the naturality f : X — Y, a € H*(Y) and 8 €
H.(X) then f.(f*(a) NB) = an f.(B) as stated in Proposition [2.8.23 O

Corollary 2.14.14. Let § € I'(M,0, ® R) be an R-orientation of M and L C M be a
closed subset of M. Then there is a well-defined, natural map

—N6O:HYL;R) — H, (M, M\ L; R)
which we also call the Poincare-duality morphism.

Proof. Follows from the last proposition and the universal property of the colimit. O]

Lemma 2.14.15. Let K and L be closed subsets of the n-manifold M with the R-orientation
0. Then there is a diagram

AKul)——————— = AYK)e HY(l) ————————— H*(KNL) ——————— H"* (K UL) —— ...

| | | l

i —= Hy (M, M\ K U L) — Hy (M, M\ K) & H,_y(M, M\ L) — Hy (M, M\ KN L) —> H,__y(M, M\ K UL) — ...

which commutes, and has exact rows. The vertical morphisms are given by the Poincare
duality morphisms and the lower sequence is the Mayer-Vietoris sequence.

Theorem 2.14.16 (Alexander-Poincare duality). Let 0 € I'(M, 0Oy, ®@R) be an R-orientation
of M and L C M be a closed subsets of M. Then the Poincare duality morphism

—N6O:HY(L;R) — H, ,(M,M\ L; R)
s an isomorphism.

For the proof first recall the following Lemma, which we proved last term (Lemma/2.10.2]):

Lemma 2.14.17. (Bootstrap Lemma) Let S(M; L) be a statement about pairs (L, M) where
M is an n-manifold and L a closed subset (and which is invariant under isomorphism of
pairs). If the following 5-points hold then S(M, L) holds for all L and M :

1. L compact and convex in R™ then S(R™; L) holds
2. If S(M, L), S(M,K) and S(M,LN K) hold, then also S(M,L U K) holds

3. For Ly D Ly D L3 D ... all compact in M such that S(M, L;) holds, then it follows that
S(M;L:) holds

4. L; compact in M with disjoint neighborhoods and S(M, L;) for all i, then S(M,UL;)
holds

5. S(W,LNW) for all open, relatively compact W C M, then S(M, L)
Example 2.14.18. For every manifold we have isomorphisms H*(M,7Z/2) = H,,_(M;7Z/2).

Corollary 2.14.19. If L C M s a proper, closed subset of an n-dimensional R-orientable,
connected manifold M, then H"(L, R) = 0.

Proof. 1t is isomorphic to Ho(M, M \ L; R) which is zero since M \ L # (). O
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Corollary 2.14.20 (Alexander duality). If A C R" is compact, then
H,(R™\ A; R) = H"%"'(A; R)
Proof. H %"'(A; R) = H,(R",R*\ A;R) = H,(R"\ A; R). O
Now we want to talk about manifolds with boundary.

Definition 2.14.21. A manifold with boundary M is a topological space such that for every
point there is an open neighborhood that is homeomorphic to an open subset in

H":={z e R" | zy >0}

The boundary M C M is well defined and a manifold. We assume that every manifold
with boundary has a collar, that is an open neighborhood U C M of dM which is homeo-
morphic to M x [0,1). This is always true by a theorem of Brown.Easy to see for smooth
but for topological ones it is much harder. One can also always achieve that by glueing an
external collar. In examples it is usually easy to verify.

Definition 2.14.22. An R-orientation of a manifold with boundary is an R-orientation of
its interior [ M = M \ OM.

Proposition 2.14.23. For M compact, connected with boundary and R-orientation we have
H,(M,0M;R) =R

and we call the generator induced by the orientation a fundamental class [M| € H,(M,0M; R).
Capping with the fundamental class induces an isomorphism

H*(M; R) — H,_(M,0M; R)

Lemma 2.14.24. If M is compact and R-orientable then OM is R-orientable and [OM] =
0.[M] where §, is the connecting homomorphism

H,(M,0M;R) — H,_1(0M)
of the pair (M,0M).
Proposition 2.14.25 (Lefschetz-Duality). For M compact and R-orientable the morphism
—N[M]: H*(M,0M; R) — H,_(M:;R)

s an isomorphism.

2.15 De Rham cohomology

Throughout this chapter we make the convention that all manifolds are smooth (possibly
with boundary). Recall that a smooth structure on a topological manifold M is an atlas A
such that the transition functions are smooth.
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Example 2.15.1. The standard atlases of S",RP", CP", L, , are all smooth. The connected
sum of two smooth manifolds admits a canonical smooth structure, in paricular all orientable
and non-orientable genus g-surfaces admit smooth structures. All Knot complements S\ K
admit canonical smooth structures. The Disk D™ and all Products M x [0, 1] are smooth
manifolds with boundary.

In this section we want to understand the cohomology (with R-coefficients) of a smooth
manifold in more differential geometric terms. That often allows to make a bridge between
these two worlds. To this end we have to repeat the concept of a differential form. (Recall
the definition of smooth maps).

Definition 2.15.2. For a smooth manifold M we denote the smooth functions M — R by
C*°(M; R). They form a commutative R-algebra with pointwise multiplication. A derivation
at z is a R-linear morphism

D:C*®(M;R)—R

such that we have D(fg) = D(f)-g(x)+ f(z)- D(g). They form a vector space by pointwise
addition and scalar multiplication. Then we let T, M be the vector space of all derivations
at z and call it the Tangent space at x.

Remark 2.15.3. The tangent space T, M also admits the following more intuitive descrip-
tion: consider smooth curves v : R — M. We define an equivalence relation of curves as
follows: ... The equivalence class of the curve v is written as 7/(0). Then the set of all
equivalence classes is denoted by T.5*¢M . With this description it is a priori not clear that
this set admits a well-definied vector space structure. We now want to describe a bijection

T M — T, M 7' (0) = [y] — D,

where D, (f) = (f ov)'(0) where the latter is the derivative of a function R — R. It is not
so hard to check that this defines a well-defined bijection.

For every smooth map f : M — N we get an induced linear map df, : T, M — Ty )N as
follows:
D~ Do f*

where f*: C*®(N) — C°°(M) is precomposition. This assignment is functorial in the sense
that did, = id and d(f o g), = df; o dgs). For a diffeomorphism f : M — N we get
an isomorphism of vector space T, M — Ty N. It is also not hard to check that for the
inclusion of an open set U C M we also get an isomorphism T, U — T, M for every z € U.

Lemma 2.15.4. The space TyR"™ is an n-dimensional vector space with basis given by %
fori=1,..,n.

Corollary 2.15.5. For an n-dimensional manifold M the tangent space T,M is an n-
dimensional vector space.

Definition 2.15.6. A vector field X on a smooth manifold M is a derivation X : C*°(M) —
C*>®(M), i.e. an R-linear morphism such that X (fg) = X(f)g + fX(g). We denote the set
of all vector fields by X(M). It is canonically a module over the ring C*°(M) since for
feC®(M)and X € X(M) the product fX is again a derivation:
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Clearly every vector field X gives rise to a family of tangent vectors X, € T,, M as follows:
X.(f) = X(f)(x). That is why we can think of a vector field X as a family of tangent vectors
for every point of M. Clearly the assignment z — X, uniquely determines X.

Remark 2.15.7. One can improve this analogy as follows: One can make the set | |, ,, 7o M
into a smooth manifold denoted TM such that the morphism TM — M is smooth (the
dimension is 2n). This works very similar to the way we made the orientation bundle of a
topological manifold. Then one can describe vector fields as smooth sections of TM — M,
i.e. smooth maps M — T'M which take z to T, M.

Example 2.15.8. For M = R" we have that X(M) = @], COO(M)%, i.e. as a module

9o 9o

it is free with basis Bor Bar

combination

In particular every vector field X is described as a linear

- 0
X:z;fza—xl

where f; are smooth functions f; : R™ — R. We can even compute that f; = X (x;). Such a
vector field is equivalently described as a smooth map R™ — R".

Proof. O]

Definition 2.15.9. A differential k-form w on a smooth manifold M is a C°° (M )-multilinear
morphism

Wi X(M) % ... x X(M) — C®(M)

which is alternating, i.e. we have w(.., X,..Y,...;) = —w(...,Y,.., X, ...). We denote the set
of all differential k-forms by QF(M). This again forms a module over C°°(M). We denote
Q* (M) == By, U (M). (Zero forms are smooth functions)

Again a differential form w gives rise to local mutilinear maps
wy Ty M x ... x T,M — R

by we(x1, ..., zp) = w(Xy,..., X;,) where X; are vector fields extending z;, i.e. (X;), = ;.
This is well-defined and lets us interpret differential forms as assignments which assign to
every point x € M a alternating multilinear morphism of the tangent space T,M. In
particular we see that QF(M) = 0 for k > dim M. Again the assigment z — w, € Alt"(T, M)
uniquely determines w.

Example 2.15.10. 1-forms are given as C'*° (M )-linear maps X(M) — C*°(M). For M = R"

we had a basis of X(R") (over C*°(R")) by a%i. We denote the dual basis by dx;, i.e.

dxi(a%j) = ¢;;. Then 1-forms are given as
Q'R") = P C>(R")da;
k=1

in other words a 1-form is the same as a linear combination w =Y _;_, fidz; where again we

find that f; = w(a%i).
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Definition 2.15.11. Let w € Q¥(M) and n € QY(M). We define a new (k+1)-form for wAn
called the wedge product as follows:

(wWAN(X1, oo, Xiyr) == Z sign(o) w(Xo(l), ...,Xg(k)) . n(Xg(kH), ey Xo'k+l)

0EX |41

For example for two 1-forms we find
(WANX,Y) =w(X)n(Y) —wY)n(X)
Lemma 2.15.12. The product A makes Q*(M) into a graded commutative algebra.

As a corollar we see that for odd dimensional forms w we have w A w = 0. In fact the
formula for 1-forms as given above together with the requirement that A should be graded
commutative and associative already determines it uniquely.

Example 2.15.13. For M = R" we have the forms dz; A dz; € Q*(M) and the triple
products dz; A dz; A dxy, € Q3(M). More generally the C*(M) module QF(M) has a basis
over C*°(M) consisting of forms

Thus it has rank (7).

Definition 2.15.14. Given a smooth map f : M — N and a differential form w € QF(N)
we get a k-form f*w € QF(M) as follows:

[ (@)a(v) = wldfa(v))

for v € T, M. This is again a well-defined differential form (which needs a proof that we will
skip here).

Lemma 2.15.15. The assignment f* : Q*(N) — Q*(M) defines a morphism of graded
commutative algebras, i.e. f*(wAn) = f*wAf*n. It is moreover functorial, i.e. (fg)* = g*f*

and id* = id.

Now we finally want to define a derivative. For a function f € C*°(M) we let df be the
1-form defined as

df (X) = X(f)
and call it the derivative of f. This defined an R-linear morphism d : C*(M) — Q'(M)

with the property that d(fg) = df - g+ ¢g-df. Note that it is not C°°(M) linear. For constant
functions f we have df = 0. For M = R" we find that

df =) o
i=1 g

That also explains that dx; is the derivative of the i-th coordinate function.

Theorem 2.15.16. There is a unique degree 1 morphism d : Q*(M) — Q*(M) (i.e. it takes
QOF(X) to QF1(X) which extends the derivative defined above and makes Q*(M) a CDGA.
Ezxplicitly this means
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1. df € QY(M) is the derivative defined above for smooth functions f € C>(M) = Q°(M).
2. d>=0i.e (Q(X),d) is a cochain complex
3. dwAn) =dwAn+ (=1)¥(wAdn), ieditis a degree 1 differential.

This deriwative is natural in M, i.e. for a smooth map f : M — N the induced morphism
f*:QY(N) — Q*(M) is a morphism of CDGAs.

Proof. O

Remark 2.15.17. One can even give an explicit formula for the exterior derivative which
is sometimes useful. We will only remark that formula without proof. For w € QF(M) it is

n

dw(Xo, ., Xi) = Y (1) Xi(w(Xo, ooy Xiy oo, X))+ ) (1) V(X5 Xj], Xos oo Xiy ooy X, X)
=0 1<j
where [X;, X;] := X;0X; — X, 0X; is the commutator of derivations and X denotes omission.

For example for kK = 1 we get
dw(X,Y) = Xw(Y) = Yw(X) —w([X,Y])
Now we can finally define the de Rham cohomology groups.

Definition 2.15.18. Let M be a smooth manifold. We define its de Rham cohomology

groups as
Hap(M) = H"(Q"(M))

For a smooth morphism f : M — N we denote the induced morphism by f* : H¥(N) —
HE(M).

A form w is called closed is dw = 0 and exact if it is of the form w = dn for some 1. Thus
the closed forms are the cocycles in Q*(M) and the exact forms are the coboundaries. Thus
the de Rham cohomology group is defined as closed forms modulo exact forms.

Corollary 2.15.19. The de Rham cohomology groups Hjp(M) = @, Hip(M) form a
graded commutative ring (even an R-algebra) and the morphisms f* are ring morphisms.
We have that HY,(M) =0 for k > dim M.

Example 2.15.20. Let us explicitly compute the deRham cohomology. For R® we have
that Q*(R%) = R thus H*(R%) = R for x = 0 and 0 else. For R" we have that a zero form
f:R"™ = Ris closed if df = 0 which means that f has to be a constant function. Thus we
get that HJ5(R™) = R. The same argument works for all connected manifolds M.

Now let us consider R! and try to compute its deRham cohomology. The only non-trivial
case is H'(R'). Every 1-form is of the form fdx for f smooth and is automatically closed.
It is closed if it is of the form

dg
d —d
9= ox v

for some g € C*(R). But this is always the case since for every smooth f we find g
integrating it. Thus every closed form is exact which shows that H'(R) = 0.
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Our main result will be that the de Rham cohomology H¥,(M) is isomorphic to singular
cohomology H*(M;R). In particular we have to show that the value on R" is trivial. The
computation made above works for all n as we will show first.

Theorem 2.15.21 (Poincare Lemma). Let U be an open convex subset of R". Then the
complex

QUU) = QY U) — Q*(U) — ...

is exact. Thus HJp(U) = 0 for n > 1. Any function f with df = 0 is constant, thus
H°(U) ~R.

Proof. WLOG U = R" (in fact for the proof we give it suffices to assume 0 € U. We denote
the coordinates in R" as always with zq, ..., x,,. We define

H - Qk+1(Rn+1) N Qk(Rn)
as follows: for w = fdx;, A\ dx;, Adxzi, A ... \dx;, we set

1 n
/ tkf(tx)dt) Z(—l)jxijdmio A .odrg,... N\ dxg,

0

) = (

=0

Now we compute that
dH(w)+ Hdw = w

Thus if dw = 0 then w is exact.

Example 2.15.22. Let us consider the case n = 3. Then the sequence
0 — R — QUR?) — Q'R?) — O*(R?*) — Q*(R?*) — 0
is exact. Using the standard basis we get an identification

0= R — C°(R?) £24 0(R? R?) &% 0*(R?, R?) &% C*(R3) — 0

Proposition 2.15.23 (Mayer-Vietoris). Let M be a smooth manifold M which is covered
by two open sets U,V C M. Then we have a long exact sequence

e = Hip(M) = Hjp(U) & Hip(V) — Hyp(UNV) — HipH (M) — ..
Proof. We claim that the sequence
QM) - QU)dQ (V) > Q(UNV)

is short exact. This is clear on the left two spots. Thus we only have to check surjectivitiy
on the right. Let w € Q*(U N V). We must show that on U NV we have w = wy + wy
for some forms wy € Q*(U) and wy € Q*(V). We choose a function f : M — R which is
0 in a neighborhood of U \ U NV and 1 in a neighborhood of V'\ U NV. Thus fw is zero
in a neighborhood of U \ V' and can be extended to U by zero. Similarly (1 — f)w can be
extended to V. Thus we find the decomposition w = fw + (1 — f)w. O
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We assume knowledge of the notion of the Riemann (or Lebesgue) integral in several
variables. Thus for a smooth function f : U C R® — R with compact support we get an
integral

/ fu= fdxq...dx,n
R R"

We say that an k-form w € QF(M) has compact support if there is a compact set K C M
such that for y € M \ K we have w, = 0. We denote those forms by Qf(M). If M is a
manifold and U C M open then we can consider forms in QF(U) as defined on the whole
of M, i.e. we have an inclusion QF(U) C QF(M) called extension by zero. We will freely
identify that. If a map f : M — N is proper then the pullback of differential forms preserves
compactly supported forms.

Remark 2.15.24. We are going to integrate differential n-forms on n-manifolds. In par-
ticular for R™ we will integrate forms and not functions as above. So the integral will be
interpreted as the integral of the n-form fdz; A ... A dx,. Let us indicate why we can not
get a well-defined notion of how to integrate functions on manifolds. If this was possible it
would have to be independent of the choice of chart. So for R® we would be able to choose
another chart, i.e. a diffeomorphism ¢ : R — R" and express the integration in this new
chart. But then the transformation formula gives us:

fdxy...dz, = foldet(Jo)|dzy...dx,
Rn Rn

Thus the new function we have to integrate is not f¢ but f¢|det(J¢)|. Fortunately it turns
out that the pullback ¢*(w) of w = fdxy A ... Adz, is exactly given as

" (f)*(dz1) A ... A ¢ (dxy) = fodet(JP)dmy A ... A day,

Thus the integral of the n-form w is independent of the choice of chart as long as the
determinant of J¢ is positive, i.e. J¢ is orientation preserving.

Lemma 2.15.25. Let M be a smooth, oriented n-manifold and w € QI (M). Choose an
oriented smooth atlas A = {h; : U; — R™}. Then we can write w as

W= Z hi (m:)
iel

for forms n; € QR™) (recall that the forms are considered as forms on M by extension
through zero. The sum is infinite but locally finite.

Proof. Let (€;);c; be a smooth partition of unity subordinated to U;. This means that the
support of each ¢; lies in U; and that we have ). ;¢; = 1 where the sum is locally finite.
Then ew|y, € QX(U;). Now let n; € Q*(R™) be the forms obtained as (h; ')*(ew|y,). We

have
Zh?(m) = ZEM =w

el i€l
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Definition 2.15.26. We want to define the integral of an n-form w € Q(M). Choose an
oriented smooth atlas A = {h; : U; = R"} and write

W= Z hi (ni)
iel
according to Lemma [2.15.25, Then define
w = Z/ h;
/M ier YR"

Proposition 2.15.27. For a manifold M the integral is well-defined (i.e. independent of
the choices) and has the following properties:

' /:QZ(M)—HR

/cw+du:c/w+d/u
M M M

2. If f is an orientation preserving diffeomorphism M — N then

oL

3. For M orientatied and M the opposite orientated manifold

1s R-linear, i.e

4. If U C M is open and contains the suppport of w € Q5(M) then

[

Remark 2.15.28. It is very often still possible to integrate functions on a manifold M or
define the volume of M. This however requires a choice of a fixed n-form w on a manifold M
(a so called volume form) and an orientation. Because then we can defined the integral over
[+ M — R as the integral | 1 Jw. For example if the manifold has a Riemannian metric
and an orientation then there is a canonical choice of volume form. If the manifold M is
embedded in R™ then we get a canonical choice of volume form as well. But it depends on
the embedding.

For a smooth manifold M with boundary the boundary is also a smooth manifold. Recall
that an orientation of M induces an orientation on M (we have discussed that only for
compact manifolds using fundamental classes but it also works for non-compact manifolds
by looking at local orientations).
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Theorem 2.15.29 (Stokes Theorem). Let w € Q" (M) on an oriented manifold M of
dimension n with boundary. Then

/ dw = / w

M oM

We will not prove that here, but let us consider the special case for M = [0, 1] and w = f
(a zero form). Then we get

/ Fde= [ f=r0) - 50
[0,1] {0,1}

This is the fundamental theorem of calculus.

Corollary 2.15.30. For a closed, compact manifold M we get that

/ dw =0
M
Thus the integral defines a morphism

/ H?(M) - R

It will be a consequence of the de Rham isomorphism and Poincare duality that this is an
1somorphism.

Now we consider the simplex A* as a subset of R by
A" = (21, mp) | 17 > O’in <1}

We say that a continuous map A* — M is smooth if it admits an extension to a smooth
function on a small neighborhood of A* in R¥. Note that A* is not a smooth manifold with
boundary (the boundary is only piecewise smooth).

Definition 2.15.31. The smooth singular complex C*™(M) is the subcomplex of C,(M)
defined in degree k to be the free abelian group generated by the smooth k-simplices A* —
M. Likewise the complex C? (M;A) is defined to be the complex of cochains defined on
smooth simplices with values in A. The associated homology and cohomology is called
smooth singular homology resp. cohomology.

Since the differential clearly preserves smooth simplcies these form chain complexes and
we have a canonical map
C*(M; A) — O, (M; A)
In particular we get induced morphisms
H*(M; A) — H2, (M; A)

Lemma 2.15.32. The smooth singular cohomology has the following properties: for a convex
subset U € R™ we have
A forx=0

0 else

H;,,(U; A) = {

and the same for H;™. For an open covering we obtain a Mayer-Vietoris Sequence in ho-
mology and cohomology which is compatible with the Mayer-Vietoris sequences in singular
homology and cohomology.
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The following Lemma is a variant of the bootstrap Lemma [2.10.2]

Lemma 2.15.33. Let M be smooth manifold and P(U) be a statement for all open subsets
of U C M such that

1. P(U) is true for U diffeomorphic to a convex subset of R"
2. P(U),P(V),P(UNV) = P(UUYV)
3. U, disjoint and P(U,) for all « = P(JU,).
Then P(M) is true.
Proof. Page 290 Bredon. O

Proposition 2.15.34. The canonical morphisms
H™(M;A) — H,(M; A) and H*(M;A) — H; (M;A)
are isomorphisms for all smooth manifolds M .

Proof. We do the case of cohomology. Homology follows with the same argument. We will
use the bootstrap Lemma above. The statement P(U) is that the morphism H*(M;A) —
H: (M;A) is an isomorphism. So lets start by considering convex open subsets of R”. We
know by the Lemma above the all homology groups are abstractly isomorphic. It is also
clear that in H° the induced morphism is an isomorphism (both are generated by any point
x : A® — M which is certainly smooth. The second assertion about P(U) follows from the
MV-Sequence and the third from the decomposition H*(| |U,) = [[ H*(Ua). O

If we have a differential k-form w € QF(M) and a smooth map f : A¥ — M (which means
that we have an extension f : U — M where A¥ C U C R*¥. We can define the integral even
if A* is not a smooth manifold

ffweR
Ak

as the integral over A* of f*w. For that we use the canonical orientation of R”. Then we
get using a variant of Stokes Theorem for piecwise smooth boundaries that

k

frdw =3 (~1) / (fD)w

Ak =0 Ak—1

where f? : AF! — M is the i-th face of the simplex. To see that we can either use a
more general variant of Stokes theorem which essentially has the same proof. Or we use the
following trick:approximate A* by a sequence of compact subsets

Ay C A C A CA3C

where A* = UA; and all A; are actually smooth manifolds A; C R® with boundary (diffeo-
morphic to disks). Then we get that

/ fdw—hm/fdw\A—hm fcu— ffw
Ak

OAg
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Lemma 2.15.35. Integration defined a well-defined morphism
I:Q"(M)— C: (M;R)
which 1s natural in M and which is compatible with the associated MV-sequences.

Theorem 2.15.36 (de Rham’s theorem). For every smooth manifold M the de Rham mor-
phism induces an isomorphism

Hip(M) = H},\(M; R)
thus we get an induced equivalence H;p(M) = H*(M;R).
There is also a complex of differential forms with compact support
(M)

and clearly it gives also a cohomology which we denote as H :iR,c(M ) and call it de Rham
cohomology with compact support.

Example 2.15.37. On R" we have a form w = fdx; A dzs...dx, where f : R® — R is a
positive bump function around the origin. Then w € Q(M). Clearly w is closed. Thus
there is a form p € Q" 1(M) with du = w. But p can not be compactly supported since we

have [, w > 0 (and it would have to be zero by Stokes otherwise). In other words [w] = 0
in Hjp(M) but [omega] # 0 in Hjg (M).
Similarly to compact forms with have C?* (M) and C¥(M).

sm,c

Lemma 2.15.38. The de Rham morphism I induces a morphism of cochain complexex (not
of graded algebras!!!!)
QM) — Cr, (M; R)

sm,c

Theorem 2.15.39. The induced morphisms Hyp (M) — HZ,, (M;R) and H}(M,R) are
1somorphisms.

Proof. Consider Q*(X,U) := ker(2*(X) — Q*(U)) Then quasi iso

(X, U) = C.(X;U0)
and then colimit. O
Corollary 2.15.40. If M 1is oriented then we have an isomorphism

Hip (M) = H.(M;R)

Corollary 2.15.41. For M oriented the morphism
/ cHY(M;R) - R

1S an isomorphism.

We finall remark the following thing without proof:
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Proposition 2.15.42 (without proof). The de Rham isomorphism
I (M) = H?,(M;R)

is compatible with products, i.e. its a morphism graded rings (this is not the case on chain
level). Moreover for M oriented the Kronecker pairing between homology and cohomology
corresponds under the de Rham isomorphism to the pairing

HY (M) x H™ (M) — R (w,V)l—>/ WAV
M



Chapter 3
Topology III, Winter term 2025/26

Organizational matters:

e Oral exams at the end of the semester. Allowance criteria:

1. Participation in the Exercise classes

2. Present a solution

e Exercices: One exercise sheet per week (starting this Wednesday). Turn in alone. Turn
in solution Wednesday in class. Discussed in the excercises classes. The first sheet is
uploaded this Wednesday.

e Date for the exercises: We 7, Maxime Ramzi
e Literature:

— Bredon: Topology and Geometry
— Hatcher: Algebraic Topology
— tom Dieck: Algebraic Topology

e This is the follow-up lecture of Topology I and II. We will assume everything that has
been covered in Topology I and from Topology II the basics of cohomology. If you do
not satisify these requirements please come and talk to me.

e Time for lecture? Mondays and Thursday, 16:00-18:30 without break or 16:00-18:45
with break or 16:15 - 18:45 without break
3.1 Overview: Homotopy theory

Recall: two space X,Y are called homotopy equivalent if there exist continuous maps f :
X —Y and g:Y — X such that fg ~idy and gf ~idy.

Definition 3.1.1 (Preliminary). A homotopy type is an equivalence class of topological
spaces under the equivalence relation ‘homotopy equivalence’.

172
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With this definition homotopy theory could be described as the study of homotopy types.

So far we have seen a bunch of invariants of homotopy types, for example the singular
(co)homology groups. These were good invariants in the sense that they could distinguish a
lot of homotopy types, were computable and also could answer ‘geometric’ questions.

The most important invariant that we will study in this course are the homotopy groups

(X, z) =[S, X],

given as pointed homotopy classes of pointed maps from the n-sphere S™ to X. Similar to
the case of m; we will often abusively drop the basepoint from the notation. It is a priori not
clear that these are even groups, but we will define a group structure and see that m,(X)
for n > 2 is even abelian.

It will turn out that these homotopy groups are much harder to compute than homology
and cohomology groups, for example until today the homotopy groups of the 2-sphere S? are
not completely known. We will establish some tools to compute homotopy groups, which
we will review later.

While they are hard to compute, the homotopy groups are much better than the homology
groups in distinguishing spaces. Let us make this precise now:

Definition 3.1.2. A map f: X — Y of topological spaces is called weak homotopy equiva-
lence if it induces an isomorphism on all homotopy groups, i.e. 7m,(X,z) — m,(Y, f(x)) for
all n > 0 and all choices of basepoint z € X (of course for n = 0 no choice of basepoint is
needed).

We will see that singular homology and cohomology are actually invariant under weak
homotopy equivalence, that is if f : X — Y is a weak homotopy equivalence then f, :
H.(X)— H.(Y) and f*: H*(Y) — H*(X) are isomorphisms.

Why is this called weak homotopy equivalence? That is because of the following result:

Theorem 3.1.3 (Whitehead). If X and Y are CW complexes then a map f : X — Y is
a weak homotopy equivalence iff it is a homotopy equivalence. Moreover for every space X
there is a CW complex X' which is weakly homotopy equivalent to X.

Warning 3.1.4. This does not mean that two CW complexes X and Y with isomorphic
homotopy groups are homotopy equivalent!

Whitehead’s theorem in particular implies that the canonical map

{CW complexes} =
homotopy equivalence weak homotopy equivalence

{topological Spaces}

is a bijection.

Definition 3.1.5 (Improved). A homotopy type is a topological space up to weak homotopy
equivalence.

Thus homotopy theory is the study of these (weak) homotopy types. Of course we even
study maps between those, thus the homotopy category Ho(CW) of CW complexes, aka
the weak homotopy category of spaces. One of the goals of this lecture is to give a purely
combinatorial model for this category using the theory of simplicial sets.

After this formal discussions we will return to the study of homotopy groups (which are
invariants of a homotopy type) and establish the following properties:
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1. For a covering X — X the induced map m,(X) — m,(X) is an isomorphism for n > 2.
This will in particular let us compute all homotopy groups of surfaces except for S?
and RP2.

2. Every map f : X — Y between CW complexes is homotopic to a cellular map (Cellular
approximation theorem). This implies that 7 (S™) = 0 for k < n.

3. There is a homomorphism 7,(X) — H,(X) induced by pulling back the fundamental
class [S"] € H,(S™). If mp(X) = 0 for k < nand n > 2 then this map is an isomorphism
(Hurewicz theorem). This implies that ,(S™) = Z.

4. For a fibre sequence F' — E — B of homotopy types (a notion that we will define in
the lecture) there is a long exact sequence in homotopy groups

o > Ty B >, F =, =, B —m, 1 F— ...

In particular for a covering p : £ — B we have a fibre sequence F' — E — B where
F := p~*(b) is the fibre, which is a set considered as a discrete space.

5. Suspension induces a homomorphism of groups
Tk (S™) = Tngpr (8™

which is an isomorphism for n > k+ 1. In particular for large n the group m,x(S™) is
independent of n and called the k-th stable homotopy group (of spheres). These stable
homotopy groups are in a sense the ‘primes numbers of homotopy theory’ and a lot of
current homotopy theory is devoted to studying those.

So far we have talked about homotopy types like spheres and more generally finite CW
complexes, whose homotopy groups are extremely complicated while the homology tends to
be quite computable. But there are also spaces which show a different behaviour.

Definition 3.1.6. A homotopy type X is called Eilenberg-MacLane space if there exists a
positive integer n such that mx(X) = 0 for k # n.

The foundational result that we will show is that for every n and every group A (abelian if
n > 2) there exists an Eilenberg Mac-Lane space X = K(A,n) with 7, X = A. Moreover we
will see that K (A, n) is uniquely determined by this requirement. These Eilenberg-MacLane
spaces are important for two reasons:

1. We will show that every homotopy type X can be ‘decomposed’ into Eilenberg—
MacLane spaces in a certain sense: There is a ‘filtration’ of X (called the Whitehead
tower)

"'—>7'23X—>7'22X—>7'21X—>TOX:X

such that there are fibre sequences

K(ﬂ'nX, n — 1) — TszrlX — TZnX .

Here 75;.X — X is the inclusion of the connected component of the basepoint of X
and 7>9X — 751X is the universal cover.
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2. We will show that the Eilenberg-MacLane spaces K (A, n) represent cohomology groups
in the sense that for every abelian group and every n there is a bijection

H™(X; A) = [X, K(A,n)]
This will be very useful to study cohomology.

The second fact might seem very suprising, that cohomology groups are ‘just’” homotopy
groups of maps into some carefully defined space. But it turns out that this holds in much
greater generality: for every generalized cohomology theory E* (which is invariant under
weak homotopy equivalence) and every n € Z there are homotopy types E(n) such that for
every homotopy type X we have

EMX) = [X, E(n)] .

Moreover these homotopy types E(n) are uniquely determined by the cohomology theory F
and there are homotopy equivalences

E(n) ~ QE(n +1).

The data of the homotopy types E(n) and these homotopy equivalences is called a spectrum.
In particular we have seen that every cohomology theory determines a spectrum.

Spectra are the fundamental objects of stable homotopy theory and are closely related to
that stable homotopy groups discussed above. If time allows, then we will discuss spectra
and stable homotopy theory a bit.

3.2 Homotopy groups

Recall that at the very beginning we defined the homotopy ‘groups’ of a pointed space (X, x)
to the pointed homotopy classes of maps

(X, z) = [S", X]. = [S", 1; X, 2]
Sometimes it will be convenient to give a slightly different but equivalent definition as
(X, x) = [I", 01" X, x]

where I" = [0,1]" is the cube. This even makes sense for n = 0 where I° = x and 9I° = ().
We will freely switch between the two perspectives and hope that this does not lead to
confusion.

Definition 3.2.1. The sum operation for [f], [¢] € m,(X,z) (with f,g: I"™ — X) is defined
as follows:

f<281,82,...,8n) S1 € [0,1/2]
g(2s1 —1,89,...,8,) s1 € [1/2,1]

(f +9)(s1, 0, 20) = {

Alternatively we can define it using the pinch map S™ — S™ V S™ that collapses S"~1 C S"
to a point as the composite

SN RV S AL e
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]« [5) = [£1 5]

Note that the same formula also works for the group structure in the case n = 1, but we
don’t want to use additive notation for that since its not abelian. However:

Proposition 3.2.2. The sum operation equips 7, (X, x) with a well-defined, abelian group
structure.

Proof. The proof that m,(X,x) is a group is the same as for m(X,z) and is left as an
exercise. Some pictures are below. To see that the group is abelian we invoke the following
Eckmann-Hilton argument:

[&\ 8\ A l - [fv ; S\L?} /ﬂssac@kw%
-L8)= [3)

There is also a slighly less graphical way of making this argument precise as follows which
is also very instructive, so that we want to make it precise here. We have defined an addition
operation + : m,(X) X m,(X) — 7,(X) using the first coordinate. But we can also use the
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second variable to define another group structure:

* r.) = f(5172327 -~-75n) So € [0, 1/2]
(f*xg)(s1,.yn) = {9(817232 —1,...,8,) s9€[1/2,1]

Since the coordinates do not speak to each other we get that x : 7,(X,z) x m,(X,z) —
(X, z) is a group homomorphism with respect to +, i.e. we have

(a+b)x(c+d)=(axc)+ (cxd).
Then the following important argument given in Lemma finishes the proof. n

Lemma 3.2.3 (Eckmann-Hilton). Assume a set M has two different unital monoid struc-
tures - and * such that one is a homomorphism for the other, i.e.

(a-b)x(c-d)=(axc)- (bxd) .
Then the two monoid structures agree and are commutative.
Proof. Let us denote the units of these monoid structures by 1 and 1,. Then we have
L=L*xl,=(1 -1)*(1.-1)=(1x1,) - (luax1)=1-1=1

and thus
axb=(a-1)x(1-b)=(ax1)-(1xb)=a-b

and
a-b=1xa)-(bxl)=(1-b)x(a-1)=bxa. O

Lemma 3.2.4. For a path 7 : [0,1] — X we get a canonical isomorphism
=y m(X ) = m(X,m)

defined as follows: for a representative o : I — X the class 7 - [« is represented by the map
a-v: 1" — X defined as in the picture

Proof. Works as for 7. Details left for the reader. n

Lemma 3.2.5. For paths -y, v from xq to x1 which are homotopic relative basepoints we
find that [f~] = [f+'] for each [f] € T, (X, x0). Moreover we have that
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o (ftgy=/ rv+gv
o flyxn)f=(fvn
o fl=Ff
where here by f we denote a class in m,(X, zo) as opposed to the representative.
Proof. Clear. [

Corollary 3.2.6. For a pointed space (X, x) the above defined multiplication makes 7, (X, x)
into a right module over m (X, x), i.e. a right module over the group ring Z|m (X, x)].

Note that the formula also works for n = 1 but in that case all the actions are just given
by conjugation, hence by inner automorphism of 71 (X, xg). Clearly for every continuous map
of pointed spaces (X, z) — (Y,y) we get an induced map on homotopy groups m,(X,z) —
(Y, y) which is compatible with the group structure. Thus 7, is a covariant functor:

Top, — Ab (X, z) = m (X, 2)

Moreover this functor is clearly pointed homotopy invariant. For a product of pointed spaces

[ X;: we find
T (H X, (xi>iel> = H7Tn<Xi,13z‘)

icl icl

Proposition 3.2.7. Let (E,e) — (X, z) be a covering space. Then the induced morphisms
m(E,e) = m (X, x)

for n > 2 are isomorphisms.

Proof. For surjectivity we have to lift a map S? — X through E which is possible since S? is
simply connected. For injectivity we have to lift a homotopy between maps S? — X which
also works by covering theory. O]

Note that we also completely understand the effect of a covering p : £ — X on 7 in
terms of covering theory, namely the map 7 (F,e) — m;(X, x) is injective and the quotient
(X, z)/m(E, e) is given as a m (X, x)-set by the fibre F = p~!(x).

Example 3.2.8. 1. The higher homotopy groups m,(S',1) for n > 2 are all zero (look
at R — S1).

2. The torus T' = S' x S! has trivial higher homotopy groups.

3. The higher homotopy groups of RP* are also all trivial. This follows by looking at
the universal covering S — RP*.

4. The higher homotopy groups of surfaces X, for ¢ > 1 are trivial since the universal
covers are contractible in all cases.

Definition 3.2.9. A space X for which 7,(X,z9) = 0 for all n > 2 and all choices of
basepoints is called aspherical.
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Example 3.2.10. What about non-orientable surfaces? Y7 Idea: Consider the orientation
cover, which happens to be ¥, ; — X (Euler characteristic). Then we get that all non-
orientable surfaces except for RP? are aspherical. But RP? can not be aspherical as it is
covered by S? which has a non-trivial 75 and 73 as we have already seen in the last term.

Warning 3.2.11. 1. It is not true that the homotopy groups 7, (S*) for n > k are zero,
as the example of the Hopf-invariant [S® — S?] € 73(5?) has shown (make a choice of
basepoint). This also shows that there can not be a formula for 7, (X AY) in terms of
mn(X) and 7m,(Y) or some easy suspension isomorphism.

2. Tt is true however that for n < k we have 7,,(S*) = 0 and that 7,,(S") = Z as we will
see later

3. For a wedge sum of spaces (X,z) and (Y,y) in general we have 7, (X VY, (z,y)) #
(X, ) ®m,(y,Y) as the following example shows: Let X = S and Y = S? with the
canonical basepoints. We have

mo(ST Vv S?) 2 m, (R Iz (Z x 52))
T <\/52>

The group s (\/ S?) surjects onto Hy (\/ S?) = @, Z (in fact it is isomorphic but we do
not yet know this). This implies that it cannot be isomorphic to m5(S?) @ 73 (5?) = Z.
This is in contrast to the case of fundamental groups where we have m(X VY) =
m(X) * 11 (Y) given that both have NDR basepoints by Seifert-van-Kampen.

Note also that mo(S! v S?) is also not finitely generated, although S? Vv S is a finite
CW complex!

1%

Definition 3.2.12. A space X is said to be n-connected for n > 0 if mo(X) = x and for all
k < n we have m;(X) = 0 (here the basepoint doesn’t matter). It is called n-truncated if
(X, x) = 0 for all k£ > n and all choices of basepoints.

Example 3.2.13. 0O-connected is (path)-connected (note that the empty space is not 0-
connected). 1-connected means simply connected. 1-truncated means aspherical,

3.3 Whiteheads theorem

Our first big goal is Whitehead’s theorem: a morphism f : X — Y where X and Y are CW
complexes is a homotopy equivalence if and only if it is a weak homotopy equivalence, that
is if all the induced morphisms f, : mo(X) — m(Y) and all f, : m,(X,z) — m, (Y, f(z)) for
all x € m(X) and n > 1 are isomorphisms! But first we need to define relative homotopy
groups similar to relative Homology groups. In many respects homotopy groups behave like
homology.

Definition 3.3.1. Let (X, A) be a pair of spaces and z € A a basepoint. Then define
(X, A, z) for n > 1 to be the set of pointed homotopy classes of pairs

(X, A, z) = [(D", 8", 1), (X, A, 2)]
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Another formula is given by
(X, A z) 2 [(I™, 01", J* 1), (X, A, 2)]

where J"! is the closure of 9I"™ \ I"~! with I"~! the front face of I", i.e. the face with last
coordinate s, = 0.

%

i

Note that mo(X, A, z) is not defined! For A = {x} we have that 7,(X,{zo}, x¢) =
(X, 20). Thus relative homotopy groups generalize homotopy groups. For n = 1 we find
that m (X, A, zo) = [([0, 1], {0, 1}, 1), (X, A, ¢)] Thus its the set of homotopy classes of paths
from a some point in A to the fixed base point zy. This has no group (or monoid structure)
in a natural way but it is still a pointed set, where the basepoint (zero) is given by the
constant path.

Definition 3.3.2. The sum operation for [f],[g] € m,(X, A, x¢) with f,g : (I",0I",J") —
(X, A, x0) and n > 2 is defined as before:

f(251,89,...,80) s1 €[0,1/2]
(f +9)(s1, @) =
9(281_17827"'7Sn) 81 € []‘/2’1]
Alternatively consider the pinch map
D" — D"v D"
which collapses D"~! C D" to a point. It sends S"~ ! — S"~1 v S"~! and the base point to
the basepoint. Thus it induces morphisms

+:7Tn(X7A7xO> XWTL(X7A7:E0) _>7Tn(X7A7x0) (f7g) = (D’ﬂ_>Dn\/Dn &X) .

Proposition 3.3.3. The set m,(X, A, xo) equipped with the above structure is a group for
n = 2 and an abelian group for n > 3.

Proof. Same proof as before, just that we do not have the last coordinate s,, available and
thus everything shifts by 1. m

Lemma 3.3.4. A map f: (D", S"1,1) = (X, A, xgy) represents zero in m,(X, A, xq) pre-
cisely if it is homotopic relative S"™' to a map g : (D", 5" 1 1) — (A, A,x9) C (X, A, xg)
(image contained in A)[Y]

'Relative S™~! here means that the map f|g»-1 is pointwise fixed throughout the homotopy.
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Proof. If f and g are homotopic relative S*! then [f] = [g]. But [g] = 0 via the homotopy
obtained by composing g with a retraction of D" to 1.

Conversely if [f] = 0 via a homotopy H : D" x [ — X. We restrict H along a morphism
F:D"x I — D" x I with F(z,0) = (x,0) and Im(F(—,1)) = D" x {1} U S"! x I all of
which have the same boundary. Basically this is the map to pulls the right hand disk over
the cylinder. Then the restricted homotopy is stationary on S™~!. [

Every map ¢ : (X, A, x9) — (Y, B, 1) induces maps ¢, : m,(X, A, z9) — m.(Y, B,vo)
which are homomorphisms for n > 2 and are functorial in the morphisms:

(0Y)e = puo¢p  (id). =id
and ¢, = 1, if $ ~ 1 homotopic through maps (X, A,z9) — (Y, B,yo). There is also a
homomorphism

Oy : 7Tn<X, A, ZL'()) — 7Tn,1(A, .1'0)
given by restricting (D", S" ! x9) — (X, A, 7o) to the induced map (S" !, z5) — (A, z).
This is by definition of the group structures a group homomorphism for n < 2. For easier
notation we shall also suppress basepoints in the relative homotopy groups if convenient.

Theorem 3.3.5. For a pointed pair (X, A, xqy) the sequence
e = T (XL A) =1,(A) = (X)) = 1 (XL A) = 11 (A) —

—)7T1(A) — 7T1(X) — 7T1(X, A) — 7T0(A) — 7T[)(X)

is exact. At the last three steps its exact as a sequence of pointed sets (i.e. the image of a
morphism is the preimage of the basepoint under the next).

Proof. We will check exactness at various places. We suppress basepoints in the notation.
We also observe that the composition of any two adjacent maps in the diagram is clearly
zZero.

Exactness at m,(A): Given [f] € m,(A) represented by a map S™ — A which is zero in
7,(X). Then using a nullhomotopy of f in X we find a map F : D" — X with F|S" = f.
Then F : (D" S™) — (X, A) represents a class [F] € m,41(X, A) mapping to [f].

Exactness at m,(X) for n > 1: Assume given [f] € 7,(X) represented by f : D" — X
with f(S"') = {xo}. If is is zero in 7,(X, A) then by Lemma it is homotopic relative
S™1 to a map g with image contained in A, thus lies in the image of m,(A).

Exactness at m,(X, A) for n > 1: Assume that F' : (D", S"') — (X, A) represents a
class in m,(X, A) which is mapped to zero in m,_1(A). Then we find a nullhomotopy of
f = Flgn—1 : S"' — A within A. We can picture this nullhomotopy as a map on the
annulus S"~! x [1, 1+¢] which takes the inner circle to f and the outer circle to the basepoint.
Then we by pasting this circle to the original map F' we get a map F.. : D} — X that
takes the boundary to the basepoint and which represents the same element in 7, (X, A), by
the homotopy gradually removing the outer glued circle. This clearly lies in the image of

T (X) = (X, A). O

Example 3.3.6. Let X be path connected and C'X be the cone on X (i.e. CX = X x
[0,1]/X x {0}). There is an inclusion X — C'X and we get

0=m(CX) = m(CX,X) =7, 1(X) > m1(CX)=0
thus 7,(CX, X) = m,_1(X) for n > 1.
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Definition 3.3.7. We say that a pair (A, X) has the Homotopy extension property (HEP)
if given a map f : X — Y and a homotopy

H:AxI—=Y
with Hy = f|4 then there always exists and extension of H to a homotopy
H :XxI—Y
with Hj = f.
In other words, we can always find a lift in the following diagram

A X TUpxqop X X {O}—;Y

~
-
—~
~
~

XxI

Since we can let Y be A x I Ugyqop X X {0} we see that the HEP implies that inclusion
A X T Ugxqoy X x {0} = X x I admits a retraction. Conversely its easy to see that the
existence of such a retraction implies the HEP for (X, A).

Lemma 3.3.8. If (X, A) is a CW pair, then (X, A) has the HEP
Proof. Erercises. O]

Lemma 3.3.9 (Compression Lemma). Let (X, A) be a CW pair and let (Y,B) be any
pair with B nonempty. For each n such that X \ A has cells of dimension n assume that
(Y, B,yo) = 0 for all yo € B. For n = 0 the vanishing of the relative homotopy group
condition should be replaced by the condition that mo(B) — mo(Y) is surjective. Then every
map

[ (X, 4) = (Y, B)
is homotopic relative A to a map X — B (i.e. A is fixved pointwise through the homotopy).

Proof. We induct over the skeleta X™ C X. Assume inductively that f has already been
homotoped to take X"~ ! to B. Now for any cell with a characteristic map

x:D"—= X
with x|gn-1 : 8”71 — X"~ we have that the composite
fx: D" =Y

takes the boundary S™! to Y thus representing a class in 7, (Y, B, y) with yo = fx(1). By
assumption this class is zero, i.e. we can find a homotopy to a map with image in B. Doing
this for all n-cells simultaneously we find a homotopy of f|x» : X™ — Y to a map [’ with
image in B. By the homotopy extension property (Lemmal3.3.8) applied to the pair (X, X™)
we can extend this homotopy to a homotopy of f: X — Y to a map which takes X™ to B.

Finally we compose the homotopies transfinitely by performing them in shorter and
shorter time intervalls (converging to the interval) which does not cause problems since the
constructed homotopy leaves the previous skeleta fixed. [
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Example 3.3.10. If A = () and B = {y}. Then the Lemma states that every map X — Y is
homotopic to the trivial maps provided that m, (Y, y) vanishes for all n such that X has cells
of dimension n. In particular if X has only cells through dimension n and Y is n-connected,
then every map X — Y is homotopic to a constant map.

Theorem 3.3.11 (Whiteheads theorem). Let f : X — Y be a map between CW-complexes
X andY . Assume that f is a weak homotopy equivalence, then f is a homotopy equivalence.

Proof. First assume that f : X — Y is the inclusion of a subcomplex which is a weak
equivalence. Then we find that the relative homotopy groups 7, (Y, X) all vanish by the long
exact sequence (for n = 0 and n = 1 one should make separate arguments). Thus we can
apply the compression Lemma to the identity map

(Y, X) = (¥, X)

to get that it is homotopic to a map Y — X which is then the homotopy inverse to f. In
fact we have shown that X — Y is a deformation retract.
In general we want to consider the mapping cylinder

(X x )IIY
(x,1) ~ f(x)

which is homotopy equivalent to Y and contains X = X x {0} as a subspace, i.e. it gives a
factorization

My =

XM >SY

Thus it suffices to show that X < My is a homotopy equivalence. If f was a cellular map
then X — M/ is a CW inclusion and we are done by the first part. We could now use the
fact that every map f is homotopic to a cellular map (as we will prove soon) to finish the
proof. But let us give an argument that does not use this fact: first the relative homotopy
groups (My, X) all vanish since f is a weak equivalence. Now consider the inclusion

(YIOX,X)— (M, X)

and apply the compression lemma to homotop this to a map with image in X. Since
(My, X 1Y) satisfies the HEP (clearly?) we can extend this homotopy to a homotopy
of the identity id : My — My to a map g : My — My that takes X II'Y to X. Then we
apply the compression lemma again to the composition

(X xD)OY, (X x0NHIY) = (M, XIY) 2 (My, X)
to produce a deformation retract of My onto X which finishes the proof. O

Warning 3.3.12. Whiteheads theorem does NOT say that CW complexes X and Y with
isomorphic homotopy groups are homotopy equivalent! Consider RP? and S? x RP>*. We
have that

m(RP?) 2 Z/2 = 7(5% x RP™)

and
T (RP?) 2 7, (S?) = 711(S? x RP™)
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But
H.(RP*%Fy) = Fyfa]/a’ lal =1

and
H*<82 X RPOO7F2) = FQ[(L’,Q]/(L’Z |':U| = 27 |y| =1

Thus they are not homotopy equivalent!

Corollary 3.3.13. If a CW complex X has m,(X) =0 for all n. Then X is contractible.

In particular this implies that a CW complex X is ashpherical if and only if the universal
cover X (which is also a CW complex) is contractible.

Definition 3.3.14. We say that a space X has the homotopy type of a CW complexes if it
is homotopy equivalent to a CW complex.

Corollary 3.3.15. Let X and Y have to homotopy type of CW complexes. Then f : X — Y
15 a weak homotopy equivalence if and only if it 1s a homotopy equivalence.

Proof. We choose CW complexes X’ ~ X and Y’ ~ Y. Then the composition
XSxLysy

is a weak homotopy equivalence since f is a weak equivalence and the outer homotopy
equivalences X’ = X and Y = Y also clearly are weak equivalences. Thus by Whitehead’s
theorem this composition is a homotopy equivalence with inverse g : Y/ — X’. But then also
f is a homotopy equivalence since we can compose g with the inverse homotopy equivalences
Y = Y’ and X’ = X to obtain a homotopy inverse to f. O

3.4 Simplicial sets

The goal of this section is to introduce a purely combinatorial version of homotopy types
and CW complexes.

Definition 3.4.1. The category A is the category of finite, non-empty, linearly ordered sets
and order preserving maps.

Every object in A is canonically isomorphic to a linearly ordered set of the form
n]={0<1<2<...<n}

for a natural number n € N. Thus there is no harm in replacing A by an equivalent category
which has only the objects [n] and we will sometimes implicitly do this. We will need some
special morphisms in A that we will introduce now. For every n > 0 and every 0 < k < n—1
there is a degeneracy map

ot [n] = [n—1]

defined as the unique surjective morphism that hits k& € [n — 1] twice. For every n € N and
every 0 < k < n+ 1 there is a face map

o [n] = [n+1]

defined as the unique injective map that misses k € [n + 1].
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Lemma 3.4.2. We have the following simplicial identities:

Do =090t fori<j
olot = oloIT! Jori<j
id fori=7j,7+1
00" =< 0ol fori<j
0 tol fori>j+1.

Every morphism f : [n] — [m] in A can be written as a composition
/ = QF .. GFnghnr L ghm

of face and degeneracy maps and such a decomposition is unique up to the first two relations
above .

Proof. The relation are a straighforward verification. For the second part we factor an
arbitrary morphism f into an surjective map followed by an injective map and then get the
result by writing both as compsitions of faces resp. degeneracies. O]

Remark 3.4.3. Lemma gives a generators and relations description of the category A
and one can in fact introduce A in this way. This is often done in the literature.

Definition 3.4.4. A simplicial set is a functor X : A°® — Set. The category sSet of
simplicial sets is the functor category Fun(A°P, Set).

Notation 3.4.5. Let X be a simplicial set. If S is an object of A, then we write Xg
instead of X (S). In particular, we will write X,, instead of X ([n]). We will refer to X,
as the set of n-simplices of X. We will write X(9") = 9; : X,, — X, for the function
induced by the i-th coface map and refer to J; as the i-th face map. Similarly, we will write
X(c') = 0; : X,, — X, 41 for the function induced by the i-th codegeneracy map and refer
to o; as the i-th degeneracy map.

Remark 3.4.6. It follows from Remark that a simplicial set can be identified up to
isomorphism with a sequence of sets {X,},>¢ and functions 0; : X,, — X,,1, 0; : X;, —
X,+1 which satisfy the dual of the simplicial identities. This is the classical perspective on
simplicial sets.

Remark 3.4.7. The category of simplicial sets admits small limits and colimits and these
are computed levelwise. More precisely, if F': I — sSet is a small I-shaped diagram in sSet,
then for every integer n > 0, there are canonical bijections

(lime ), =~ limye  (F(7),,) (colim;er F'),, =~ colimer(F (7))
For example if X and Y are simplicial sets, then the product X x Y is given by
(X xY),=X,xY,
for every integer n > 0, and the simplicial operators are defined by 0;(z,y) = (0;x, y).

We now present some important examples.
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Example 3.4.8 (The n-simplex). Let y : A — sSet denote the Yoneda embedding. Recall
that if S is an object of A, then y(S) = Homa(—, S) is the representable functor associated
to S. For every integer n > 0, we define a simplicial set A" : A°® — Set by A™ = y([n])
which we refer to as the n-simplex. Concretely, the simplicial set A" is given by

(A™)s = Homa (S, [n]).

If S — S’ is a morphism in A, then the function (A")s — (A™)g is given by precomposition
with S — S’. Furthermore, if X is a simplicial set, then there exists a natural bijection

Homgsei (A", X) = X,
by virtue of the Yoneda lemma.

Example 3.4.9 (The topological n-simplex). Let n > 0 be an integer. Recall that the
topological n-simplex |A"| is defined as the following subspace of R™*!

|An| :{($0,$1,...,£L‘n) | To+ -+ x, = ]-,QTZ' ZO} an—H.

The topological n-simplex |A"| was denoted by A™ in Definiton but we will now write
|A"| to distinguish it from the simplicial set A™. Later we will see that the topological n-
simplex arises as the geometric realization of the simplicial set A™ which explains the choice
of notation. More generally, if S is an object of A, then we define

AS|={z e PR|D z,=1,2,>0} C PR,
S

seS S

where ¢ R denotes the free R-vector space on S. If S — S is a morphism in A, we obtain
a map of topological spaces |A%| — |A%|. Consequently, we obtain a functor A — Top
determined by the construction S +— |A].

Example 3.4.10 (The singular simplicial set). In this example we explain how to associate
a simplicial set to a topological space. Let X be a topological space. Let Sing(X) denote
the simplicial set defined by

Sing(X)s = Homrp,, (|A®], X).

If S — S isamap in A, then the function Sing(X)s — Sing(X)g is given by precomposition
with the continuous map |A%| — |A%'| from Example . If X — Y is a map of topological
spaces, then we obtain a function Sing(X)s — Sing(Y)s given by postcomposition with
X — Y for every object S of A. It follows that the construction X ~— Sing(X) defines a
functor

Sing : Top — sSet.

One of the major goals of our discussion of simplicial sets is to show that the functor Sing is a
sort of equivalence of homotopy types, i.e. that, up to an appropriate notion of equivalence,
every simplicial set arises in this way from a unique homotopy type X and that Sing(X) also
restores all the information about the homotopy type X. This is the way in which simplicial
sets form a combinatorial model for homotopy types.



CHAPTER 3. TOPOLOGY III, WINTER TERM 2025/26 187

Example 3.4.11 (Singular homology). In this example we explain that the singular homol-
ogy groups of a topological space only depend on the underlying singular simplicial set. For
every integer i > 0, the singular homology H;(X,Z) of a topological space X is defined as
the following composite of functors

Top & Ch(Z) LN

Ab,

where Ch(Z) denotes the category of chain complexes of abelian groups and the functor
C.(—) assigns to every topological space the singular chain complex on X. We show that
C, factors over the category of simplicial sets. Let X be a simplicial set. Define a chain
complex C.(X) by C,(X) = Z[X,], where Z[X,,] denotes the free abelian group on the set
of n-simplices of X, and whose differential d : C,,11(X) — C,(X) is defined by

n+1

d=> (1),

Using the simplicial identities one checks that d is a differential. The singular homology
functor can now be obtained as the following composite of functors

Cu(—) H;

Top S5, sSet » Ch(Z) —— Ab

which shows that the singular homology of a topological space depends only on the underlying
singular simplicial set.

Example 3.4.12 (The nerve). In this example we explain how to extract a simplicial set
from a small category. Let Cat denote the category of small categories and functors between
them. If C is a small category, then we define a simplicial set NC : A™ — Set by (NC), =
Home,i([n], C), where [n] is considered as a poset category. If [m| — [n] is a morphism in
A, then (NC),, — (NC),, is given by precomposition with [m| — [n]. Note that the set of
O-simplices of NC can be identified with the set of objects of the category C. Similarly, the
set of 1-simplices of NC can be identified with the set of morphisms of C. In general, an
n-simplices of NC is given by a string

Co—C1— =y
of n-composable morphisms in C. The i-th face map 0; : (NC),, = (NC),,—; is given by
(co—= " —=cCi1—¢G—>Cu— - —cy) (o= = C1 = Cug — - —Cp)
The i-th degeneracy map o; : (NC),,—1 — (NC),, is given by
(co—>---—>ci—>---—>cn_1)r—>(co—>---—>ci£>c,-—>---—>cn_1)

The nerve construction defines a functor N : Cat — sSet. If C — D is a functor of small
categories, then the function (NC),, — (ND),, is given by postcomposition with C — D.

Example 3.4.13 (The classifying space of a group). Let G be a group considered as a
category with a single element x and Homg(x,*) = G. In this situation we define the
classifying space BG of G by BG = NG, where N denotes the nerve construction from
Example [3.4.12]
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The topological n-simplex |A™| has some important subspaces which in some sense arise
from simplicial subsets of the n-simplex A",

Definition 3.4.14. A simplicial subset of a simplicial set X is a monomorphism U — X in
the category of simplicial sets.

Definition 3.4.15 (The boundary of A™). Let n > 0 be an integer. Define a simplicial set
OA™ : A°® — Set by

(0A™)s = {a € Homa (S, [n]) | « is not surjective}.

If S — 5" is a morphism in A, then (0A™)s — (0OA™)s is given by precomposition with
S — S’. The inclusion (0A™)g < (A")g defines a monomorphism of simplicial sets which
exhibit JA™ as a simplicial subset of A™. We refer to 0A™ as the boundary of A™.

Definition 3.4.16 (The horn A}). Let n > 0 be an integer and let 0 < i < n. Define a
simplicial set A} : A°® — Set by

(A)s = {a € Homa(S, [n]) | [n] ¢ a(S) U [i]}-

If § — 5" is a morphism in A, then (A)ss — (Al)s is given by precomposition with S — 5"
The inclusion (A?)g < (0A™)g defines a monomorphism of simplicial sets which exhibit A}
as a simplicial subset of JA"™. We refer to A} as the i-th horn of A".

We end this section by giving a coequalizer formula for the boundary 0A™ and the horns
A?. For each 0 < i < n, the i-th face map [n—1] — [n] induces a monomorphism A"~! — A"
which we consider as a subobject of A™. We will denote this subobject by 0;A™. Similarly,
for every pair 0 < 4,j < n, the injective map [n — 2] — [n] whose image does not contain i
and j induces a monomorphism A"~2 — A" which we identify with a subobject of A" which
we denote by 0; ;A". There are inclusion maps 0; ;A" — ;A" and 9, ;A" — 0;A".

Lemma 3.4.17. The simplicial set OA™ is a coequalizer of the following diagram
Hi,j 0; ;A" —= [[, O;A™.
Similarly, the k-th horn A} is the coequalizer of the following diagram
LT jur 0ig A" == [1,4 G:A™

Proof. Follows from Remark since colimits are computed levelwise. m

3.5 Geometric realization

In this section we describe a way to associate a topological space to a simplicial set. In
some sense, this assignment is inverse to the construction X +— Sing(X'). We will prove the
following result.
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Theorem 3.5.1. The functor Sing : Top — sSet admits a left adjoint

| — | : sSet — Top
called geometric realization. The functor | — | : sSet — Top is determined up to unique
natural isomorphism by the requirement that | — | : sSet — Top preserves colimits and that
the composite
A —2 5 sSet - » Top

is equivalent to the functor A — Top determined by the construction [n] — |A™].
We will give a proof of this result later. Let us first discuss some consequences.

Remark 3.5.2. Let us spell out the meaning of the uniqueness part of Theorem [3.5.1]
Suppose that F': sSet — Top is a functor which preserves colimits and satisfy that F(A") ~
|A"| for every integer n > 0, then there exists a unique natural isomorphism of functor
| —|— F.

Example 3.5.3 (Simplicial sets as colimits of representables). In a presheaf category, every
presheaf is a colimit of representables. We briefly indicate how this works in the presheaf
category of simplicial sets. Let X : A°® — Set be a simplicial set. Let I denote the small
category whose objects are morphisms of simplicial sets A" — X for every integer n > 0,
and whose morphisms are commutative diagrams

A" —— X

%

Then X is equivalent to the colimit of the following composite I — A % sSet, where I — A
is the functor determined by (A™ — X) — [n]. Concisely, we will write this as follows

X ~ coliman_, x A".

Let us now compute the geometric realization of X. Using that geometric realization | — |
preserves colimits we find that

| X| =~ |coliman_, x A" | >~ coliman_, x |A"[.

This explains why geometric realization is uniquely characterized by preserving colimits and
sending the n-simplex A" to the topological n-simplex |A™].

Lemma 3.5.4. Let n > 1 be an integer. The inclusion of simplicial sets OA™ — A" induces
a homeomorphism from |0A™| to the boundary of the topological n-simplex |A™|, which is

defined by
{(zo,...,2y) € |A"| 1 2; =0 for some j}.

Note that |0A"| is homotopy equivalent to S™*.
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Proof. Since geometric realization preserves with colimits it follows from Lemma |3.4.17| that
the geometric realization of 0A™ is given by the coequalizer of the following diagram of
topological spaces

H’i,j |Am2 ) == [I,|A"],

where we have used that 9; ;A" is abstractly isomorphic to A"~2 and that §;A™ is abstractly
isomorphic to A"~!. This coequalizer is homeomorphic to the boundary of |A"| as wanted.
O

We have the following result whose proof is similar to that of Lemma |3.5.4]

Lemma 3.5.5. Let n > 0 be an integer and let 0 < i < n. The inclusion of simplicial sets
A — A" induces a homeomorphism from |A?| with the i-th horn of |A"|, which is defined
by

{(xo,...,2n) € |A"| 1 2; = 0 for some j # i}.

Example 3.5.6. Now we can draw some pictures which might aid your intuition.

Definition 3.5.7. A simplicial set X is a Kan complex if it satisfies the following condition:
For n > 0 and 0 < ¢ < n, any map of simplicial sets fp : A? — X admits an extension
f A" — X such that the following diagram commutes

Ay P X
An

Example 3.5.8. If n > 0, then the n-simplex A" is not a Kan complex.

Example 3.5.9. Let C be a small category. In general, the nerve NC is not a Kan complex.
If C is a groupoid, then NC is a Kan complex. For example, if GG is a group considered as a
category with a single element, then the classifying space BG of G is a Kan complex.

Proposition 3.5.10. If X is a topological space, then Sing(X) is a Kan complex.

Proof. Given a pair of integers 0 < i < n and a map of simplicial sets fy : A — Sing(X),
we want to show that there exists an extension f : A™ — Sing(X) of fy. Since geometric
realization is left adjoint to Sing it suffices to show that there exists an extension in the
following diagram

AP —— X
R

[

| A"

We may choose a continuous retraction r : |A"| — |A?| of |A"| onto |A}| and define |A"| — X
by the composite |A"| <+ |A?| — X. This provides the desired extension which ends the
proof. [

Definition 3.5.11. An n-simplex A™ — X is called degenerate, if it factors through some
degeneracy map A" — A" ! Otherwise it is called non-degenerate.
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For a degenerate n-simplex A™ — X the geometric realization |[A"| — | X| factors over the
projection to some side (which is the degeneracy map). So they are in some sense determined
by a lower dimensional datum. Every 0-simplex is automatically non-degenerate.

Example 3.5.12. Consider X = A*. Then n-simplices are given by maps [n] — [k] in A.
Such a map is non-degenerate precisely if it is injective. In particular all n-simplices for n > k
are degenrated. There is precisely one non-degenerated k-simplex given by the identity. For
every vertex ¢ = 0,1,....,n there is a degenerate 1-simplex given by the non-injective map
[1] — [k] sending everything to i. The non-degenerate 1-simplices are given by subsets of
{0, ...,n} of cardinality 2. There are thus (g) such 1-simplices. Similarly the non-degenerare
n-simplices are given by subsets of {0, ..., k} and there are (Z) of them.

Example 3.5.13. The simplicial set OA* has all the same non-degenerate n-simplices except
the top one of AF,

Example 3.5.14. The simplicial set A¥/OA* has precisely one non-degenerate k-simplex
and one non-degenerate O-simplex. All other simplices are degenerate. In particular we see
that faces of non-degenerate simplices can easily be degenerate.

Lemma 3.5.15. For every n-simpler A" — X there exists a unique (up to unique isomor-
phism) factorization

A" 5 AV 5 X
where A" — X is non-degenerate and A" — A" is the composition of degeneracy maps.

Proof. The existence of such a factorization is clear since if A" — X is degenrate, there
exists by definition such a factorization and iterating this one has eventually to arrive at
a non-degenerated one after finitely many steps. It remains to show uniqueness. That is
assume we have factorizations

A" S AY 5 X andA" — AV 5 X
Then ]

3.6 Categorical Interlude: Kan Extensions

Our goal is now to prove the Sing-realization (Theorem adjunction between topological
spaces and simplicial sets, and to introduce the skeletal filtration on simplicial sets. In order
to do so, we will use some categorical machinery.

Recall we want to “extend” a functor A: sSet — Top to a functor defined on presheaves
on A. More generally, we might ask the following question: Given functors F': C — D and
G:C — &, when can we find a functor K: D — £ such that K o F' = G7?

It turns out that in order to investigate the former question, is better to split it in two
asymmetric notions, with two dual universal properties, one “initial” and one “terminal”.

Given a functor F': C — D and a category &, in most of the concrete cases, one is
interested in finding left and right adjoints to precomposition with F', considered as a functor

Fun(D, £) — Fun(C, £);

as we'll see, sometimes one can get such functors, some other times this is not possible, but
it’s still possible to determine functors that have the correct behavior for a fixed functor

G:C—E.
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Definition 3.6.1. Let F': C — D and G: C — & be functors. A left Kan extension of
G along F consist of a functor Langy G: D — &£ together with a natural transformation
n: G = LanpGoF

c-E-¢
U
FL %HF G
D
which makes it initial among natural transformations from G to functors of the form F o —;

that is, such that, given any other functor H: D — £ together with a natural transformation.
a: G = H o F there exists a unique natural transformation xy: Lanp G = H

c—Y%-¢

F X
3:>X
D

such that « = F'yon
G=QHOF

Lanp G o F.

Remark 3.6.2. Notice that Nat(Lang G, H) = Nat(G,H o F'). A fancier way to phrase
this (and to make clear that left Kan extensions are uniquely determined up to unique
isomorphism) is to say that Lang G is an object corepresenting the functor

Fun(D, &) — Set
H — Nat(G,— o F).

This also means, that if Lang G exists for each functor G : C — & (for fixed &) then we get
that the left Kan extension assembles into functor

Lang : Fun(C, &) — Fun(D, €)

which is left adjoint to precomposition with F', considered as a functor Fun(D, £) — Fun(C, £).

We will just analyze the case of left Kan extensions, as everything can be easily adapted
to right Kan extensions. For the sake of clarity, let’s just spell out once what a right Kan
extension is.

Definition 3.6.3. Let F': C — D and G: C — & be functors. A right Kan extension of
G along F consist of a functor Ranp G: D — & together with a natural transformation
e: Rangp G o F' = G such that, given any other functor H: D — £ together with a natural
transformation. f: Ho F' = G

c—%-¢

F| =&
3<:£
D
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there exists a unique natural transformation £: H = Ranp G such that § =co&p

RanF GoF
7

Example 3.6.4. Let D = [0], then Lanp G = colimG.

Remark 3.6.5. In general, n is just a natural transformation, not necessarily a natural
equivalence. However, we will see in the Exercises that it is an isomorphism if F' : C — D
is fully faithful. This is a very important statement, which says that Kan extensions along
fully faithful functors are extensions (up to natural isomorphism)! In general Kan extensions
are only extensions in a rather weak sense.

Example 3.6.6. Let C = BN, D = BZ, let F be the inclusion, and £ = CMon; then
a functor (A, f): BN — CMon is just a Abelian monoid together with an endomorphism
of A (recall Cayley’s Theorem, aka Yoneda’s Lemma: this is just an element of A). Then
Lanp(A, f) = A[l/f] and the natural transformation is just the localization map A —

AlL/f1-

The following theorem can be stated with tighter hypoteses, but for us this generality
will suffice.

Theorem 3.6.7. Let C be a small category, and let £ be a cocomplete category. Then given
any pair of functors F: C — D and G: C — &, the left Kan extension Lang G exists, and is
given pointwise by the colimit

colim(Fyq) — C — £.

Definition 3.6.8. Here for d € D and F' : C — D the category F/q has objects as pairs
consisting of an object ¢ € C and a morphism f : F(¢) — d. A morphism from (c, f) to
(¢, f') in Fyq is given by a morphism ¢ — ¢’ in C such that the diagram

F(c) F(d)
.,

commutes. Composition is defined in the (hopefully) obvious way.

There is a clear forgetful functor Fyy — C. If I is fully faithful, which is the situation
that we are mostly into, then F, is a full subcategory of the slice D,,.

Proof. (Sketch) Functoriality follows from the universality of all the objects (spell out a bit).
Let us temporarily denote this functor by L. Let ¢ € C, then the natural transformation at
c is given by the canonical map into the colimit

Gc = G oi(Fc) — colimp,, Goi
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and naturality is a straightforward check. Let H be another functor, and let a: G = Ho F
be a natural transformation. We construct x: L = H on d € D as follows

Gd

@%i
A

Ld .............. > Hd

Naturality and universality are a (tedious) exercise. ]

Remark 3.6.9. In the hypotheses of the theorem (C small and £ cocomplete), one can make
left Kan extensions functorial on the functor categories, i.e. one can define a functor

Lanp: Fun(C,€&) — Fun(D, €)
left adjoint to precomposition with F'.

We are now ready to prove the Sing-realization adjunction!

Definition 3.6.10. We define |—|: sSet — Top to be the left Kan extension of |—| (as
defined last time on A) along the Yoneda embedding.

We just have to prove that its right adjoint is given by Sing and in particular |—| preserves
colimits (like any left adjoint functor).

Proposition 3.6.11. |—| - Sing.

Proof.

Homggset (X, Sing 7') = Homggey (coliman_, x A", Sing T')
= Alf}gx Homgget (A", Sing T')
— lim_Homa, (|A"],7)

= Homryp (coliman_, x |A"], T')
= HomTop(|X\,T).

]

Remark 3.6.12. The definition as a left Kan extension, together with the fact that it is a
left adjoint functor, make clear that |—| is uniquely determined by its restriction to A and
the fact that commutes with colimits.

3.7 Skeleta and the skeletal filtration

Definition 3.7.1. Let A, be the full subcategory of A spanned by nonempty finite sets of
cardinality < n 4+ 1. That is, up to equivalence, A, has object [0],[1], ..., [n].
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For all n € N, we have a fully faithful inclusion functor 7, : A<, — A. In particular, we
have the following adjunction

Lan;,,

Fun(AZ,, Set) L sSet

5k
2%

the counit of the adjunction induces a natural transformation
sk, := Lan;, oi; = id
the composite sk, := Lan;, o¢} is called the n-th skeleton functor.

We note that by the fact that i, is fully faithful, we find that also Lan;, is fully faithful,
equivalently the natural transformation sk,(X) — X for any simplicial sets induces an
isomorphism when restriction along 7,, or even simpler: this map induces a bijection on all
k simplices for k£ < n.

Definition 3.7.2. Notice that we also have functors
in,nJrl: Aén — A§n+1

inducing a precomposition-Lan adjunction. We also have natural transformations
Lan;, ., %, = i,

induced by

i*

X
AP X Get
. L Lan
In,n+1
A?

<n+1 i1 X

hence we get a chain of natural transformations

sSet

- Sk
o L4

Fun(Aogpo) P Fun(A%pl) ——Fun(A%) — Fun(A';p:s) —=

sSet

in the upper triangles, whereas the lower ones just commute. This in turn gives a chain of
natural transformations

Sk0:>Sk1:>Sk2:>Sk3:>Sk4:>"'

The evaluation at X of the above chain is called the skeletal filtration of X, i.e. for every
simplicial set we get a diagram

skoX = ski X = sk X =2 sk X = sky X = - = X
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Here we have used that the composition of left Kan extensions along functors F, F”’ is
given by the left Kan extension along the composite. Another way of constructing the map

sk, X — sk, X

would be the use the universal propoerty of the left Kan extension to see that such a map
is equivalently described as a map 7; X — i;sk,1.X and noting that the target is naturally
isomorphic to 7y X, thus we can take the identity.

Lemma 3.7.3. The map sk, X — X is injective and exhibits sk,, as the smallest simplicial
subset that contains all the n-simplices of X (hence also all the k-simplices for k < n).

Proof. The colimit formula for Kan extensions immediately yields that the set of m-simplices
of sk, (X) is given by pairs (p, z)
A™ E AR L X

for £ < n modulo the relation that (p, x) ~ (p,2’) if there exists a diagram

Ak
% \
A™ X
N
AF

Now it is easy to see that this quotient set does in fact not change if we assume that the
map p is surjective (as a map [m] — [k| by replacing [k] by the image. But then we can even
assume that the simplex x is non-degenerate by the factorization through a non-degenerate
simplex. Thus we see that this set is exactly equivalent to the set of m-simplices of X whose
non-degenerate factorization A™ — A*¥ — X satisfies k < n.

For m < n these are all n-simplices. For m = n+1 these are the degenerate m-simplices.
For larger m these are the degenerate simplices with nin-degenerate simplex of dimension
k <n.

The last statement is then immediate: an m-simplex is in the set precisely if it is ob-
tained from a k-simplex by degeneration. But the smallest subsimplicial set contains all
degenrations. O]

Example 3.7.4. We have sk,,_1A" = 0A".

Proposition 3.7.5. We have that all the maps sk, X — sk, .1 are monomorphisms and sit
in a pushout

n+1
Hnondeg Xn+1 aA San

|

n+1
Hnondeg Xnt1 A Sk”+1X :

The canonical maps sk, X — X exhibt an equivalence X = colim,,(sk, X).
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Proof. The colimit statement is clear, since the colimit consists of all the simplices of X
whose degeneration has dimension > n for some n. For the first statement , since colimits
(and limits) are pointwise in simplicial sets it suiffices to check that the square of m-simplices
is a pushout for every m. For m < n both vertical maps are in fact isomorphism so that this
is clear.

For m > n the idea is that since both vertical maps are inclusions, we need to show that
the lower horizontal map induces a bijection on complements, i.e. on those simplices whose
degeneration is n + 1-dimensional on either side. Injectivity follows from the uniqueness of
the degeneration and surjcktivity is clear. O]

Corollary 3.7.6. The geometric realization of a simplicial set X has a canonical CW-
structure with X,, = |sk,| and

Proof. Since | — | preserves colimits, in particular coproducts and since skoX is a disjoint
union of A® we find that |ske| is a disjoint union of points. Then sk; X is obtained as a
pushout along |0A!| — |A!| which is a closed inclusion. Thus also |sko| — |sk;| is a closed
inclusion, in particular injective (and |skoX| carries the subspace topology). We conclude
that

Isko X | — [ski X| — ...

defines a filration of | X whose colimit (= union) is |X| and that it is a CW structure. [

Definition 3.7.7. We say that a simplicial set X is n-dimensional, if the map sk, X — X
is an isomorphism.

Corollary 3.7.8. Being n-dimensional is equivalent to fact that all non-degenerate simplices
are i dimension < n.

Warning 3.7.9. For an n-dimensional CW complex X the singular complex Sing X is not
necessarily n-dimensional. But the ‘converse’ is true: if X is n-dimensional, then so is | X|.

3.8 Simplicial homotopy theory

Recall that we had the notion of a Kan complex and that Sing(X) for a topological space X
is always a Kan complex. A Kan complex was defined to admits ‘horn-fillers’. A more fancy
way of saying that is that it admits the lifting property against the maps A} — A". But
it turns out that for formal reasons it then also admits the lifting property against a much
larger set of maps.

Definition 3.8.1. A map X — Y of simplicial sets is called anodyne if it lies in the smallest
class of maps of simplicial sets that contains the maps A} — A™ and which is closed under
the following operations:

1. Pushout: If a map X — Y is contained in the class, then also every pushout of this
class. That means for every maps X — X’ the induced map X' — X' Ux Y is in the
class.
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2. Retract: If a map j : X — Y is contained in the class, then also every retract j’ of j
is contained in this class. That is if we have a diagram

X —X—X

)

Y —Y ——-X
where the upper and lower horizontal compositions are the identity.

3. Transfinite composition The class is closed under transfinite composition. That means
first of all, that it is closed under composition of maps. A transfinite composition is
the following: given a non-zero ordinal o assume that we are given a simplicial set X
and a diagram X : o — sSety, with the property that for every 8 < a the canonical
morphism

colim; 3 X; — X3
is in our class, then also the map X — colim;.,X; is in the class.

Lemma 3.8.2. A Kan complex K admits lifts against anodyne maps. That is if we have a
map X — K and an anodyne map j : X — Y then we find a lift f as in the diagram

x - K

7
¥
o0 f

Y
FEvery anodyne map is injective (that is a monomorphism of simplicial sets).

Proof. We consider the class of maps that have the lifting property against Kan complexes.
This class contains the horn inclusions by definition and the proof will be finished by showing
that this is class is closed under pushouts, retracts and transfinite compositions. But this is
clear (spell it out).

To see that anodyne maps are injective we note that the class of injective maps is closed
under these constructions and contains the horn inclusions. O

Example 3.8.3. 1. Every face map A! — A? is anodyne. For the last face this can be
seen by writing it as a composition A — AZ — A2 The first inclusion is the pushout
of Al along A — A! and thus anodyne.

It follows that each vertex A° — A? is also anodyne.

2. More generally we claim that every map
Joam — An
iel
for some non-empty, non-trivial subset I C [n] is anodyne. To see this we use induction
over n.

We set
B;A™ = U ;A"

el
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and find a sequence I = [y C I, C I, C ... C Iy C Ix11 = [n] in which each I; has one
more element than I;,_;. We consider the chain of inclusions

Bj, A" C B, A" C ...C B, A" C A"

The last map is a horn inclusion. The map B;,A™ C B, A" is obtained by attaching
(i.e. pushout) of an (n—1)-simplex along non-full part of its boundary. Thus is anodyne
by inductive assumption. Thus the composition B, A" — A™ is also anodyne.

3. In particular any face map is anodyne. More generally every map A* — A™ induced
from an injective map in A is anodyne as a composition of face maps.

Lemma 3.8.4. For every injective map i : A — B and every anodyne map j : X — Y the
pushout-product map

l@j(AXY)U(AX)()(BXX)—)(BXY)
induced from the commutative square

Ax X —BxX

N

AXY —BxY
1S anodyne.

This Lemma is the technical key to everything that will follows. Before we prove it, we
first want to discuss consequences. Note that for A = () the lemma implies that B x X —
B x Y is anodyne.

Definition 3.8.5. Let K be a Kan complex and X be an arbitrary simplicial set. A homo-
topy between maps f,g: X — K is a map

X xA' 5 K

restricting to f resp. ¢ along the two maps X — X x A! induced from the two maps
A - Al If A C X and f |4= g |4 then homotopy relative to A is a map X x Al - K
such that the restriction to A x A! C X x Al is constant in Al!, i.e. given by the composition

Ax A2 g4 Tazdla
The latter case in particular covers pointed homotopies.

Proposition 3.8.6. 1. The notion of (relative) homotopy between maps X — K is an
equivalence relation, in particular we have well-defined sets [ X, K] of homotopy classes
of maps and [X, K|, of pointed maps.

2. For Kan complexes K and L composition induces a well-defined maps

X, K] x [K,L] = [X,I] [X, K] x K, L], = [X, L,
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3. For every anodyne map j: X — Y, every Kan compler K and every diagram

Xfo

E

Y

K

any two lifts Y — K of fo are homotopic relative X. That is lifts are unique up to
homotopy.

Proof. ad 1: We first treat the case of absolute homotopy: The reflexivity of the relation ~
of being homotopic is clear as we can just consider the homotopy

XxA'® x L i

as a homotopy f ~ f. We will refer to this as the identity homotopy on f. To see that it is
symmetric assume that we have a homotopy h : X x A! — K from f to g. Then we form
the map

X X A(Q) = (X X 81A2) U(X><81’2A2) (X X 82A2) — K

which is given by h on X x 9,A% and by the identity homotopy on f on X x 9;A2. By
Lemma m the map X x A2 — X x A? is anodyne so that we can find an extension to
a map X x A2 The restriction of this map to 9yA? is then a homtopy from g to f. For
transitivity we proceed similarly. We combined homotopies h : f ~ gand b’ : g ~ k to a
map

XxAN - K

and extend to a map X x A? — K whose restriction to 9;A? is the ‘composition’.
For the notion of relative homotopy we proceed similarly: for example for transitivity we
combine homotopies h: f ~ g and I’ : g ~ k relative to A into a map

(A x A?) Uaxaz (X x AD)

which is in the first summand given by the ‘identity’ 2-simplex on the map f|a = g|a = k|a.
Then we can extend this to a map X x A2 — K and the restriction to 9;A? is a relative
homotopy from f to k.

ad 2: We have to show that for g >~ ¢’ we have fg ~ fg¢’ and gk ~ gk’. Both of these
cases are trivial as we simplt post/precomose the homotopy h : g — ¢’ with f resp g x ida:.

ad 3: For two extensions f, f': Y — K of fy we get a map
(X X AI) Ux xgal (Y X 8A1> — K
given on the first summand by X x A' 25 X P K and by Y x OA' =Y 1IY Y9 g on

the second summand. Using Lemma (note that X is obviously symmetric) we extend
to amap Y x Al — K which is the desired relative homotopy. O

Definition 3.8.7. We define the homotopy category Ho(Kan) of Kan complexes to have
objects Kan complexes and morphism homotopy classes of maps between Kan complexes.
A map K — L is called homotopy equivalence if it is an isomorphism in Ho(Kan). Similar
we define Ho(Kan,) and the notion of pointed homotopy equivalence.
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Clearly for every simplicial set X the set [X, K] is invariant under homotopy equivalence
in K. We claim that the notion of homotopy is compatible with geometric realization. This
follows from the following Lemma:

Lemma 3.8.8. For every simplicial set X and every finite simplical set Y the canonical
map | X x Y| — |X| x |Y] is a homeomorphism.

Proof Sketch. The functor — X |Y| commutes with all colimits since it has a right adjoint
given by Map(|Y'|, —). This is in fact true for every locally compact Hausdorff space in place
of Y and uses crucially that Y is finite so that |Y| i a finite CW complex and thus locally
compact. Thus since the map in question is natural we can write X as a colimit of simplicies
and reduce the general question to the case of the map |A™ x Y| — |A™| x |Y|. Now we
perform the same argument with interchanged roles and reduce to the case of the map

|A™ x A" — |A"| x |A™]

Now one has to explicitly analyse the simplices in A™ x A™ and see that this is the union
of non-degenerated simplices A" indexed by shuffles of n and m. We have a similar
decomposition of |A™| x |[A™| and so one sees that the two spaces agree under the canonical
map. ]

Warning 3.8.9. It is not in general true that the map | X x Y| — |X]| x |V is a home-
omorphism. This fails for point-set pathological reasons as the functor Map(Y, —) (with
the compact open topology) is not for every space Y right adjoint to — x Y. One way to
deal with that problem is to work in the category of compactly generated topological spaces
instead and perform all the constructions there. We will not need this and prefer to work
simplicially anyhow to avoid all sorts of point set problems.

In particular we see that | X x Al| = |X| x |Al|. Thus for any simplicial set X and every
topological space Y we get a bijection

[X, SingY] ~ [|X|,Y}

induced from the adjunction between Sing and |...|. We in particular immediately deduce

Proposition 3.8.10. The functors Sing and |...| induce adjunctions

|...| : Kan <» CW : Sing
|...| - Kan, <» CW, : Sing
|...| : Ho(Kan) <+ Ho(CW) : Sing
|...| : Ho(Kan,) <» Ho(CW,) : Sing
Definition 3.8.11. We define my(K) for any Kan complex as [A? K]. For a pointed Kan

complex K we define
(K, x) == [A"/OA", K],

where A™/OA™ carries the obvious basepoint.

Note that we can equivalently describe m,(K) as the set of maps A" — K that sends
the boundary 0A™ — A™ to the basepoint module homotopy relative to the boundary. In
particular the set 7, (K, z) is a quotient of the subset of K, consisting of those n-simplicies
all of whose faces are given by the basepoint. Note that a pointed simplicial set is the same
as choosing a basepoint in all K,, which is preserved by all face and degeneracy maps.
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Proposition 3.8.12. For a (pointed) topological space X we have canonical bijections m,(X) =
mn(Sing X). In particular m,(X) also (like homology and cohomology) only depends on
Sing X.

We now want to equip the sets m, (K) for n > 1 with the structure of groups, similar to
the topological case. To this end assume that we have two pointed maps

frg: A"/OA" - K
We can combine f and g into a map
A K

which is given by f on 9,A™"!, by g on 9yA™"! and by the constant map on all the other
faces of AT, Then we find a lift
A 5 K

and we define the composition to be the restriction of this map to 9; A", PICTURE!

Proposition 3.8.13. This operation is well-defined and equips m,(K) with the structure of
a group forn > 1.

Proof. For well-definedness we note that two different lifts of A"*' — K are homotopic
relative to the horn by Proposition m But then the restrictions to 9;A""! = A" are
homotopic relative boundary.

For associativity we consider the case n = 1 for simplicity first. We first claim that the
map Spine(2) = Al Upo A Upo A — A? given by the spine inclusion is anodyne. Then for
three given classes «, 3,7 € m(K) we get an induced map Spine(2) — K and lift it to a
map A% — K which then exhibits associativity:

For the case of higher n we form the following...
The case of inverses follows similarly by lifting against the correct horn. m
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We now want to show that the 7, (K) are abelian for n > 2. This can be done completely
elementarily by clever applications of the horn filling condition, but we want to give a
slightly more conceptual argument similar to the Eckmann-Hilton argument we gave in the
topological setting.

For this we introduce

Definition 3.8.14. We define simplicial sets (1" := (A')*", and 900" C [J" as the union of
all sub-simplicial sets A! x ... x 0A! x ... x Al. PICTURE
For a Kan complex K, we denote by 72)(K) the pointed homotopy classes

[O" /00", K.

Of course, these agree with the simplicial homotopy groups we defined previously. To see
this, we need a lemma:

Lemma 3.8.15. [f AC B C X, and A — B is anodyne, then the map
[X/B, K], — [X/A, K].
s an equivalence.

Proof. For surjectivity, we need to show that any map f : X — K which is constant on
A is homotopic rel A to a map which is constant on B. Now observe that f|p : B — K
is an extension of the constant map A — K, but since extensions along anodyne maps are
unique up to homotopy (Proposition and the constant map B — K is another such
extensions, we get a homotopy B x A! — K rel A between f|z and the constant map.

Using that X x {0} U B x A = X x A'! is anodyne (since it is the pushout product
(X, B) X (A',{0})), we can now extend the homotopy of f|p to a homotopy X x A — K|
rel A, between f and a map constant on B, as desired. (This is the general principle of HEP,
which we’ve just given the argument for again.)

For injectivity, we need to show that if two maps f,¢g : X — K which are constant
on B, are homotopic rel A, they are also homotopic rel B. So we choose a homotopy
h: X x A' = K between f and g rel A, and the strategy will be to deform this map h rel
X x OAYU A x A to one that is constant on B x A!, by a very similar trick like the one
that gave us surjectivity above.

Consider the restriction h|gyai. This is constant on B x OA' U A x Al and since

BxOA'UAx A' C Bx Al

is anodyne (pushout product (B, A)X(A!, DA')), we obtain a homotopy rel B x 0ATUA x Al
between h|gya1 and the constant map. By gluing this with the constant homotopy of
h|xxaa1, we get a homotopy rel X x AU A x Al between h|xxoniupxar and a map which
is constant on B x A!. Now, we extend this homotopy to all of X x Al again just using
HEP (which here boils down to the anodyneness of the pushout product (X x A', X x
OA'U B x A') X (A!,{0})). We thus obtain a homotopy, rel X x 9A' U A x A!, between
h:X x Al — K and a map ' which is constant on B x A!. But this 2’ now is a homotopy
between f and g rel B, as desired. [

In O, there is a specific n-simplex A™ — 0", given on posets by the map [n] — [1]*"
sending i € [n| to the sequence in [1]*™ given by 1 at indices < ¢ and by 0 at indices > i.
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We define C' C 0" as the minimal sub-simplicial set containing all (n — 1)-simplices, and all
n-simplices except for the one described above.

We also have a map r : 0" — A" sending a sequence = € [1]*" to i € [n], where i is
minimal such that x; = 0. This is a retract to the inclusion A™ — 0", and it induces a map

r* o, (K) = [A"JOA™, K], — [O"/00", K], = 7,

n

(K)
Proposition 3.8.16. The above map r* : 7,(K) — 72 (K) is a bijection.

Proof. 1t factors as the composite
[A"/OA" K], — [O"/C, K], — [O"/00", K|..

The first map comes actually from precomposition with an isomorphism of simplicial sets
Or/C — A™/OA™. One checks this for example by establishing that (" is obtained from C
by gluing in the missing n-simplex.

The second map is a bijection because of Lemma |3.8.15| using that 01" — C'is anodyne.
This one can see explicitly by attaching the n-simplices of C' in the right order. O]

We now can endow 7J(K) with n a priori different group structures, which we momen-

tarily denote by -; for 1 < i < n. We can form for two «, f : 0"/00" — K the combined
map

(B,a): At x .. x AT x ... x Al 5 K.

with A? in the i-th factor. We can then extend to the product A! x ... x A? x ... x Al and
restrict along the face 9;A? to obtain a new map a-; 3 : A x ... x Al x ... x A’ — K. This
defines an associative group structure precisely by the same arguments as for 71 (K) (and
in fact, we can identify this group 7-(K) as m; of some Kan complex obtained as suitable
internal Hom).

O

Lemma 3.8.17. For n > 2, the above group structures -; on

abelian.

(K) agree, and they are

Proof. We do this for the first two to simplify notation, the other pairs work completely
analogously. For a, 8,~,d : 0" /000" — K, we consider

(6,7, 8,a) : AT x AT x A x ... x A' = K

putting the four maps on the four different copies of (1" the domain consists of. Now if
we first extend to A? x A? x ... and then to A? x A? x ..., we obtain a representative of
(a1 B) -2 (7 -1 §) when restricting to Al x A x .... If we do it the other way, we get a
representative of (a5 ) 1 (82 0). But since extensions along anodynes are unique up to
homotopy, we learn that these two classes agree, i.e. -1 and -5 satisfy the assumptions of
Eckmann-Hilton. Thus, the claim follows. O]

Proposition 3.8.18. The bijection v* : m,(K) — 7(K) is a group isomorphism. In
particular, m,(K) is abelian for n > 2.

Proof. We show that the map is a homomorphism with respect to -1, the composition in

7J(K) using the first coordinate. Given «, : A" — K, we find an (n + 1)-simplex o :

n
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A" — K, whose faces are given by (8,a - 3,,0,...). We now embed A™"! into A% x
(A1)"=! by the map [n + 1] — [2] x [1]*"~! given by

(0,0,0,...) — (1,0,0,...) = (2,0,0,...) = (2,1,0,...) = (2,1,1,...) = ...

There is a retraction A% x (A')"~! — A" onto this n + 1-simplex, which on posets sends
a sequence z € [2] x [1]*"~! to

(n+1ifall 2; #0,
1+ 1 if the smallest index ¢ at which z; = 0 satisfies ¢ > 2,
x — < 0 if z starts with (0,0,...),
1 if x starts with (1,0,...),
| 2 if = starts with (2,0,...).

Now we precompose the map A" — K with faces (8, - 3, ,0,...) with this retraction.
We obtain a map A% x (A')*"~! — K which on the faces ;A% x (A1)*"~1 is given by r*3
for i = 0, r*(af) for i = 1, r*a for i = 2, as we will check in a moment. This implies the
result, since this extension to A? x (A!)*"~! witnesses r*(af) = r*(a) -1 7*(5).

For the remaining claim, it suffices to check that on all three faces, the composite is
constant on the respective C' C 0", and is given by 3, af resp. a on the last n-simplex.
This one can work out directly from the description of the map on posets. For example, on
the face 9pA? x (A')*"~1 the map never hits 0, i.e. factors through dyA™"!, and sends all
simplices to degenerate simplices or boundary simplices except for the one given by

(1,0,...) = (2,0,...) =» (2,1,0,...) — ...
One similarly proceeds for the other faces. n

Now we finally want to prove the key Lemma [3.8.4] The proof will crucially rely on the
following claim:

Lemma 3.8.19. The class of anodyne morphisms is the smallest class closed under pushouts,
retracts and transfinite compositions containing the morphisms kX[ for k : A — B any monic
and | any map A — AP

Before we verify Lemma let us first show that it implies Lemma We want
to prove that for a given monomorphism ¢ and anodyne morphism j the morphism 7 X j
is anodyne. For fixed 7 the constrtuction j — j X4 commutes with pushouts, retracts and
transfinite compositions as one easily checks. Thus using Lemma [3.8.19] it suffices to treat
the case j = kX [. But then we have that

iR (kX)) = (i RE)KI

and the claim will follow from the fact that for monics ¢ and k the induced morphism i X k
is monic as well together with another application of Lemma [3.8.19, The statement about
monics is clear since the corresponding statement obviously holds in the category of sets.

2There are of couse precisely two maps
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Proofsketch of Lemma[3.8.19. We first claim that any morphism kX1 is anodyne. We write
the map k£ : A — B as an iterated pushout along horn inclusions, i.e. A = Ay — A} —
... = B where A, is the subsimplicial set of B generated by the non-degenerate n-simplices
in B, \ A,. This is a relative version of the skeletal filtration. It follows that the map
A — B is transfinite composition of pushouts along 0A™ — A" Since k K [ preserves
pushouts and transfinite compositions in £ we can thus without loss of generality assume
that k£ = (OA™ — A™).
Thus we have to show that

(8A” X AI) J1FYNS A" — A" x Al

is anodyne where A™ is attached to the upper or lower part of the cylinder (picture). In order
to see this we observe that A" x A! has (n+1)-nondegenerate (n+1)-simplices corresponding

to the maps
h; A" AT Al

given by shuffles:
(0,0) = (0,1) » ... » (0,5) = (L,j) = (1,j+1) = ... = (1,n) .

We have to attach them one after the other in the order h,,, h,_1, ..., by along horn inlcusions,
that the morphism in question is

Xo—> X1 —...— X,

such that each morphism fits into a pushout square

n+1
An—i - X’

|

1
A Xy,

This shows the first direction.
Conversely for k < n we consider the retract A — A" x A’ — A" in which the first
map is given by [n] — [n] x [1] with j — (1,7) and the map [n| x [1] = [n] by the diagram

S —

Then by construction we have a retract diagram

k

l—... ——

Af —— (A" x {0}) H(apxqoy) (AR x A') —= A}

| | |

A" A" x Al A"

which shows that the horn inclusions are retracts of maps in the class generated by the maps
in question if £ < n. For the case k = n we either make a symmetrical argument or pass to
opposite simplicial sets. O
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Definition 3.8.20. A map of simplicial sets X — Y is called weak homotopy equivalence
if for every Kan complex K the induced map [Y, K] — [X, K] is a bijection.

Example 3.8.21. Every anodyne morphism is a weak homotopy equivalence. To see this
we can construct and inverse by lifting, which is unique by Proposition [3.8.6]

Remark 3.8.22. One can show that also the converse holds true: a monomorphism of
simplicial sets is anodyne precisely if it is a weak homotopy equivalence. This is a deep
result which we will not prove here and also not need it.

Proposition 3.8.23. A map K — K' between Kan complexes is a weak homotopy equiv-
alence precisely if it is a homotopy equivalence. For every weak equivalence X — Y of
simplicial sets the inuduced map |X| — Y| is a homotopy equivalence of spaces.

Proof. The first part is Yoneda and the second follows by adjunction since we get that
Y], M] — [|X], M] is a bijection. O

Proposition 3.8.24. For every simplicial set X there exists a weak homotopy equivalence
X = Xk where X is a Kan complex. Any two such Kan replacements are homotopy

equivalent. In fact, the map X — Xg can even be chosen to be anodyne and the construction
X — (X — Xg) functorial in X .

Proof. Small object argument. O
Definition 3.8.25. For any pointed simplcial set X we define
(X, x) = 1 ( Xk, )

These homotopy groups are clearly invariant under weak equivalence in X using that for
if X ~, Y then Xx ~ Y.

3.9 Comparison of homotopy theories

The main purpose of this section is to show that the homotopy theories of simplicial sets
and the one of topological spaces are equivalent. Recall that we had the adjunction

|...| : sSet «<» Top : Sing
and this in particular comes with a unit transformation
K — Sing | K|
for every simplicial set K.

Theorem 3.9.1. For every Kan complex K the map K — Sing |K| is a homotopy equiva-
lence.

We will prove this theorem (maybe) later but now want to take it on faith and use it to
develop the theory. We note that this result is in fact equivalent to the seemingly stronger
result that for every simplicial set X the induced map

X — Sing | X|
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is a weak equivalence. To see the non-obvious implication we simply note that for X we
consider the map X — Xy and get that |X| — |X; is a homotopy equivalence, thus
Sing | X| — Sing | X k| is a homtotopy equivalence. But then in the square

X Xk

| |

Sing | X| — Sing | Xk |

all morphisms except the left vertical are weak equivalences, thus also the left vertical one.

Corollary 3.9.2. 1. For any simplicial set X we have an isomorphism of groups m,(X, z) =
(X1, 2).

2. A map X — Y of simplicial sets if a weak equivalence iff | X| — |Y| is a homotopy
equivalence iff it is a T, iso (simplicial Whitehead) ]

3. Amap f: X =Y of spaces is a weak equivalence iff Sing X — SingY is a homotopy
equivalence of Kan complezes.

4. For any topological space X the map |Sing X| — X is a weak homotopy equivalence.
In particular each space is weakly homotopy equivalent to a CW complex.

5. The functor Sing and |...| induce inverse equivalences

Ho(CW) ~ Ho(Kan) .

6. The full inclusion
Ho(CW) C Ho(Top)

admits a right adjoint given by X +— | Sing X| or any other CW appmximationﬁ

Proof. 1) We note that the map X — Sing|X| qualifies as a Kan replacement, thus can be
used to compute 7, for X. But m,(Sing | X|) = 7, (| X]).

2) By the first and the classical Whitehead we find that the second two conditions are
equivalent. If | X| — |Y] is a homotopy equivalence, then so is Sing | X | — Sing |Y'| and thus
also X = Y.

3) Since 7, (Sing X) = m,(X) we get this immediately from (2).

4) We apply the criterion of (3) and use the commutative triangle

Sing X —— Sing | Sing X|

ey

Sing X

in which the upper horizontal map is a weak equivalence by Theorem [3.9.1}

(5) Clear, since unit and counit are equivalences. (6) We have to show that for weak homo-
topy equivalence X = X of spaces such that X isa CW complexes and every CW complex
Y the induced map

Y, X] = Hompo(ew) (Y, X) — Hompe(rop) (Y, X) = [V, X]

3In reality one has to prove this theorem first in order to deduce Thus the argument here is a bit
circular.
4That is a CW complex X’ with a weak homotopy equivalence X’ — X.
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is a bijektion. To see this we can without loss of generality assume that Y = |K| for a Kan
complex and then we get that this map is given by

(K, Sing X] — [K, Sing X]
which is a bijection since the map SingX — Sing X is a homotopy equivalence. [

Now we want to see some immediate consequences.

Proposition 3.9.3. Any weak homotopy equivalence of spaces X — Y induces isomorphisms
fo it Ho(X5 M) — Hy (Y M) and H¥(Y; M) — H*(X; M) for all coefficients M.

Proof. Follows immediately from the fact that for a weak equivalence of spaces X — Y the
induced map of simplicial sets is a (weak) homotopy equivalence and the fact that homology
for simplicial sets is invariant. [

Remark 3.9.4. Recall the Eilenberg-Steenrod axioms: a (co)homology theory was a pair
consisting of a functor F, : Top? — grAb or E* : (Top?)®? — grAb together with natural
morphisms § : E,(X, A) — E,,_1(A) such that the following axioms are satisfied: Homotopy
invariance, long exact sequence, additivity, excision and dimension (without the last it was
a generalized cohomology theory). Homotopy invariance was that a map

(Homotopy invariance) If f ~ g then f, = g, (resp. f* = g¢*.

This is equivalent to say that for f a homotopy equivalence the induced maps f, is an
isomorphism. Only using the axioms we could show that the value of a cohomology theory
is uniquely determined for CW complexes . But now we observe that singular homology has a
much stronger invariance property, namely that we get isos for weak homotopy equivalences
between spaces. Thus it satisifes the following variant:

(Weak Homotopy invariance) If f : X — Y is a weak homotopy equivalence, then
f« (resp. f*) induces and isomorphism E,(X) — E.(Y) (resp. E*(Y) — E*(X)).

In that case we say that the homology (or cohomology theory) satisifies weak homotopy
invariance. We now get that an ordinary homology theory which satisfies weak homotopy
invariance and the dimension axiom is uniquely determined by its value on the point (and
agrees with singular homology).

Lemma 3.9.5. If a simplicial set X already has fillers for all horns of simplices of dimension
1 < n then we can find a Kan replacement X — Xg that is an isomorphism on i-cells for
1< n.

Proof. We use a version of the small object argument to construct Xx where we attach in
each step only those horns that do not already admit fillers. Since the inclusion of a horn
into A’ for j > n is an isomorphism on i-cells for i < n this does not change the simplices
in dimension < ¢ at each step. [

Theorem 3.9.6. We have that m;(S™) =0 for k < n.

Proof. We observe that |A™/0A™ = S™ so that it suffices to show that m;(A"/OA™) = 0 for
k < n. The simplicial set A™/OA™) is a point in each simpicial degree < n. As a result it
has fillers for all horns of A® with ¢ < n as all the maps A} — A"/OA™ are constant. Thus
by the precious lemma we can construct a Kan replacement which also does not have any
non-trivial cells in dimension < n which immediately shows the claim. [
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Definition 3.9.7. Let C be a category and W be a class of morphisms in C. We say that a
functor k : C — C’ exhibits C’" as the localization of C with respect to W if it satisfies:

1. k sends the morphisms in W to isomorphisms in C'.

2. For every category D the induced functor
k" : Fun(C’, D) — Fun(C, D)

is fully faithful with essential image consisting of those functors C — D that sends W
to isomorphisms.

In this case we shall also write C' = C[IW 1.

Example 3.9.8. Consider the category Top and let H be the class of homotopy equivalences.
Then the functor x : Top — Ho(Top) exhibits Ho(Top) as the localization at H.

To see note that for some category D we have that x* embeds Fun(Ho(Top), D) as the
full subcategory of Fun(Top, D) consisting of those functors Top — D which send homotopic
morphisms in Top to the same morphism in D. Thus the claim follows from the assertion
that a functor I’ : Top — D sends H to isomorphisms in D precisely if it sends homotopic
maps to the same map in D. Lets prove this:

If I sends H to isos, then it sends pr : X x I — X to an isomorphism. But then it
sends 19,71 : X — X X I to the same map as they are both one sided inverses to pr. Thus
homotopic maps f,g: X — Y are also sent to the same map. The converse is clear.

Example 3.9.9. Similar to the last example we see that Kan — Ho(Kan) and CW —
Ho(CW) are localizations at the respective homotopy equivalences.

Proposition 3.9.10. Any two localizations of C at W are canonically equivalent. More
precisely for k : C — C' and k' : C — C" localizations there is an equivalence f : C' = C"
of categories together with a natural isomorphism fr ~ k' and this f is unique up to unique
natural isomorphism.

Proof. Clear by the universal property. O]

Proposition 3.9.11. For any largd| category C and any class W there exists a localization
k:C — CIW=] with C[W Y| large as well and the functor k is essentially surjective.

Proof. 1f one closed the class W under the 3 for 2 property and adds all identity morphisms
then the localization does not change (by the universal property). Thus we can without loss
of generality assume that W is closed under 3-for-2 and contains all identities.

Now we define a candidate category C[IW 1] as follows: the objects are the same as the
objects of C. For any pair of objects ¢,¢’ € C a morphism in C[W™!] is represented by a
ZigZag

d0<:d1—>d2<1d3—>...—>dn<:c'.

where the arrows pointing to the left are in W. Two such ZigZags are identified under the
following operations:

5Meaning that the objects as well as the morphisms form a large set.
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1. Skipping an identity and composing adjacent morphisms:

dy <i dj11 d, dj1o & dp13... is equivalent to dy, ﬁ d1s3
and similar for left pointing identities.

2. Hammocks: two morphisms are equivalent if there is a diagram of the form

dy<=—d, dy <= dy d,
do = dl d2 = d3 dn

Then we define composition of morphisms by concatenation of ZigZags. The identity on c is

defined to be the ZigZag of length 0 (or equivalently the ZigZag ¢ 9 ¢ & ¢ Then it is clear
that this defines a category as the composition if clearly well-defined on equivalence classes.

There is also a functor C — C[W '] which sends the object ¢ to ¢ and a morphism ¢ — ¢
to the ZigZag

c—d &
and it is again clear by definition that this is a functor. Moreover this functor has the
property that it sends W to isomorphisms in D. To see this we claim that the morphism
¢ ¢ & ¢ s the inverse to w.
We now want to verify that this functor satisfies the universal property. To this end we

claim that a functor
F:C—7D

that sends W to isomorphisms extends uniquely to C[W~!]. Indeed the extended functor has
to send the ZigZag ... to ... A similar argument shows that natural transformations extend
uniquely. This shows that the category of functors Fun(C[IW '], D) is in fact isomorphic to
the full subcategory of Fun(C, D) consisting of those functors that send W to isomorphisms.
In particular it is equivalent and this finishes the proof. m

Warning 3.9.12. Even if C is locally small then C[W ] does not need to be locally small in
general! This is why sometimes it is claimed that the localization might not exist in general.
The reason is that the morphisms in our construction of the localization above are quantified
over all objects dy, .., d, which are not a small set of C has a large set of objects.

Now we consider the category sSet of simplicial sets and want to study the localization
of sSet at the class of weak homotopy equivalences sSet[WW ']

Proposition 3.9.13. The functors CW — Top S8 Kan — sSet induce equivalences
CW[W Y — Top[W 1] 225 Kan[W '] — sSet[W ]

where W denotes the set of respective weak homotopy equivalences.
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Proof. We have inverse functors given by

1. Kan replacement (which we do not need to chose functorially here, it is automatically
functorial on the homotopy category)

2. Geometric realization
3. CW approximation

These descend to the localized categories by the universal property and then it is easy to see
that they are inverse. It is easy to see that these are inverse. O]

Remark 3.9.14. The homotopy categories in question capture the essence of being homo-
topic and homotopy classes of maps. But they are from a categorical point of view not very
well behaved, e.g. they do not admit colimits and limits in general. The reason is that the
homotopy category Ho Kan or any of the equivalent categories is only a ‘truncation’ of the
real object, namely the co-categorical localization of Kan at the homotopy equivalences. For
our purposes the homotopy category will be good enough, but we will get a glimpse at some
of the oo-categorical aspects when we discuss homotopy limits.

3.10 Cellular approximation

Recall that a map f between CW complexes X and Y is called cellular if f(X™) C Y™, i.e.
cells of dimension n are sent to cells of dimension less or equal to n. The result that we want
to show in this section is the following:

Theorem 3.10.1 (Cellular approximation). Every map f : X — Y of CW complexes is
homotopic to a cellular map. If f is already cellular on a subcomplex A C X then the
homotopy can be taken constant on that subcomplez.

Corollary 3.10.2. If a CW compler X has one O-cell and all other cells have dimension
> n then it is n-connected.

Proof. We get m;,(X) = 0 for k < n using that maps from spheres can be made cellular. [

Note that this argument again implies that the lower homotopy groups of spheres are
trivial (and this is the standard proof). It is basically a topological version of the simplicial
proof that we gave.

Definition 3.10.3. A homotopy X x I — Y is called cellular if it is cellular for the product
cell structure on X x I induced from the cell structure on the intervall I = |A!|, i.e. it has
two O-cells and one 1-cell. We say that two cellular maps are cellular homotopic if there
exists a cellular homotopy between the two maps. We define Ho(Cell) to be the cellular
homotopy category of CW complexes, i.e. maps are given by

{Cellular maps X — Y}

X Y Ceé. =
(X Yceu cellular homotopy

A cellular homotopy equivalence is an isomorphism in this category.
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Remark 3.10.4. The description of the category depends on the fact that cellular homotopy
is an equivalence relation compatible with composition. This is not completely obvious
but can be checked. We will not do this here since it also directly follows from the next
description.

Corollary 3.10.5. Two cellular maps are cellular homotopic precisely if they are homotpic.
The functor Ho(Cell) — Ho(CW) is an equivalence of categories.

Proof. We replace a given homotopy h : X x I — Y (not necessarily cellular) by a homotopic
cellular map b’ : X xI — Y that agrees with h on the subcomplex X x9I C X xI. This shows
the first part and the fact that the functor is faithful. The fact that it is full immediately
follows from the cellular approximation Theorem. ]

Warning 3.10.6. Assume that our spaces X and Y are already cellular homeomorphic to
realizations of Kan complexes. Then by the equivalence of homotopy categories between
Kan complexes and CW complexes (and since realization sends maps to cellular maps) we
immediately see that every map f : X — Y is homotopic to a cellular map. This give a proof
(of the non-relative version) of the cellular approximation theorem in this case. However,
not every CW complex X is homeomorphic to the geometric realization of a Kan complex.
This is only true up to homotopy equivalence as the map |Sing X| — X is a homotopy
equivalence. The problem is that this map is not only not a homeomorphism but not even
cellular, thus the cellular approximation theorem can not be deduced along these lines (at
least not without some effort). However, it follows from the cellular approximation Theorem
that this map | Sing X| — X can be replaced by a cellular homotopy equivalence which one
would otherwise have to prove by other means.

Proof of Theorem [3.10.1. We want to use induction over a cell structure of the pair (X, A)
to make the map gradually cellular on a larger subspace. Using the using the usual argument
of composing infinite strings of homotopies it thus suffices to make a map f : X — Y that
is cellular on A into a homotopic map f’ : X — Y that is cellular on AUe C X. We will
first homotop the restriction f|au. to a map that is cellular and the adhere to homotopy
extension. Thus we can without loss of generality assume that (X, A) consists of a single
cell. Furthermore using that X is the pushout of A along a map D™ — D" we can even
assume that (X, A) = (D", 0D").

We thus consider a map f : D" — Y that sends 0D" to the (n-1)-skeleton of Y. It will
hit finitely many cells of Y. Let €™ C Y be one of these cells of maximal dimension. We
can assume m > n, otherwise the map f is already cellular. We consider the subcomplex
Y’ C Y which consists of the (m — 1)-skeleton together with all other m-cells of Y. Thus we
have that the m-skeleton of Y is given by

Y, =Y Ue™ =Y 1lypn D™

We claim that we can homotop our map f relative to D™ to a map that avoids the cell e™.
This then inductively finishes the proof as we can then inductively avoid all the cells. To see
the claim it suffices to show that the relative homotopy group m, (Y’ Uspm D™, Y") vanishes
(by the definition of relative homotopy groups this is exactly the obstruction). By the long
exact sequence in homotopy groups

— 1 (Y") = 1,(Y' Typm D) — 7, (Y' Hopm D™, Y") — 7, 1 (V') = w01 (Y Tgpm D™) — ...
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it suffices to show that the maps
Wn(Y/) — 7Tn(Y/ HBDm Dm) and 7Tn,1(Y/) — 7Tn,1(Y/ HaDm Dm)

are isomorphisms. We show the first for arbitrary n < m and arbitrary Y’ so that the second
also follows.

To show this we can replace the space Y’ by any homotopy equivalent space since we
already know that the homotopy type of the pushout only depends on the homotopy class
of the attaching map. Thus we replace Y’ by the geometric realization of a Kan complex K.
We can morever assume that the attaching map 0D™ — |K]| is given by a map of simplicial
sets 0A™ — K since we know every map is homotopic to one of those. Thus we consider
the question whether for any Kan complex K and any such map the induced map

induces an isomorphism on m,. But by Lemma we can find a Kan replacemement K’
for K 1Igam A™ so that the induced map K — K’ is an isomorphism on the (m — 1)-Skeleton
which immediately implies the claim since n < m — 1. O]

3.11 Simplicial Whitehead

In this and the next section we want to develop tools to sketch a proof of Theorem [3.9.1]
For that we will need a simplicial Whitehead theorem. We first prove a simplicial version of
the compression Lemma.

Lemma 3.11.1. Let A — K be an inclusion of Kan complexes which induces an isomor-
phism on all homotopy groups. Then for a simplicial set X the map [X, A] — [X, K] is
bijective.

Proof. We claim: every map A" — K, whose boundary maps to A, is homotopic relative
boundary to one which lands entirely in A. Believing that claim, we can proceed to show
inductively that for every pair (X, Z), a map X — K sending Z to A is homotopic rel Z to
one that sends X into A. To see this, we can induct over skeleta, homotoping the map rel
Z to map sk"X U Z into A. In the inductive step, we need to homotope maps A"t — K
rel boundary into A, which we can by the claim.

Using this statement about pairs, surjectivity of [ X, A] — [X, K] is done by applying to
the pair (X, ), while injectivity uses the pair (X x Al, X x 9A!).

To check the claim, first observe that it is enough to check that any map of pairs
(A", 0A™) — (K, A) is homotopic to one with image in A through maps of pairs (not
necessarily relative boundary). Namely, given such a homotopy

A" x Al 5 K,

we can homotope it on JA™ x A! within A to a map which factors through the projection
OA™ x A' — QA" since this map is a weak homotopy equivalence and A is a Kan complex.
Using homotopy extension (first on one end within A, then for the rest within K'), we obtain
the desired homotopy rel boundary.

Now note that when freely homotoping such a map of pairs, we can first assume it to be
constant on the sub-simplicial set A C A", since that is contractible. The remaining map
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f:0,A™ — A represents an element in homotopy, which in K is bounded by the map A",
so fis zero in m,_1(K). But m,_1(A) — 7,_1(K) is an isomorphism, so f is zero in m,_1(A).
So we can in fact homotope any map (A", 0A™) — (K, A) to one which is constant on JA™.
This therefore represents an element in 7, (K), and since m,(A) — m,(K) is an isomorphism,
it is homotopic to one with image in A. O]

Theorem 3.11.2 (Simplicial Whitehead). Given a map of Kan complexes f : K — L
which induces isomorphisms w;(K) — m;(L) on all homotopy groups. Then it is a homotopy
equivalence. In particular, the two possible notions of weak equivalence of simplicial sets (as
in Definition or as “map which induces isomorphisms on homotopy groups of Kan
replacements”) agree.

Proof. The “simplicial mapping cylinder” K x A!'II; L has the property that the inclusion
of L is anodyne, since it is a pushout of the inclusion K x {1} — K x A'. So if we let L’ be
a Kan replacement of the mapping cylinder, we easily see that the original map f factors as
K —- L' — L, and L — L' is a homotopy equivalence. Since K — L’ is an inclusion of Kan
complexes, we have reduced to the case where f is injective.

In that case, by the simplicial compression lemma, the map K — L induces an isomor-
phism on all [X, —]. So an application of Yoneda shows the claim. O

This enables us to perform a very useful construction:

Lemma 3.11.3. Let K — L be a map of Kan complexes which is an isomorphism on
homotopy groups m; for i < n, and surjective on m,. Then there exists a diagram of Kan
complexes

K —— L

1

where the diagonal map is a homotopy equivalence and the vertical map s an inclusion which
15 bijective on n-skeleta.

Proof. Assume WLOG that everything is connected and pick basepoints. We build L’ in-
ductively from K by attaching simplices of dimension > n + 1, making the map L' — L
into an isomorphism on homotopy groups. We start with L, = K. This comes with a map
L, — L. Take generators of the kernel of 7,(L,) — m,(L), and form a pushout

[[A"/0A" — L,

! |

[TA™ /AT —— P,

We let P! be a Kan replacement of P,, which we can form by Lemma by attaching
only simplices of dimension n+ 1 and higher, since all < (n+ 1)-horns already possess fillers.
In particular, this can also not introduce new elements in 7,, making the first of the maps

(L) = m(P) — 7, (L)

surjective. But since the kernel of the first map by construction contains the kernel of
the composite, we see that the second map is a bijection. We now form the simplicial set
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\/ AT /AL v P! with one summand for each generator of (L), choose the map
\/ A" /gAML v P! — [ accordingly, and Kan-replace, again using Lemma , denoting
the replacement by L,.;. We have obtained a new Kan complex, still with the same n-
skeleton as K, but such that the map L, 1 — L is bijective on homotopy in degrees < n+1
and surjective on m,,;. This we can iterate. In the end, we let L’ be the colimit of all Ly,
and by Whitehead the map L' — L is a homotopy equivalence. [

3.12 Hurewicz
Recall that for a space X, we have a natural transformation
T (X) = H,(X).

Typically, this is far from an isomorphism (for example, 75(S! x S') = 0 but Hy(S* x S') =
Z), but in Topology 1 we saw that for n = 1 and X connected, it is an isomorphism after

abelianisation: N
m(X)* = H(X).

In this section, we want to discuss a powerful generalisation of this fact:

Theorem 3.12.1 (Hurewicz theorem). Let n > 2 and let X be an (n — 1)-connected CW-
complez, i.e. m;(X) =0 fori <n. Then the natural map

T (X) = H,(X)
1 an isomorphism.

Remark 3.12.2. One way to remember this result is remembering that the lowest non-
vanishing homotopy group agrees with homology after mofifying the homotopy group so
that this statement parses:

1. Ho(X) is the free abelian group on the set my(X). This is the way to make a set into
an abelian group.

2. If mo(X) = 0 then H;(X) is the abelianization of m;(X). This is the way to make a
group into an abelian group.

3. If 7T0(X) = 7T1(X) = 0 then HQ(X) = 7TQ<X) etc.

Just like cellular approximation, we will prove this statement in the simplicial world. For
that, let us set up the Hurewicz homomorphism.

Given a pointed Kan complex K and an element f € m,(K) represented by a pointed
map A"/OA™ — K, we can assign to f the image of the preferred generator of ]:vln(A" JOA™)
(given by the identity simplex ¢ : A™ — A" /OA™) under the induced map

fo s Hy(A™JOA™) — H,(K).

This defines a map m,(K) — ﬁn(K ), well-defined since homology is homotopy invariant. We
can postcompose with the iso H,,(K) — H,(K), since n > 0, to land in absolute homology,
but for some arguments reduced homology will be easier to work with.



CHAPTER 3. TOPOLOGY III, WINTER TERM 2025/26 217

To see that this is additive, suppose we are given f, g : A"/OA™ — K. Then there is a
map s : A" — K defining the sum (f + g), with Oys = got, O1s = (f +g) o, Das = fou,
and all other faces constant. So, in the reduced chain complex C, (K, kg), we have

Ols] =lgod =[(f +9) ot +[fod

so in homology, (f + ¢)«[t] = fi[t] + g+[¢], and thus the Hurewicz map is a homomorphism.
We will prove the following

Theorem 3.12.3 (Simplicial Hurewicz). Let n > 2. If K is a pointed Kan complex with
mi(K) =0 fori <mn. Then the Hurewicz homomorphism

T (K) — H,(K)
s an isomorphism.

Note that the simplicial Hurewicz theorem implies the topological Hurewicz theorem
3.12.1] even without reference to Theorem [3.9.1] since for a CW complex X, the simpli-
cial homotopy and homology of the Kan complex Sing(X) agree with the homotopy and
homology of X by the adjunction.

The key ingredient in the proof will be the following lemma:

Lemma 3.12.4. Let n > 1, K be a pointed Kan complex, and f : A" /sk" A" 5 K q
pointed map. Then the restrictions f|san+1 represent elements in m,(K), and

n+1
> (1) [flaann] =0
i=0
in m,(K) (abelianized if n =1).
Proof. Draw picture for n = 1! We introduce some terminology. A list of maps f; :

A" /OA™ — K for 0 < i < n+ 1 defines a map
£ OAML /KA L |

with f; = flo,an+1, and we denote f by the tuple (fo,..., fat1). We call (fo,..., fat1)
“fillable” if the associated map extends to all of A"*!/sk" 'A"+1  So the claim is that
(fo,- -+, fat1) fillable implies that Y,(—=1)"[f;] = 0. We will actually prove that equivalence
holds.

The plan is to use fillings for (n + 2)-horns to show that certain tuples are fillable. For
a family f;; : A"/OA™ — K, indexed over 0 < ¢ <n+1and 0 <j <n+2, wesay (f;;) is
“compatible” if, for every ¢ < j, we have f; ; = f;_1,. If we arrange the f;; as a matrix, this
is some kind of shifted symmetry along the broken diagonal drawn below.
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These symmetries are coming from the simplicial identities 0;0; = 0;-10; for i < j. In
fact, we immediately see: A compatible family (f;;) defines a map

F:sk"A"P2 sk TAM? 5 K

With F|gen (g, an+2)/gn-1 given by the map 00;A™+? /sk"' — K which corresponds to the
tuple (fi)o<i<nt1-

Now say we have a compatible such family, and all except for one column define fillable
tuples. Then the remaining column is also fillable. This is easy to see, because the fillings
for the other tuples define a map

AP Jskn T K

k being the index of the remaining column. Equivalently, this is a map A}*? — K, which
is constant on the n — 1-skeleton. K being a Kan complex, we can extend this to a map
A™? 5 K| still necessarily constant on the n — 1-skeleton, and thus a map A™2/sk" . If
we restrict to A2 /sk" !, we found a filling for the k-th column.

Now we proceed as follows:

(1) Tuples (0,0,...,0, f, f,0,...,0) are fillable. This is clear, since an explicit filling is given
by orf, k the correct index.

(2) Tuples (f,g,h,0...,0) are fillable if and only if [g] = [h] + [f], since this is the definition
of the group structure. Note how this already proves the lemma in the case n = 1.

(3) Tuples (f, f,0,...,0,9,9,0,...,0) are fillable. To see this, consider the compatible fam-
ily

- f f f -
f f f
g g
g g
g g
g g

Here all of the columns except for the third are fillable because of (1), so the third is
fillable too. (The case for (f, f,g,¢g) is a bit degenerate, there we have only 6 g’s, but
the argument still goes through.)

(4> Atuple (f07 s 7fk*17fk7fk+1707 ce 70) is fillable if and Onlyif(f07 - '7fk717fk_fk+170707 ce 70)
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is. To see this, consider the compatible family

fo fo hf fo fr Jr fre1 0 0
f fi f fo fr—1 (fi = frerr) O 0 0
fa fo 0 0 0 —ferr —fen 0 0
fr—1 fr—1 0 0

e (fx = fos1) = frr 0

frt1 0 — fr1 0
0 0 0 0
O 0 O 0 e “e e 0

Here all columns except for the first two are fillable because of (1), (2) and (3). So the
first one is fillable if and only if the second one is fillable. (This argument goes through
for k > 2), for smaller k the claim is a special case of (2).)

(5) The lemma now follows by inductively applying (4) to reduce the fillability of a family
(fo, -+, fn) to the fillability of the family (>°.(=1)"f;,0,...,0).

]

Proof of the simplicial Hurewicz theorem. By applying Lemma to the map A — K,
we can replace K by a homotopy equivalent K with (n — 1)-skeleton a point. So we assume
K to be of that form. In that case, we can now directly construct an inverse to the Hurewicz
homomorphism. Given an n-simplex A" — K, it factors uniquely through A"/0A™ — K,
which defines an element of 7,(K). Extending linearly, we obtain a map

Cp(K, A% — 7,(K),

which by Lemma |3.12.4] factors through ﬁn(K ). One now checks directly that both com-
posites

oK) = Hy(K) = mo(K),

H,(K) = mo(K) = H,(K)

are the identity. For the first one, this is immediate, for the second one, we check it on
generators (single simplices). O
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This concludes the proof of the simplicial and topological Hurewicz theorems. As a first
application, we see:

Corollary 3.12.5. m,(S™) 2 Z, given by the mapping degree.
Corollary 3.12.6. A simply-connected CW-complex with trivial homology is contractible.

Remark 3.12.7. There are examples of spaces with trivial homology and perfect, nontrivial
.

There is also a relative version, which we now want to sketch. For a CW pair (X, A),
there is a relative Hurewicz homomorphism

(X, A) = Hy (X, A),
and we have

Theorem 3.12.8 (Relative Hurewicz theorem). Let n > 2, (X, A) be a CW pair, and
mi(X, A) =0 for i <n. In addition, assume X and A to be connected and w(A) = 0. Then

(X, A) = H,(X, A)
s an isomorphism.

To phrase this simplicially, we need to introduce relative homotopy groups of a pair of
Kan complexes.

Definition 3.12.9. For a pair (K, A) of pointed Kan complexes, with basepoint ko and
n > 1, we let m,(K, A; ko) denote the set of homotopy classes of maps of triples

(A", OA", A") = (K, A, ko).

This again gets a group structure for n > 2, abelian for n > 3. The sum [f] + [g] is
defined by extending along the anodyne inclusion

U 9. ALy AL
i
i#1n+1

the map which is given by g : A" — K on 9yA™, f on A" constant maps on all other
faces. Note the last one is not included in the list since this is where the composition on the
‘boundary’ happens. The relevance of relative homotopy groups for us is that there is a long
exact sequence:

Lemma 3.12.10. For a Kan complez pair (K, A), we have a long exact sequence
e = T(A) 5 T (K) = mo (K A) = 11 (A) — oo

where the first two maps are the obvious induced ones, and the connecting homomorphism
restricts a map (A", 0A™ A?) — (K, A, ko) to 0, A".

We also have a relative simplicial Hurewicz homomorphism
(K, A) = H, (K, A)

given by sending a representative A" — K of a relative homotopy class (in particular, the
boundary 0A™ lands in A!) to the homology class of the corresponding relative cycle in

Ch(X,A) = Cr(X)/Ch(A).
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Theorem 3.12.11. Letn > 2 and (K, A) be a pair of Kan complexes, and assume m;(K, A) =
0 fori <mn, A simply connected and K connected. Then

(K, A) = H,(K,A)
1S an isomorphism.

Proof sketch. Using Lemma [3.11.3] we can replace the pair by one where A and K have the
same (n — 1)-skeleton. Then the crucial ingredient is that, as sets,

(X, A) = [(A", 0A"), (K, A)].

This uses the simply-connectedness of A in addition to homotopy extension. (In general,
there is a m;(A)-action on 7, (X, A), which we forget on the right.) We will prove this on
the exercise sheet.
Now the map
[(A™, 0A™), (K, A)] — H,(X, A)

is obviously surjective, since every n-simplex has its boundary in A. For injectivity, one
needs a statement similar to Lemma [3.12.4] which we will omit here. O

The topological relative Hurewicz (Theorem [3.12.8)) follows immediately, by application
to the Kan complex pair (Sing X, Sing A) for a CW pair (X, A).

Theorem 3.12.12 (“Whitehead for homology”). If @ map X — Y of simply connected
Kan complexes or CW complexes is an equivalence on all homology groups, it is a homotopy
equivalence.

Proof. We reduce to the case of an inclusion of Kan complexes or a CW pair as in the proof of
Whitehead (simplicial resp. topological). Now by assumption and the long exact sequence in
homology, all relative homology groups vanish, so by relative Hurewicz, all relative homotopy
groups vanish. So, by the long exact sequence, all maps on homotopy are isomorphisms, and
thus the map X — Y is a homotopy equivalence by the simplicial or topological Whitehead
theorem. ]

One might think that for non-simply connected X, Y, it suffices to demand in addition
that the map X — Y is also an isomorphism on ;. This is not true (maybe we will discuss
an example in the exercises), and the best one can do is:

Proposition 3.12.13. If a map of connected CW-complexes X — Y is an isomorphism on
m, and the map on universal covers X — Y is a homology equivalence, then X — Y 1is a
homotopy equivalence.

Proof. Consider the diagram

X ——Y

X —Y
By assumption, the upper horizontal map is a homology equivalence of simply-connected CW
complexes. By Theorem, [3.12.12 this implies that it is an isomorphism on all homotopy
groups. Since the vertical maps are isomorphisms on 7w, for n > 2, the bottom map is an

isomorphism on those m,. By assumption, it is also an isomorphism on 7y, so by Whitehead,
it is an equivalence. []
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3.13 Proof of Theorem [3.9.1

The purpose of this section is to give a proof of Theorem (of course without getting
circular). We will first need an analogous statement to [3.12.13| for Kan complexes.

Definition 3.13.1. For a connected pointed Kan complex K, we define the universal cov-
ering K as follows:

K, = {Maps A" x A" = K which send A" x {0} to the basepoint ko}/ ~,

where ~ denotes homotopy rel A" x JA!. There is an evident map K — K which sends a
map A" x Al — K to its restriction on A" x {1}.

Informally, an n-simplex in K is given by an n-simplex in K together with a path con-
necting it to the basepoint of K. We refer to the preimage of a point AY — K as the fiber
of K over that point. If one is willing to use Hom simplicial sets, then this is a quotient of
Hom(A', K).

Explicitly, the O-simplices of the fiber over a point p : A — K are given by the set of
homotopy classes rel 9A! of maps A! — K which send {1} to p and {0} to the basepoint
ko. Similarly to the group structure on 7 (K), we see that we have a free transitive action
of m(K) on this set.

Lemma 3.13.2. K comes with a m1(K)-action, free on [?n for all n, and K is exhibited as

the quotient of that action by the map K — K.

Proof. The homotopy classes of maps of pairs (A" x A, A" x dA') — (K, ko) form a group
via extension along the anodyne map A™ x A? — A" x A2, In fact, this coincides with

m (K), since the map
A% x ATUA™ x 9AT = A™ x Al

is anodyne. B
By “precomposing”, we get an action of this group on K, which preserves the map
K, — K,. In fact, if we consider the preimage of a given n-simplex A™ — K, it acts freely
and transitively: Elements of the fiber are maps A" x A! — K which are constant on the
left face and the given n-simplex on the right face, and given two different ones, we can glue
them to a map A" x A2 — K, which we can extend to A™ x A2

Finally, the actions given here are compatible with all the simplicial structure maps
(which induce isomorphisms on the group acting...) O

We now want to prove that K — K has nice lifting properties, similar to the classical
situation of coverings. For that, let us consider the class M of all monomorphisms A — X
such that in every square of the form

A—

P [A{v
L.

X — K

we have a unique dashed arrow making it commute. It is easy to see that this class is closed
under retracts, pushouts and transfinite composition.
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Lemma 3.13.3. Any map A° — A" is in the class M.

Proof. A point A% — K determines a homotopy class of a path, compatible with the n-
simplex A™ — K, i.e. a map A' Iy A" — K, unique up to homotopy rel {0} U A™. Now
the pair

A" H{O} Al H{l} A" — A" x Al
is anodyne, so the given map A" ITyp A I3 A" — K (constant on the first n-simplex)
extends uniquely up to homotopy rel A™ x OA' to A" x Al ie. determines a unique
compatible n-simplex A™ — K. n

Lemma 3.13.4. Any horn inclusion A} — A" is in M. In particular, K is a Kan complex.
It also follows that all anodyne maps are in M.

Proof. The map A} — K is the unique lift of the composite A} — K compatible with the
map {k} — K (applying Lemma to all the n — 1-simplices of A}, which all contain
{k}). Now the map A" — K determines a unique lift compatible with the point {k} — K
and thus the desired horn-filler upstairs.

This shows in particular that we can fill any horn A} — K. O

But M is actually larger than the class of anodyne maps:

Lemma 3.13.5. The inclusions OA™ — A" forn > 2 are in M. In particular, any inclusion
A — X which is an isomorphism on 1-skeleta is in M.

Proof. Given a map 0A™ — K and a filler A — K downstairs, we can obtain a lift A™ — K
compatible with any restriction to a horn A}. Since ;A™ — A" is in M, all these lifts agree,
since any two horns intersect in a face (here, n > 2 enters). So the lift is actually compatible
with all of A" — K.

For the more general claim, we just observe that all AU X*™1 — AU X* for k > 2 are

in M, since they are iterated pushouts against OA* — A*. Thus their transfinite composite
A — X isin M. O

Corollary 3.13.6. The map m,(K) — 7,(K) is an isomorphism for n > 2.
Proof. For surjectivity, we use that JA™ — A" is in M, with the following diagram

OA™ const [?

L

A" —— K
For injectivity, we use that (A" x A') — A" x Al is in M (Lemma |3.13.5). O
Proposition 3.13.7. K is simply connected.

Proof. En element in m(K) is represented by a map Al x Al — K which sends Al x {0}
to the basepoint as well as OA! x A! to paths that are homotopic to constant path. Using
homotopy extension we may assume that it is actually also send to a constant path. But
then this map is homotopic rel A x {0} UJA! x A to the constant map, since the inclusion

A x {0} UOA x AY = Al x Al

is anodyne. O]
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Lemma 3.13.8. For a pointed connected CW complex X with universal covering )Z', Singv)? —
Sing X is the universal covering of Sing X. For a pointed connected Kan complex K, |K| —
|K| is a universal covering of CW complexes. Additionally, the natural map K — Sing | K|
s an isomorphism on .

Proof. For the first statement, observe that a map |A™ x A'| — X which sends |A™ x {0}
to the basepoint of X lifts uniquely to X, thus determines a map |A"| — X and thus an
n-simplex. This only depends on the homotopy class of |A" x Al| — X rel |A™ x 0Al|.
The other way around, an n-simplex |A” x {1}| — X extends to a map |A" x Al — X
which sends |A™ x {0}| constantly to the basepoint. This map is determined uniquely up to
homotopy rel |A™ x OA!] since X is simply-connected, and postcomposition gives an unique
such homotopy class of maps |A" x A'| — X. We have thus established a bijection between
the n-simplices of Sing X and the n-simplices of the universal covering of Sing X, compatible
with the simplicial structure maps and the map to Sing X.

For the second statement, observe that the action of 7T1(K ) on K gives a properly discon-
tinuous free action on |K|, so that the quotient map |K| — |K |/m(K) = |K] is a covering
map. We can also check that |K | is simply-connected: Since K is simply-connected, Lemma
3.11.3| shows that K is homotopy equivalent to a Kan complex with trivial 1-skeleton, so
its realisation is homotopy equivalent to a CW complex with trivial 1-skeleton, thus simply-

connected. This shows that |K| — |K]| is the universal covering, and furthermore that
Wl(K):leKyzﬁlsing‘K’. ]

We can now use this to prove Theorem [3.9.1]

Proof of Theorem[3.9.1. Firstly, for any simplicial set K, the map K — Sing|K]| is a ho-
mology equivalence. We have a map of long exact sequences (using the adjunction to write
Hy(Sing X) = Hy(X))

s Hy(K™Y) ——— Hy(K") ——— Hy(K™, K™Y ——— ..

l | |

. —— Hi(|K"7Y) —— Hi(|K"|) —— Hi(|K"], [K"7Y) ——

and thus by the five-lemma and induction we will be done once we see that the vertical maps
between relative terms are isomorphisms. Since we have a pushout

[[oA" —— K™t

! |

HAn s Kn’

and same for CW complexes after realisation, by excision and additivity we are left to show
that the map
Hp (A", 0A™) — Hi(|A"|, [0A™])

is an isomorphism. We know both sides are generated by a single degree n generator, which
is represented by the tautological n-simplex on the left, it is easy to see that that goes to a
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generator under realisation. In fact, we note that we actually see that the map
Hy(K) — Hi(Sing |K|) = Hy.(]K])

is the inclusion cellular homology with respect to the CW structure on the realisation.
In the natural diagram

K —— Sing| K|

o

K —— Sing | K|

we know by Lemma that the right vertical map is a universal covering of Sing|K]|,
and the bottom map is a m-isomorphism.

Now the top map is a homology equivalence between simply-connected Kan complexes,
so by Theorem [3.12.12] it is an equivalence, thus an isomorphism on =, for n > 2. By
Corollary [3.13.6] the vertical covering maps are also isomorphisms on 7, for n > 2, and thus
the lower horizontal map is an isomorphism on all homotopy groups, thus by the simplicial
Whitehead theorem it is an equivalence. [

3.14 Eilenberg-MacLane spaces and Brown representabil-
ity

Definition 3.14.1. A pointed, connected space/Kan complex (X, x) is called Eilenberg-

MacLane space if we have m;(X,z) = 0 for all i # n. An Eilenberg-MacLane space K(G,n)

for G a group which is abelian if n > 2 is an Eilenberg-MacLane space X together with an
isomorphism 7, (X, x) = G. We will write K (G, n) for X in this case.

Example 3.14.2. The space RP> is a K(Z/2,1). Every connected, aspherical space X is a
K(m(X),1). For example all 3, for g > 1 are Eilenberg-MacLane spaces. The space CP*
is a K(Z,2) (we have not yet shown this).

Proposition 3.14.3. For every n and G (which is abelian for n < 2) there exists an
Filenberg-Mac Lane space K(G,n). Any two K(G,n)’s are weakly homotopy equivalent.

Proof. We will work in the category of CW complexes. First we want to show the existence
of a K(G,n) for each n and each G. We will construct such a space inductively. As a first
step we choose generators (g;);c; for G as a group. Then we form the space

XO = \/ S
I
The space X, has vanishing homotopy in degrees < n and the elements g; induce a map

’ﬂ'n(Xg) — G.

Let Ky C m,(Xo) be the kernel of this map and choose generators (k;);es for Ky. Then we
form the CW X, obtained from Xy by attaching an (n + 1)-cell along each of the generators
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k;, i.e. the pushout
\/J Sn —_— XO

L

\/J Dn+1 ﬁ_)(1

The space X is n-connective and we claim that 7, (X;) = G. For n = 1 this is a consequence
of Seifert-van-Kampen (as we have already seen in Topology 1 and the exercises). For n > 2
we use that by Hurewicz it suffices to show that H,(X;) = G which is immediate from the
Mayer-Vietoris sequence.

Now the space X; has potentially higher homotopy groups which we want to ‘kill’ by
attaching higher cells. Thus pick generators of m,.1(X;) and attach (n + 2)-cells to X3, i.e.
form the CW complex X, obtained as the pushout

v Sn+1 o Xl

|

\/ D2 X,

Then the map m(X;) — 7,(X2) is an isomorphism in degrees < n by cellular approximation
and by construction the map m,.1(X;) — mp41(X2) sends the generators to 0. Thus this
map is zero. But by cellular approximation every element in 7,,1(X52) lies in the image of
this map. We conclude that m,,1(X3) = 0. Now we repeat the last step inductively to get a
sequence of CW inclusions

X — Xo— X3 — ...

such that for all these 7, is G and the more and more higher homotopy groups vanish. The
colimit X is then a CW complex which is a K(G,n).

This shows the existence part. For the uniqueness part let Y be another K(G,n). We
want to construct a map X — Y that is a weak equivalence. The generators g; of G give
us a map fo: Xo = \/;5" — Y that is an isomorphism on 7, for k& < n and surjective for
k = n. More precisely this maps sends in degree n precisely the elements named k; above to
zero. If follows that we can extend fy to a map X; — Y by choosing nullhomotopies of the
corresponding maps S™ — Y. The resulting map X; — Y is thus an isomorphism in degree
n. We now proceed inductively to factor this map to a map Xy — Y which is possible since
all elements in 7, X; are clearly mapped to 0 in m,1Y. Thus we iteratively get maps
fn: X, = Y that all induce an isomorphism in more and more degrees. Thus the colimit of
these maps gives rise to a map f : X — Y that is an isomorphism on all homotopy groups,
i.e. a weak equivalence.

For two abstract K(G,n)’s Y and Z we simply construct a zig-zag of weak equivalences
by choosing weak equivalences X — Y and X — Z for our ‘standard model” X. O]

We will use the uniqueness statement in the last Theorem to use the generic notation
K(G,n) for Eilenberg Mac Lane spaces. We can (and will) always assume these are CW
complexes, respectively Kan complexes when working simplicially.

Proposition 3.14.4. We have the following facts about low-degree homology and cohomology
groups of Eilenberg-MacLane spaces:
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1. We have H;(K(G,n)) = 0 for 0 < i < n, H,(K(G,n)) = G, and if n > 2,
Hn+1(K<G7 n)) =0.

2. We have H(K(G,n);G") =0 for 0 < i < n, H'(K(G,n);G") = Hom(G,G"), and if
n>2, H""'(K(G,n);G') = Ext(G,&).

Proof. The construction of K(G,n) in the proof of Proposition uses n-cells corre-
sponding to the generators and n + 1-cells to kill the kernel of the corresponding map
T (\/ S™) — G. Since the kernel is a subgroup of a free abelian group, it is free, and we can
choose the n + 1-cells to correspond to the basis of this kernel. The cellular complex of the
resulting K (G, n) then is given in degrees n — 1,n,n + 1 by:

= 04 CL(K(G,n)) = Cria1(K(Gyn)) ...,

where the differential is injective (if n > 2) and has cokernel G, by construction. The claims
about homology follow.

Using the universal coefficients theorem (Corollary we conclude the statements
about cohomology. O

In particular we get a canonical element ¢, € H"(K(G,n),G) corresponding to the
identity map G — G. Then for every map X — K(G,n) we get an induced element
f*(tn) € H"(X; G). This defines a map

(X, K(G,n)] — H'(X; Q)

Theorem 3.14.5. For every CW complex X and every abelian group G this map
(X, K(G,n)] — H'(X; Q)

1S a bijection.

We will deduce this Theorem from an abstract representability result for cohomology
theories. Note that for general spaces we can simply replace [X, K (G, n)] by weak homotopy
classes of maps (i.e. morphisms in the homotopy category obtained by inverting weak equiv-
alences) and the statement remains true. Of course the simplicial version of the Theorem is
true as well.

Corollary 3.14.6. We have that

[K(G,n), K(G',n)] = Hom(G, G")
[K(G,n), K(G',n+1)] = Ext(G,G").

In particular, the full subcategory of Ho(CW) on all K(G,n) for a fized n > 2 is equivalent
to Ab, implying that there is a functor Ab — Ho(CW) sending G — K(G,n).

Proof. This follows immediately from Theorem [3.14.5] and Proposition [3.14.4] O

Now we will formulate the abstract result from which we can deduce Theorem [3.14.5]
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Theorem 3.14.7 (Brown representability I). Let (E*,0) be a generalized cohomology theory
(as defined in M Then there exist pointed CW complexes F, for every integer n € Z
together with natural isomorphism

E™"(X,A) =2 [X/A, E,).
for every CW pair (X, A).

Proof of Theorem from Theorem[3.14.7. Using Brown representability we get for ev-
ery n and every GG we get a space F, together with a natural isomorphism

H'(X, A:G) = [X/A, E,].

We claim that E, is an Eilenberg-MacLane space K (G, n). To see this it suffices to compute
the homotopy groups. But we get that

G for k=n

0 otherwise

m(En) = (%, Eal. = HH(S™, G) = {

Thus we have shown that there is an abstract, natural isomorphism
H"(X,A;G) = [X/A, K(G,n)].
for every CW pair (X, A). In particular for a space X we have an isomorphism
H"(X;G)=H"(X,0;G) =X, K(G,n)]. = [X, K(G,n)]

where we have used that X /() = X,. This isomorphism is natural in X.

Now we are almost done, it only remains to show that the isomorphism H"(X;G) =
[X, K(G,n)] has to be of the form claimed in Theorem [3.14.5, namely by pullback of the
universal class a. To see this we observe that by Yoneda any natural transformation has
to be given by pullback along some class in o/ € H"(K(G,n),G) = Hom(G,G). Since
the natural transformation is an isomorphism we can conclude that it has to correspond
to an isomorphism G — G. Now we simply change the map 7,(K(G,n)) = G by this
automorphism [f] O

Before we go on to prove Brown representability let us recall that for every cohomology
theory F and every CW pair (X, A) we have a natural isomorphism

E™(X,A) = E"(X/A)

so that it suffices to produce a pointed space E, such that for any other pointed space X
we have

E"(X) = [X, E,].

In other words: we try to find an object in the homotopy category that represents the functor

E": Ho(CW.)? — Set.

6Here we really use that an Eilenberg MacLane space is given by a pair of a space and an isomorphism
T, = G and not just an abstract space.
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In general a functor F': C°? — Set is called representable if there exists an object ¢ € C' and
a natural isomorphism F(x) = Homg(z,c). By Yoneda the object ¢ is by this requirement
uniquely determined and there is a universal element o € F'(¢) such that the map

Hom¢(z,¢) — F(x)

is given by sending ¢ : x — ¢ to the element in F'(x) obtained as the image of « under
F(p): F(c) = F(x). Thus one should more precisely say that the pair ¢ € C' and o € F(c)
represents the functor F. Using this terminology we can state Brown representability as
saying that for every cohomology theory the functors E" are representable. The statement
of Theorem can then by summarized by saying that the pair K (G, n) and « represents
H"(—;G).

In order to prove Brown representability we would like to formulate general criteria for a
functor Ho(CW,.)®? — Set to be representable. For technical reasons we have to restrict to
the full subcategory Ho(CW{*") of pointed connected spaces and we will assume eveything
is well-pointed (or work simplicially).

Theorem 3.14.8 (Brown representability II). A functor F': Ho(CW{™)? — Set is repre-
sentable precisely if it satisfies the following conditions

1. It sends wedge of connected space Ho(CWS™)P to products of sets, i.e. the canonical

map
F\/ X)) = [[F(x))

induced by the inclusions X; — \/ X; is an isomorphism.

2. It sends pushouts along CW inclusions in CW to weak pullbacks in Set. That is for
every pushout diagram
A——B

X—Y
where A C X is a CW inclusion (and therefore also B C'Y') the induced map

F(Y) = F(B) xpa) F(X)
1S surjective.

Remark 3.14.9. The second assertion is also sometimes called the Mayer-Vietoris property.
It can be stated as saying that for given elements b € F(B) and x € F(X) such that the
images in F'(A) agree there is an element y € F(Y) that maps to x and b respectively.

One can also state the second assertion using an open cover by a topological space, i.e.
consider the square

Uy NU,y Uy
Ui Uy U U,

More generally, the correct generality is to consider homotopy pushout squares. We will
introduce this notion soon. Then one would say that F' sends homotopy pushouts to weak
pullbacks.
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Proof of Theorem from Theorem[3.14.8 Let E be a cohomology theory. As we have
argued before, we just need to see that the functor

E" : Ho(CW,)? — Set

is representable. We restrict this functor to the subcategory of pointed connected space, i.e.
consider the restriction

E™ : Ho(CW{™)?P — Set

and we claim that it satisfies the above conditions: it clearly commutes with wedge products
(thats why we had to take reduced cohomology so that it vanishes in the point) and for a

given pushout
A——=B

]

X—Y

we get a Mayer-Vietoris sequence
.= E"Y)— E"(X)® E"(B) — E"(A) — ...

which shows that E™(Y') surjects onto the pullback.
Thus applying Theorem [3.14.8 we get a pointed connected space E! representing this

functor, i.e so that )
EM(X) = [X, ]

for all pointed connected spaces X. It is however not true that this also holds for non-
necessarily connected spaces X. We however consider the space

and claim that this represents the functor E™ on all pointed spaces X. To this see we note
that we have the suspension isomorphism

E™"(X) = E"Y{(X)
and furthermore, since XX is always connected we get
EnH(ZX) = [BX, E;L+1] =X QE:«LH]
Together this shows that E™ is represented by E, and thus the claim. O

Warning 3.14.10. Note that we had to argue a bit indirect in the proof of Theorem
since in Theorem [3.14.8] we only give a criterion for functors on connected spaces
to be representable. It would be easier if we had a version of Theorem for functors
Ho(CW, ) — Set or possibly even for functors Ho(CW)® — Set. Unfortunately the ob-
vious guesses for such a Theorem are all false and there is no easy characterisation of such
representable functors. We encourage everyone to think about this carefully!

Proof. We first shown that the conditions are necessary. Thus let us consider the functor F'
given by F(X) = [X, E|. for some pointed connected space E. Then we find that

[\/ X, B, = H[Xi,E]*
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Moreover for a given cellular pushout
A——B
X—Y

we have to show that every pair of pointed maps f : B — E and g : X — F such that
restrictions A — FE are pointed homotopic, we can find a map ¥ — FE such that the
restrictions to B and X are homotopic to f and g, or on diagramatic language

A——B

]

Here all the triangles are possibly filled by homotopies. We could obviously find such an
extension if f and g where equal when restricted to A and not just homotopic and we want
to reduce to this situation. The claim is clearly invariant under replacing g by a homotopic
map ¢’. Thus we simply take the restriction f|4 and the homotopy to g|4 and use the
homotopy extension property to be able to find such a function ¢’ extending f|4 to X and
which is homotopic to g. This finishes one direction of the statement.

Now we want to prove that conditions (1) and (2) are also necessary for the representabil-
ity of a functor. The idea is to construct a representing object F € CW;*" similar to the
construction of Eilenberg-MacLane spaces. To this end assume that we have F' satisfiying
these two conditions. We first note that since spheres S™ for n > 1 are cogroup objects in
CW" with the pinch maps

St — StV .St S"™ — pt
it follows that F'(S™) is a group for every such functor (only using that it sends wedges to

products) and that every natural transformation F’ — F of such functors induces group
homomorphisms F’(S™) — F(S™). We now will proceed in two steps:

e We first construct inductively a pointed, connected CW complex E together with a
transformation
n:[X,El. —» F(X)

such that 7 is a group isomorphism for X given by a sphere S™ for all n > 1.

e Secondly we show that such a morphism 7 inducing isomorphisms on spheres is a
natural isomorphism.

For the first step we start by seting
E1 = \/ ik
n>1,2€F(S™)

We construct a natural map
m: [X, El]* — F(X)
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which is under the isomorphism of the Yoneda lemma induced by the element in

F(E) =F Vo ostl= JI F

n>1,2€ F(S™) n>1,xeF(S™)

given by the family (z € F(S™))scr(sm). Now we claim that 7, is surjective for each sphere:
to see this we see that 7, evaluated on a k-sphere S* is given by the obvious map

st st = F(sh)

n>1,zeF(S™) N

sending a map S* — anl,zeF(S”) S™ to the image of the vector (x),>1cp(sn) under the
induced map

F V' ostl= JI F(s—F(sh
n>1,zeF(S™) n>1,2eF(S™)

and so is surjective as € F(S*) is hit by the unit vector in the coorinate n = k,r = .
In the next step we attach for each element y in the kernel K,, = ker([S™, E1]. — F(S™))
for varying n a cell to E;. More precisely we form the pushout

n
vnzl,Kn S - Ey

]

n
\/nZl,Kn D >~ E»

We use the property (2) of the theorem for the functor F' to extend the map n; over Es, to
obtain a map
N . [X7 EQ]* — F(X)

This map has the property that it is still surjective for spheres S* (as it extends ;) and also
that the elements in the kernel K, of n; get mapped to zero under the map

[Sk, El]* — [Sk, EQ]*
We proceed by induction to obtain a sequence of CW complexes
E1—>E2—>E3—)...

and define £ as the colimit. We claim that F'(E) surjects onto imF'(E;). To see this note
that we can write E also as the pushout

VE, ——V Ex
L
V Eant1 E

and we can apply property 2. Using this observation we can get a map

0 [X, E]. — F(X)
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extending the maps 7,. This map is still surjective on spheres S*. We claim that is is also
injective. To this end note that by compactness every element in the kernel has to factor
trough some finite stage £y, C E and thus is killed in the next step.

Now we have produced a map 7 with the desired property. We want to finish the proof
by showing that the map n : [X, E]. — F(X) is an isomorphism for each CW complex X
and not merely for spheres. For this we will not use the specific form of £ but merely that
the transformation 7 is an isomorphism on spheres.

Assume that f,¢g : X — E map to the same element in F'(X) under 1. Then form the
double mapping cone Uy, defined as the pushout

XVX——F

.

X/\A}i_—>0f7g

We can extend the transformation 7 to a transformation ' : [—, C},] — F'(—) using property
2 and the fact that f and g are equalized in 77. Now we proceed as in step 1 to find a map
Crg — E' together with an extension n” : [—, E'] — F(—) that is an isomorphism on
spheres. It follows that £ — Cf, — E’ is an isomorphism on homotopy groups and thus by
Whitehead a homotopy equivalence. Thus the maps f,g: X — E were already homotopic.

To see that 7 is surjective we argue similar: for a given element z € F(X) we get a
transformation 1’ : [—, E'V X| — F(—) extending 1 and with z in the image. Then we form
EV X — E'" and a transformation extending n’ that is an isomophism on spheres so that we
conclude that £ — E’ is a homotopy equivalence and that z was already in the image. [J

Finally we want to see a bit cleaner what Brown Representability (or more specifically
Theorem [3.14.7)) gives us for a cohomology theory. We have already seem that for every
integer n we get pointed spaces F, together with natural isomorphisms

E"(X) = [X, E,.
Not the suspension isomorphism gives isomorphisms
(X, QF, 1], = X, E ] = E"TH(EX) = E"(X) = [X, E,].

By the Yoneda Lemma these are induced by a homotopy equivalence F,, ~ QF, ;. Thus we
also get a (homotopy class) of a homotopy equivalence as such from a cohomology theory. In
particular we see that F,, for n < 0 can be recovered from Ej by taking iterated loopspaces
and is thus a ‘redundant’ datum. This motivated the following Definition

Definition 3.14.11. A spectrum is a sequence of pointed spaces F,, for every n € N together
with homotopy equivalences F,, — QF,, ., for every n € N.

Brown representability implies that we can get a spectrum from every cohomology theory.
Conversely if we start with a spectrum E we claim that we can built a cohomology theory
as follows: for every pointed space we define

E"(X):=[X,E,).

where E, for n < 0 is defined to be Q™" FEy. A priori this is only a set, but it inherits an
abelian group structure from the fact that E,, = Q?E,,» and composition of loops (for the
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group structure a single loop is sufficient, but for it to be abelian we need two). We also
have the suspension isomorphism E"(X) = E™(X) induced from the homotopy equivalence
E, ~ QF, .1 which is clearly compatible with the loop structures, as the map F,, — QF,
is itself the looping of the map F, 1 — QF, .- as the diagram

E, OB,
QEn—‘rl - Q2Z?n—§—2

clearly commutes. It is not not hard to check that this satisfies all the axioms of a homology
theory [ It is clear that these two constructions are ‘inverse’ to each other so that spectra
are the ‘same’ as cohomology theories. Lets make that precise.

Definition 3.14.12. Two spectra E and E’ are called equivalent if there are homotopy
equivalences E,, — £, that are compatible with the structure maps up to homotopy.

Theorem 3.14.13 (Brown representability 3). The assignment from spectra to comology
theories induces a bijection between isomorphism classes of coomology theories and equiva-
lence classes of spectra.

Remark 3.14.14. We will later introduce a category of spectra in which the isomorphism
classes of objects are precisely the equivalence classes of spectra. But it will not be the case
that this category is equivalent to the category of cohomology theories. This has to do with
the existence of so-called phantom maps.

Examples 3.14.15. 1. For every abelian group A we have the Eilenberg Mac Lane spec-
trum H A given by the sequence of spaces

(K(A,0), K(A, 1), K(A,2),...)

where K(A,0) just means A with the discrete topology together with the homotopy
equivalences K(A,n) ~ QK(A,n + 1) inducing the identity on m,. This spectrum
represents ordinary A-valued homology.

2. The arguably most important (and in some sense most complicated) spectrum is the
sphere spectrum S. The sphere spectrum is in degree n given by the space

colimy_,oQFS™ ™ = Q(S™) .

Here the colimit is taken over the maps induced by the equator maps. For the transition
maps we take the map S™ — S™*! given by the equator inclusion and take the induced
map S™ — QS"*!. The cohomology theory it represents is called stable cohomotopy
and written as

S*(X) = [X, colimy o, Q2FS™ ],

for a space X.

"Here it is cleaner to work with cohomology theories defined on pointed spaces as opposed to pairs of
spaces and take the suspension isomorphism as part of the datum instead of the connecting homomorphism.
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3. Generalizing the last example we can take any pointed space X and form the suspension
spectrum XX as follows. The n-th space is given by

Q(X"X) = colimy_,0o 2" X" X
So we have that S = >S5,

Definition 3.14.16. For a given spectrum E and any integer n € Z we define the n-th
homotopy group of E to be

Tn(E) := mp(E"F) for some £ >> 0.

This is clearly independent of the choice of k. The stable homotopy groups 7(X) of a
pointed space X are the homotopy groups of the suspension spectrum »>*°X.

Lemma 3.14.17. The stable homotopy groups of a space X are given by the colimit
T (X) = colim (7,(X) = 1 (ZX) = mosa(Z2X) — ...).

For negative n they vanish.

Proof. We have
QX)) = 70 <coli k_kaE’“X> = colimy,oom (V4 X) = colimyoomye (54 X)

proving the first claim. For negative n we use that ¥* is k-connective, i.e. all homotopy
groups below k vanish (by cellular approximation). O

Theorem 3.14.18 (Freudenthal suspension Theorem). If X is a n-connected CW complex
then the suspension map

(X, 2) = ma(EX, ) (8" = X) e (8" = BX)
1s an isomorphism for i < 2n and a surjection for v =2n + 1.
Proof. This will follows from Blakers-Massey (that we will discuss later). ]
As a special case we get that the morphism
mi(S™) — mig (S™)

is an isomorphism for ¢ < 2n — 1 and a surjection for i = 2n — 1. We again can deduce the
computation of m,(S™) from that:

Corollary 3.14.19. We have that m,(S™) = Z for every n and thus also 7,(S) = Z
Proof. From the preceeding statement we get that in the sequence
71'1(51) — 7T2<52) — 7T3(S3) — ...

the first map is surjective and all the others are isos. We know that m;(S') = Z and thus
m2(5?) can only be Z or Z/n. But we already know that the degree m,(S?) — Z is surjective,
thus it can not be Z/n. O

Corollary 3.14.20. For any pointed space X we have that
T (X) = Mo (BHX)
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3.15 Homotopy pullbacks and fibre sequences

In this section we want to introduce the important concept of homotopy limits and colimits.
We begin with the case of pullbacks. We will work in the category of Kan complexes, but
most of what we do can equally well be carried out in the category of topological spaces
(except that some of the limits will take us out of CW complexes so that we have to sprinkly
in CW replacements). We will freely use the simplicial path space X A for a Kan complex
X given as

X2 = Hom(A" x A!, X)
which has the universal property that

Hom(Y, X*') = Hom(Y x A, X)

for any other simplicial set Y. This is a Kan complex by Lemma [3.8.4] since lifting agains a
horn A7 — A™ is by adjunction the same as lifting X against A} x A' — A" x A! which is
anodyne. Moreover we have for any topological space Z that

Sing(Z*V) = Sing(2)*'

and therefore also that [X2'| ~ | X101,
Let us consider a diagram

X (3.1)
p
Y 17
of Kan complexes.

Definition 3.15.1. The homotopy pullback of the diagram (3.1]) is given by the Kan complex
X xBY = X)X g0 22 200, X Y

Note that the O-simplices of this pullback are given by ‘points’ z € X,y € Y together
with a path connecting the images in Z. In the topological picture this becomes slighthly
cleaner: the homotopy pullback of spaces X and Y is the space whose points are given by
triples (x,y,vy) where z € X, y € Y and 7 is a path from p(x) to ¢(y). The singular complex
will literally take this to the homotopy pullback of Kan complexes (using Lemma .

Example 3.15.2. The homotopy pullback of the diagram

pt

|

pt—X

for a pointed space X is given by the loopspace Q2X. Note that the actual pullback of this
diagram is the point.

Lemma 3.15.3. The simplicial set X x%Y is indeed a Kan complex.
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Proof. We write the homotopy pullback as the pullback

X xby —s2z8
(evo,evi)

XxY 2L 7%z
We now claim that the right hand map is a Kan fibration, that is every diagram of the form

JNJ— 7

l L (evo,evi)

A" ——= 7 X 7
admits a lift as indicated by the dottet arrow

A —— ZA

7
7
l P 7 L(evo,evl)
7

A" ——= 7 x 7

(and such that everything commutes). To see this we observe that by the universal properties
a lift in this diagram is the same as lift in the diagram

(A? X Al) X(A?xaAl) (An X 8A1) ?Z

—
—
—
—
—
—
—

A" x Al

which is possible since Z is a Kan complex and the left hand map is anodyne by Lemma
. Thus we find that the pullback of this map X x%Y — X x Y is also a Kan fibration.
But the map X X Y — pt is also a Kan fibration (since products of Kan complexes are also
Kan complexes). But then the the composition

XxBY - X xY —pt

is a Kan fibration as well, which shows that the source is a Kan complex. [

Note that by construction the homotopy pullback comes with a diagram

Xx’%Y—>)l(
Y Z

That does not commute but for which we have a canonical homotopy from the clockwise to
the counterclockwise composition (draw in the diagram). Conversely for any diagram

P——X

|

Y —7
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filled by a homotopy we get an induced map P — X x% Y and we say that this diagram
exhibits P as the homotopy pullback if this map is a (weak) homotopy equivalence. Note
that the direction of the homotopy in the diagram does not really matter as we can easily
take the ‘inverse’ homotopy. Therefore we will usually not mention this explicitly.
We now want to make the universal property slightly more explict, in other words we try
to understand which functor
Ho(Kan)?” — Set

the homotopy pullback X x% Y represents.

Proposition 3.15.4. For any Kan complex W we have a natural bijection between the set
Homyo(kan) (W, X X% Y') and the following set

{(f,g. W) | f: W =X g: WY h:pf=~qg}
homotopy

Here two triples (f,g,h) and (f',¢',h') are called homotopic if there are homotopies f ~ f
and g ~ g such that the composite homotopy W x Al — Z in the diagram

! .i\); \\\i’l//f” \

is homotopic relative W x OA' to h.
Proof. Unfolding the definitions, concretely analyse what maps into X x Z2' x,Y are. [

Remark 3.15.5. It follows that for any homotopy pullback the same holds. In fact one could
(and should probably) us the above description as a definition: the homotopy pullback is
given by a homotopy commutative square (with a chosen fillers) such that P represents the
above functor.

Corollary 3.15.6. 1. We have a canonical homotopy equivalence X x%Y ~Y x% X.

2. Assume we are given a diagram of the form

A—sB——C

N

D—F—F
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with filling homotopies and such that the right hand square is a homotopy pullback.
Then the outer square with the composite homotopy is a homotopy pullback, if and
only if the left hand side is one.

Proof. Use universal property and Yoneda. [

Example 3.15.7. The equivalence X x% Y ~ Y x% X gives in the case X =Y = pt the
self equivalence Q27 — Q7 which takes a path v to —~.

A priori the homotopy pullback X x% Y is functorial in maps of diagrams
X

I\

Y —7

\\l

g
that are strictly commutative. Now we claim that it is also functorial in diagrams with fillers

X

I\

Y—7

\\l

7
To see this we simply observe that extending this diagram

Xxhy—=X

Y Z X'
\ YI\ Zl/
and considering the outer diagram with the respective fillers gives the desired map X x2Y —

X' %, Y'. Tt easily follows from the universal property that this is indeed functorial, that is
for compositions ...

Corollary 3.15.8. Assume that we have a diagram

X

I\

Y —7

\\l

Y — = 7'

(with possible homotopies as fillers) in which all the diagonal maps are homotopy equiva-
lences. Then so is the induced map X x%Y — X' x1, Y.
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Proof. Clear, just pick the inverses. n

Remark 3.15.9. Corollary |[3.15.8| for strictly commutative diagrams is of course completely
false for ordinary pullbacks, e.g. consider the case of the map

pt

AN

pt——= X PX

AN

pt——X

where X is a pointed space and PX is the space of paths ending in the basepoint. This
space is clearly contractible, so all diagonal maps are homotopy equivalences. The actual
pullback pt x x pt is of course the point and the pullback pt x x PX is the loopspace Q.X.
These two are not homotopy equivalent.

We also see how the homotopy pullback resolves this problem, as we get in both cases the
loopspace. In fact, very often, this invariance property of the homotopy pullback is taken
as the defining propery and design criterion. In our approach this is just a consequence of
making everything functorial up to homotopy.

Definition 3.15.10. For a map p: E — B and a point b € B the homotopy fibre fib(p) =
fiby(p) = EI is given by the homotopy pullback

fib(p) — pt
|k
E B

We say that a pair of maps F' — FE — B together with a nullhomotopy of the composite
(i.e. a homotopy to the map F' — B projecting to the basepoint of B) is a fibre sequence of
the induced diagram

F

E

If the basepoint b is clear we shall drop it from the notation and leave it implicit We warn
the reader that one very often speaks of fibre sequences F' — E — B and leaves the choice
of nullhomotopy of the composite implicit. But the nullhomotopy is part of the datum of a
fibre sequence and this abusive notation can lead to mistakes if one is not careful!

-+

ép

=

— = B

is a homotopy pullback.

Example 3.15.11. 1. For a pointed space B the homotopy fibre of pt — B is the loop
space QB.

2. For a fibre sequence F' — E — B (of pointed spaces) it follows from the pasting law
that the fibre of the map F' — FE is given by 2B. Thus we get a sequence of maps

OB —+-F —+FEF—>B

in which each double composition has a canonical nullhomotop that exhibits it as a
fibre sequence.
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3. We can continue the sequence to the left by iterating the procedure:

B OF o ™ oB S F S ESB

Here we get the sign since the canonical map has flipped the two points on ).

Theorem 3.15.12. For a fibre sequence F — E — B we get a long exact sequence
e — 7T1(E) — 7T1(B> — 7T0(F) — WQ(E) — 7T0(B)
(not necessarily surjective at the very right).

Proof. We first proof exactness at mo(E). Since F' — E — B is nullhomotopic it follows
immediately that the image is contained in the kernel (which for pointed sets is simply the
preimage of the basepoint). For the converse we note that by the universal property an
element of 7 (F) is given by a point in F together with a path connecting it to the basepoint
in B. But an element in the kernel of p, : mo(E) — mo(B) clearly admits such a lift. Now
we simply apply this observation to the sequence of the last example together with the
observation that mo(Q"B) = 7, B. O

Example 3.15.13. For £ — B a covering space we want to identify the homotopy fibre
F' (here we work in topological spaces). We observe that by definition F' is given by pairs
consisting of a point e € F and a path yp(e) — b. Using the unique path lifting property we
get that this is equal to the space of path in F ending in the preimage p~'b (and starting in
some point e), i.e.

F={y:[0,1] = E|py(1) = b}

Contracting every path to its endpoint, this space has an obvious deformation retract given
by constant path, i.e. is homotopy equivalent to the discrete set p~!(b). Thus we conclude
that

Fep i,

The long exact sequence thus takes the form
Tn(F) = m(E) = m(B) — 71 (F)
and since 7, (F) = 0 for k > 1 we get back the result that 7,(E) = 7,(B) for n > 2.

Recall that we also had a long exact sequence of relative homotopy groups
oo — 7Tl<A) — 7Tl(X> — 7T1(X, A) — 7T0(A) — 7T0(X)

shown in Theorem [3.3.5] This turns out to be a special case of the last proposition by virtue
of the next result.

Proposition 3.15.14. For an inclusion i : A C X of topological spaces/Kan complexes we
we have a canonical identification m,1(X, A) = m,(fib(¢)) for each n > 0.

Proof. We use the universal property to see that an element in 7, (fib(i)) = [S™, fib()]. is the
same as a homotopy class of pairs consisting of a map S™ — A together with a nullhomotopy
of the composition S™ — X. But this is clearly the same as a map D"*!' — X that sends
S™ = 9D to A. O
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This also explains precisely why mo(X, A) is not defined, (X, A) is only a pointed set,
mo(X, A) a groups and 7 (X, A) for k > 3 abelian.

We end this chapter by a criterion that is sometimes useful to identify homotopy pull-
backs/fibres.

Definition 3.15.15. A map EF — B of simplicial sets is called a Kan fibration if every
diagram of the form
A} —F

ke
|
A" —B

admis a filler. A map E — B of topological spaces is called Serre fibration if every diagram
of the form

D" E

/’f
(id,O)l - l
D'x—=B

admits a filler.

Warning 3.15.16. The notion of Kan/Serre fibrations are not homotopy invariant concepts.
In fact, up to equivalence each map can be replace by a Kan/Serre fibration. So these are
really point set notions that are important in the respective models.

Example 3.15.17. Every covering space E — B is a Serre fibration by the usual covering
theory.

Proposition 3.15.18. A map E — B of topological spaces is a Serre fibration precisely
Sing £ — Sing B is a Kan fibration.

Proof. For Sing E — Sing B to be a Kan fibration we must be able to solve the lifting
problem
A} ——Sing F/

L
AN — Sing B
Such a lift is by adjunction the same as a lift in the adjoint diagram
A} ——E
7
| ]
/s
Ve
A" — B
But the map |A?| — |A"| is homeomorphic to the map D"~! — D"~ x [. O

A map of topological spaces E — B is called fibre bundle of there exists an open covering
{Ui}ier of B such that for every i there is a space F; and a homeomorphism

~

E

UiX_FZ'

N

i

U;

An example is a Covering space in which case all F; are discrete sets.
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Proposition 3.15.19. Every fibre bundle is a Serre fibration.

Proof. A fibre bundle E — B is called trivial if it is of the form B x F' 25 B. We first treat
the case of a trivial bundle. In this cae O]

First induction on n. Then subdivide and reduce to the trivial bundle.
Finally the main reason to consider fibrations here is the following result:

Theorem 3.15.20. Assume that E — B is a Kan fibration (Serre fibration) and assume
that we have a pullback square
X—F

b

of Kan complexes (top. Spaces). Then this square (with the identity homtopy) is also a
homotopy pullback square.

Proof. Exercise. O

Corollary 3.15.21. For a Kan fibration p : E — B the homotopy fibre is equivalent to the
actual fibre p~(b) and we get a corresponding long exact sequence on homotopy groups.

Corollary 3.15.22. For a Kan fibration E 2> B we get a long ezact seugence in homotopy
groups:
o= ma(p (b)) = m(E) = ma(B) — m(p (b)) — ...

Example 3.15.23. Consider the Hopf fibration S® — S? with preimage S!. This is a fibre
bundle, thus a Serre fibration. We find that

7, (S?) =2 7,(S?)

for n > 3 since 7,(S') = 0. In particular we find that 73(S?) = Z.

3.16 Postnikov and Whitehead towers

Definition 3.16.1. Let X be a Kan complex. We say that a map X — X’ is an n-truncation
if X’ is n-truncated (that is 7, (X) = 0 for k£ > n all choices of basepoints) and it is universal
with respect to this: that is for any other map X — Y with Y n-truncated there exists a

unique factorization
X=X =Y

in Ho(Kan) (that is it only factors up to homotopy and is only unique up to homotopy). In
this case we also write X' = 7, X.

Clearly, the truncation is uniquely determined if it exists.

Example 3.16.2. The map X — mo(X)° exhibits my(X) as the O-truncation of X. To see
this note that for any space with vanishing higher homotopy groups is homotopy equivalent
to a discrete Kan complex on a set. Thus any map factors uniquely through my(X) (in other
words: my(X) is left adjoint to the inclusion of sets into simplicial sets).
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Proposition 3.16.3. For every space X there exist all truncations 1<, X. The map X —
T<pnX 15 an iso on 7y for k < n.

Proof. We first construct for every space X a map X — X’ such that X’ is n-truncated
and such that the map is an n-equivalence, i.e. an isomorhism on homotopy groups 7 for
k < n. This is easy to achieve by attaching cells to X killing the higher homotopy groups.
In particular we get that (X', X) is a CW pair with cells of dimension > n. If follows by
the compression Lemma [3.3.9)/the simplicial analogue that any given map X — Y for Y
n-connective can be uniquely (up to homotopy) extended over X’ and thus that X' satisfies
the universal property of the n-truncation. O

Definition 3.16.4. A map X’ — X of pointed spaces is called n-connective (or (n — 1)-
connected) covering if X’ is n-connective (i.e. m;(X) = 0 for k < n) and it is universal, that
is for any other map of pointed spaces Y — X such that Y is n-connective there exists a

unique factorizaton
Y - X' — X .

up to homotopy We also write X' = 7, X.

Example 3.16.5. Let X be a pointed spaces. A connected covering is simply the inclusion
of the basepoint component 751X = Xy C X. A l-connected covering is the universal
covering of Xj.

Proposition 3.16.6. For every pointed homotopy type X and every n > 0 there exists an
n-connective covering T>, X and we have that the map 7>, X — X 1is an isomorphism on
homotopy groups . for k > n. Moreover there is a fibre sequence

Tan — X —>T§n,1X .

Proof. For a given pointed homotopy type X we define our candidate for an n-connective
cover as the fibre of the n — 1-truncation so that there is a fibre sequence

TZnX — X = Tgnflx .

In order to verify the universal propery we observe that for every n-connective pointed space
Y and a given map Y — X the composite Y — 7<,_1 X is (uniquely) nullhomotopic since
such a map has to factor through 7, 1Y ~ pt. As a result we get a (unique) factorization
through the fibre. This verifies the universal propery. The long exact sequence on homotopy
groups then gives the claim about the homotopy groups. O]

Definition 3.16.7. We now get for every space X two sequences of spaces:
vo = T X = 71 X — 70X
called the Postnikov Tower and
— T2 X = 751X = 50X =X .
called the Whitehead tower of X.

What are the fibres of these towers? We find that the fibre of 7, X — 7, 1 X is
equivalent to 7>,(7<,)X. This space has a single homotopy group in degree n which is given
by m,X. Thus it is an Eilenberg-MacLane space. More generally we get
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Proposition 3.16.8. We have for every n fibre sequences
K(mX,n) = 7<n X = 7<n1 X

and
K(’YTnX,n — 1) — TZnJrlX — TZnX .

Finally we want to understand the limit of these towers. Informally it should be clear
that the limit of the Postnikov tower should be X and the limit of the Whitehead tower
should be the point. In order to make this precise we need to introduce inverse homotopy
limits.

Definition 3.16.9. The Homotopy equalizer of two maps f,g : X — Y is defined as the
homotopy pullback

hEq(f, 9) Y

l 2
(f,9)

X———Y xY

From the Definition of the homotopy equalizer as a homotopy pullback we can deduce
that it is functorial in maps of diagrams that commute up to homotopy (in the obvious
sense) and that it is invariant under homotopy equivalence. One can also deduce a universal
property, namely that a map into hEq(f,g) is given by a map into X together with a
homotopy between the two composites to Y. In particular the points of hEq(f, g) are given
by pairs consisting of a point z € X together with a path between f(x) and g(z).

Proposition 3.16.10. Assume that X,Y and both maps f,g are pointed. Then we have a
fibre sequence
QY — hEq(f,9) - X

and thus a long exact sequence

o mX 25 Y s mohEq(f, g) — mo(X)
Proof. We consider the diagram

F——hEq(f, )

.

pt X Y xY

which shows that the fibre of the map is given by the outer pullback, i.e. the fibre of the
diagonal map Y — Y x Y. But this fibre is equivalent to QY since it is given by two paths
in Y starting in the basepoint and ending at the same point. The map QY — hEq(f,g)
sends a loop to the triple consisting of the basepoint of X together with the two path given.
by the respective halfs of the loop (having a common point in Y'). Finally we extend to a
fibre sequence

QX = QY — hEq(f,g9) = X
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using the diagram

If we go through the idenfitifications we see that the map Q2X — QY is given by sending a
loop in X to the loop in Y, where we apply f to the loop and then compose with the inverse
of applying Y to that loop. [

-1
Note that the map m X ELIN mY is not a group homomorphism! It is the map induced
from the map QX — QY that is not a loop map.

Definition 3.16.11. Consider a diagram of spaces
...—+.X5 l;.Xﬁ_l;.Xb

Then the sequential homotopy inverse limit Qolim (X,) is defined as the homotopy equalizer

of the two maps
I1x - I

n>0 n>0

given by the identity and the map that sends a sequence (x,,),>¢ to the sequence (f(z,))n>1

Again the points of homotopy inverse limit can be described as tuples (x,,,¥,) consiting
of points x,, € X,, and paths ~, in X,, connecting z,, to f(z,11). As before we see that the
homotopy limit is functorial in maps of diagrams that commute up to homotopy and it has
the following universal property: giving a map Z — holim X, is the same as giving a map
into each X,, together with homotopies witnessing that the diagrams

7 ——> Xpi1
X
commute up to homotopy.

Remark 3.16.12. As before one gets that if all the maps X,, — X,,_; are fibrations (in the
respective sense) then the homotopy inverse limit can be computed by the actual limit. We
have in the definition of the sequential inverse limit (as well as the equalizer) implicitly used
that the ‘homotopy product’ can be defined as the actual product since there are no possible
homotopies are coming up and the product is already homotopy invariant.

Proposition 3.16.13 (Milnor sequence). For a diagram of pointed spaces
Lo XD x DX,
and k > 1 we have a short exact sequence

0— @ﬁlmﬂ_l()(n) — 7 olim Xp) = Jmy,m(Xp) — 0
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Proof. We consider the definition of the homotopy limit as the homotopy equalizer of two

pointed maps
id, £ [ X0 = [] Xn

n>0 n>0

Then we get a long exact sequence from Proposition [3.16.10| that takes the form

[T 7 (X0) = T meen (X)) = me(holim X)) — [ [ me(X0) = [ me(Xa) -

n>0 n>0 n>0 n>0
This induces a short exact sequence as desired. O]

Corollary 3.16.14. The inverse homotopy limit of the Whithead tower of X is pt and the
wmwverse homotopy limit of the Postnikov tower is X.

Proof. There is always a canonical map pt — MTan and X — holim7<, X. We have
to show that they are isomorphisms on homotopy groups for all choices of basepoints. This
immediately follows from the Milnor sequence for higher homotopy groups since the sequence
of homotopy groups stabilize. It remains to understand the case of m. O

One should see the last result as saying that the Whithead tower induces a ‘complete,
exhaustive filtration’ of X with fibres given by Eilenberg-MacLane spaces. Or said differently:
every space can be build out of Eilenberg MacLane spaces.

We end this section by remarking that there is a definition of homotopy limit for any
diagram I — Kan. We have only treated the special case where [ is in some sense 1-
dimensional (more precisely the classifying space of I is 1-dimensional). In the general case
the universal propery is harder to articulate since there are all sorts of ‘higher coherences’
coming up. Still, one can in fact reduce the case of arbitrary homotopy limits to iterations
of pullbacks and infinite products. We will not be able to cover this here.

3.17 Homotopy pushouts and colimits

In this section we are briefly going to discuss the concept of homotopy pushouts and colimits
which is ‘dual’ to limits.

Definition 3.17.1. A square
A—>B
b
C——=D

filled by a homotopy is called a homotopy pushout square (and D the homotopy pushout)
if for any space E the map

f,9h) | f:B—FE,g:C— E h: fi~gj}
homotopy

[D,E] — {(

is a bijection. For a map X — Y the pushout ptIIxY is also called the cofibre of f and
written as cof(f).
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Proposition 3.17.2. For every diagram

A
Sy

S
<.

Q

there exists a pushout D = B 11 C' given by the space
B HAX{O} (A X I) HA><{1} C .

Moreover we have a pasting law for homotopy pushout diagrams and they are invariant under
homotopy equivalence.

Proof. Clear. O
Example 3.17.3. 1. The pushout pt ITy pt is given by XX (the unreduced suspension).
2. The cofibre of a map f : X — Y is given by the mapping cone
cof( X - Y)=(XxI)1Ixs V) /(X x0) .
Bild.
3. Dual to the sequence for iterated fibres we get for every map X — Y a sequence

X =Y = cof(f) = X — XY — Scof (f) — ¥2°X — ..

4. The cofibre of a map S™ — X is given by pushout D" IIg. X, i.e. the space obtained
by attaching a cell. More generally all the pushouts occuring in CW complexes

I[,s"——X,

]

1
H[ Dn+ > n+1

are homotopy pushouts. Thus we can just describe X,,; as a pushout of X,, against
points.

Proposition 3.17.4. If we have a pushout square of simplicial sets

A~ B

P

C—D

then it is a homotopy pushout provided that one of the maps A — B or B — C s a
monomorphism. If it is a square of topological spaces then it is enough that one of the maps
is a subspace inclusion that has the HEP (e.g. is a relative CW pair), see Definition |3.3.".

It is also a homotopy pushout if it is an excisive triad, that is B,C are subspaces of D
and A = BN C (that is the square is also a pullback) and that the open cores of B and C
still cover D.
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Proof. Skipped but not hard. n

Remark 3.17.5. And example of an excisive triad is an open cover. Most of the the-
orems that we have shown for open covers / cellular pushouts remain true for arbitrary
homotopy pushouts. For example the Mayer-Vietoris sequence in homology or the Brown-
representability theorem.

Recall that for homotopy groups we had a sort of Mayer-Vietoris sequence for pullbacks.

Theorem 3.17.6 (Blakers-Massey). Assume that we have a homotopy pushout square

A~ B
v
C——=D

where fib(i) is n-connected and j is m-connected for n,m > 0. Then the fibre of the map
A — B x% C is (m + n)-connected.

Proof. Skipped. There are purely homotopy theoretic proofs! [

Note that the fibre of a map X — Y is n-connected precisely if 7, (X) — 7 (Y") is an iso
for E < n+ 1 and a surjection for £ = n by the long exact sequence.

Corollary 3.17.7 (Freudenthal suspension Theorem, see(3.14.18]). If X is a (n—1)-connected
CW complex. Then the suspension map

mi(X,x) = m (XX, x) (S" = X) = (S"T - ¥X)
s an isomorphism for i < 2n — 1 and a surjection for i = 2n — 1.
Proof. Consider the homotopy pushout
X——npt
pt— XX

The fibres here are (n — 1)-connected. The homotopy pullback is given by Q23X and thus
we conclude that the map
X = Q¥X

is an isomorphism in degrees through 2n — 2 and a surjection in degree (2n—1). This implies
the claim. O

Definition 3.17.8. For a diagram
X0—>X1—>X2—>...

the homotopy colimit is given by a universal space X, together with maps X; — X, and
homotopies filling the diagrams
Xi—= X1

N

(here universal means that every other such space admits a unique (up to homotopy) map
to Xoo)-
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Proposition 3.17.9. The sequential homotopy colimit exists and is given by the mapping

telescope 10X % 1
(x,1) ~ (f(2),0)

which 1s also equivalent to the homotopy pushout of the diagram

(1) 1 (1) S x,

\v4
[TX;

The latter is an explict form of the homotopy coequalizer of two maps

Proposition 3.17.10. For a sequential homotopy colimit Xo — X1 — ... = X we get that

the induced map
coli 17Tk(XZ) — Wk(Xoo)

s an isomorphism.

Proof. We show that the map is injective and surjective (similar as we have seen this for
CW complexes and increasing unions of open sets before). Both follow from the fact that
every map from a compact space K to X has to factor (up to homotopy) through a finite
inclusion X; — X, which follows by covering X, by open sets containing the X;. The rest
proceeds as before. [

Corollary 3.17.11. Every CW complezx is the homotopy colimit of its skeleta. In particular
every CW complex can be obtained by iterative cuproducts, pushouts and sequential colimits
from the one point space pt.

In that way the collection of all homotopy types is ‘generated’ from the point.

Remark 3.17.12. This should be seen as the ‘dual’ of the Milnor sequence on homotopy
for homotopy inverse limits, where the dual of the lim'-term vanishes. In fact, the previous
result more generally is true for any filtered colimit, not necessarily directed.

Corollary 3.17.13. For every sequence of simplicial sets
XO — X1 — ...

the actual colimit is (weakly) equivalent to the homotopy colimit.

Proof. We first note that the homotopy groups of the colimit are also isomorphic to the
colimit of the homotopy groups. To see this, we simply observe that |colimX;| = colim|Xj|
and that for maps of CW complexes we have that homotopy groups commute with sequential
colimits (for arbitrary diagrams of spaces this is false though...).

Now we get a map from the homotopy colimit to the actual colimit by abstract nonsense
and we claim that this is an isomorphism on homotopy groups. O
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3.18 The category of spectra

We end this lecture by an overview of the category of spectra. We recall that a spectrum is
a sequence of spaces X; for ¢ € N together with homotopy equivalences X; ~ QX;,, for all
1€ N.

Definition 3.18.1. A map of spectra X — Y is a sequence of maps f; : X; — Y together
with homotopies h; filling the squares

X, —— OXin

fil lﬂfi+1

Y; — QYz'-s-l

for each 1.

A homotopy between maps of spectra (f;, h;) and (f/, h;) consists of homotopies f; = f/
such that the two homotopies between the two maps X; — QY;,; built using f; and Qf; 1
are homotopic.

The homotopies are part of the datum of a map, they are not just required to exist.
Unfortunately this has the effect that maps of spectra can not be composed in a strictly
associative way, only up to homotopy. We can thus form the stable homotopy category SHC
also called the homotopy category of spectra whose objects are spectra and whose morphisms
are homotopy classes of maps of spectra. Two objects are equivalent in SHC precisely if they
are equivalent as in Definition 3.14.12 A map is an equivalence preicsely if it induces an
isomorphism on homotopy groups.

Remark 3.18.2. It is clear that one can also define the notion of homotopy between ho-
motopies of spectra etc. This way spectra very naturally form an oco-category and this
oo-category Sp is really the ‘correct’ object to study. But we do not want to go into this
here. We will thus not really speak of the category of spectra (which is an co-category) but
only of the homotopy category.

Let us now examine some categorical properties of spectra. In many respects spectra
behaves like abelian groups.

Proposition 3.18.3. 1. The category SHC is pointed, that is it has an object which is
both initial and final given by the spectrum 0 = (pt, pt, pt, ...).

2. The category SHC is semiadditive, that is it has biproducts Ay & Ay for any pair of
spectra. ﬂ

3. The category SHC is additive, that is the shear map is an equivalence. FEquivalently
every object is a commutative group, i.e. the forgetful functor from commutative groups
15 an equivalence.

8 A biproduct is an object together with maps i; : A; — Ay ® A; and 7; : Ag & A; — A; such that the
i; exhibit it as the coproduct, the m; exibit it as the product and such that the composition 7; o i; is ;5.
Equivalently in a pointed category one always gets a map from the coproduct Ay V Ay — Ay x A; and one
requires this to be an isomorphism. An equivalent way of stating this is that the forgetful functor from
commutative monoids in the category (wrt product) to the category is an equivalence of categories)
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Proof. Done on the exercises. [

Now we want to say a few more words about the formal structure on spectra. To this
end we have to roughly say what homotopy colimits are.

Definition 3.18.4. A square of spectra (not in SHC!)

X—Y

|

Z—W
filled by a homotopy is a homotopy pullback if for each n the induced square

X,—Y,

]

Ly —= W,
is a pullback of spaces.

Remark 3.18.5. One should of course rather define this using a universal property, but
because of lacking technology we can’t at the moment.

We also note that spectra have all pullbacks, given by the 'pointwise pullbacl’,. as the
formula clearly indicates.

In particular we get that QX = pt X x pt is given by the levelwise loopspace. Now note
that we get an induced functor
Q) : SHC — SHC

induced from this operation. And it levelwise loops, i.e. shifts the spectrum. Thus the
following result is more or less immediate:

Theorem 3.18.6. The functor ) : SHC — SHC is an equivalence of categories.

In fact, since we have pushouts we have also defined fibres of a map of spectra fib(f) —
X — Y. Clearly we get an induced long exact sequence

o > i1 (V) = m(fib(f)) = mi(X) = m((Y) = moa(F) — ...

In particular a morphism of spectra is an equivalence precisely if its fibre is equivalent to 0
(recall that all homtoopy groups are abelian and there are no my-issues).

Finally we want to compare the category of spectra to the category of cohomology theo-
ries. Therefore recall:

Definition 3.18.7. The category CohTh of cohomology theories is the category of pairs con-
sisting of functors E* : Ho(Kan, )% — grAb and natural isomorphisms E*(—) ~ E**1(¥-)
that form cohomology theories. A morphism is given by a natural transformation £* — F*
that commutes with the suspension isos.
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Clearly cohomology theories form a nice additive category. We have also seen that every
spectrum yields a cohomology theory and it is also clear (7) that every morphism of spectra
gives a map of cohomology theories. We want to compare SHC to the category of cohomology
theories. That is, we get a a functor

SHC — CohTh

sending F to the induced cohomology theory. We have already seen that this functor is
essentially surjective. But what are maps between the associated cohomology theories with
two spectra?

Let us expand a bit on that: a spectrum X gives a sequence of functors

En(=) = [= Xale:

and a map of spectra X — Y give natural transformations F,, — F;, induced by X,, — Y,,.
The compatibility with the suspension isomorphism translates into the diagram

En+1(2_) :l [—, QXn+1]* —>En<_> :l _
Fn+1<2_) = [_7 QYn—i—l]* —>Fn(—) =

commuting, i.e. by Yoneda this means that the diagram

commutes in Ho(Kan,). But the choice of filler is not part of the datum of a morphism.
That is a morphism of cohomology theories represented by spectra X and Y translates into
a sequence of maps f; : X; — Y; such that these squares commute, but not prefered filler
choosen. We see that whenever this is the case we can of course choose such a filler, that is
the functor

SHC — CohTh

is full, that is surjective on Homs. More precisely we have:

Theorem 3.18.8. The functor SHC — CohTh is essentially surjective and full, but not
faithful. More precisely for any pair of spectra X and Y we have a short exact sequence of
abelian groups

0— @11 [Xl, }/z’fl] — HOIIlSHc(X, Y) — HOIIlCOhTh(X, Y) —0

Proof. We have already established that the functor is essentially surjective and full. The
latter translates into the map

I‘IOIl’lsflc()(7 Y) — Homeconh (X, Y)

being surjective. It therefore remains to understand its kernel (note that we are dealing with
a group homomorphism since the functor

SHC — CohTh



CHAPTER 3. TOPOLOGY III, WINTER TERM 2025/26 254

is additive). An element in the kernel is by definition an class of maps of spectra X — Y
such that all the underlying maps X; — Y; are nullhomotopic. So we can WLOG assume
they are actually zero, otherwise we replace our map by an equivalent one. Then the datum
of making it a map of spectra is actually precisely given by a sequence of maps

hi + X — QQY;-H ~ Y

Two such maps are homotopic, i.e. equal in SHC precisely if there are maps n; : X; — QY; =
Y;_1 such that

hi +m; >~ Qg1
But this is exactly an element in @11[)(“ Yi 4] O

Definition 3.18.9. Maps of spectra F — F' that induced the zero map on associated
cohomology theories are called hyperphantoms.

By definition, hyperphantoms are precisely those maps of spectra X — Y that are in the
lim'-term in the short exact sequence

0— @11 [XZ, Y;,l] — HOmSHc(X, Y) — HOHICOhTh(X, Y) — 0

It is a priori clear that hyperphantoms actually exist and it is non-trivial to construct
one and a little bit behind the methods of the scope of this course. []

Let us just note that for many spectra X and Y the group @1 (X, Y;_1] is actually zero,
so that maps of spectra and maps of the associated cohomology theories in fact agree.

We finally close this section by noting that the category SHC has much more structure.
For example, there is a tensor product ® = ®g which formally is a functor

® : SHC x SHC — SHC

that makes SHC a symmetric monoidal category. The unit is the sphere spectrum S. This
tensor product has the property that the suspension spectrum functor

¥ : Ho(Kan) — SHC
becomes symmetric monoidal, in particular
X @ETY =3T(X xY).
Moreover algebra objects in this structure, i.e. specrum E equipped with a maps
F®QFE—FES—FE

which are unital and associative in SHC induced multicative cohomology theories under the
functor

SHC — CohTh .

By multiplicatie cohomology theories, we mean cohomology theories (E*,0) equipped with
the structure of a graded ring on E*(X) for each space X such that all maps E*(X) — E*(Y)
become ring maps and such that the connecting homomorphism § becomes a module map:

o(a)Up =d(aui*(B)) .

9For example for X = KU and Y = HZ[1] there are such hyperphantoms. In fact, in this case
Homgontn(X,Y) =0 and l'&l1 [X;,Y;—1] is an uncountable Q-vector space.
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For example HZ is a ring spectrum (since Z is a ring) and this is the u homotopy theoretic
formulation of the existence of the cup product on singular cohomology.

We finally note that we think of spectra as a generalization of abelian groups and therefore
about the study of those as ‘higher algebra’. Here is a dictionary that might be helpful for
some of you:

Abelian groups Spectra
The integers Z The sphere spectrum S
Free abelian group Frz(S) | Suspension spectra X(X)
Rings Ring spectra
Kz s

Let us finally stress again, that one should really treat spectra as an oo-category rather
than taking homotopy groups. This will be core content of next semester.

3.19 Further results

We first note that one of the key topics of this lecture were higher homotopy groups. We
have seen that even for spheres they are not as easy. A summary of what we have seen is
the following:

o m(S') =Z, and 7, (S') = 0 for k > 1. This follows from covering theory.
e 7, (S™) =0 for k < n. This follows from cellular approximation.

e 7,(S™) = Z. This follows from the Hurewicz theorem, which compares homotopy to
homology, in the first degree where the homotopy is nontrivial.

o 73(5?) = Z by the long exact sequence of the Hopf-fibration.

e Under the suspension maps 7;(S™) — .1 (S™), the sequence
o= TR(S™) = Ty (ST —
eventually stabilizes, i.e. the maps become isomorphisms for large enough indices.

e 7,(S™) is countable for all k£ and n. This follows since Sing S™ is equivalent to a Kan
complex with countably many simplices, namely a Kan replacement of A™/0A™ and
the process of Kan replacing stays countable (remember the small object argument).
It does not stay finite!

The first major breakthrough in these computations is the following result:

Theorem 3.19.1 (Serre). The group m(S™) is finite, except if k = n or n is even and
k =2n — 1. In the latter case, ma,_1(S™) is of the form Z @ finite.

Corollary 3.19.2. The stable homotopy groups m;(S) are finite for i > 0.
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The method employed and invented by Serre is the Serre spectral sequence, which also
yields a methods of computing the homotopy groups (which is practically only implementable
for low degrees). Roughly speaking, the Serre spectral sequence is a method for a fibre
sequence

F—FE—B

to compute the cohomology H*(FE) from the cohomology H*(F') and H*(B) similar, but
much more complicated, to long exact sequences on homotopy groups. It is a generalization
of the Kiinneth theorem in the sense that for the fibre sequence

F—-FxB—B

Recall that if B is of finite type:

0— (H*(B)® H'(F)), - H'(F x B) = @5 Tor(H"(B), H'(F)) — 0

p+q=n+1

We also have that
0— H(B)® H/(F) — H (B, H(F)) — Tor(H(B), H(F)) — 0
Combining these two statements gives the following Corollary.

Corollary 3.19.3. For a finite type space B we have a (non-natural) isomorphism

H"(B x F)= (P HY(B, H(F))

i+j=n

Proof. We have isomorphisms

H"(FxB)= @ (HB) e H'(F)® P Tor(H(B),H'(F))

= D (H'(B)® 1(F) @ Tor(H™(B), H(F))
= P HI(B,H(F)). -

Remark 3.19.4. It turns out, that one can also show that this is true without the finite
type assumption on B.

The general slogan now is, that the Serre spectral sequence for a fibre sequence
F—-FE—B

is a tool (similar to a long exact sequence) that let us compute H*(E) from H*(B, H*(F))
for a fibre seugence F' — E — B. In the case of the product the two are isomorphic (non-
canonically). But for general fibre sequences they are not and one has ’differentials’ that tell
you how to go from H*(B, H*(F')) to H*(FE). One writes this as

H*(B,H*(F)) = H*(E)
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One can also use this tool to learn somethings (sometimes everything) about the cohomogy
of F' from knowing the cohomology of F and B.

To apply this to the computation of 7;(S*¥). Serre proceeded roughly by first computing
the cohomology of Eilenberg Mac-Lane spaces K(A,n) inductively This is actually hard in
this generality, but one can learn quite a bit using the fibre sequence

K(An—1)—pt = K(A,n)

and so-called Steenrod operations with the transgression theorem. After that, he would go
on to consider the fibre sequence

K(Z,k —1) = 715" — S* = 70.8F = K(Z, k)

and compute the homology/cohomology of 7>,1S* by the left hand fibre sequence. The
latter can then by Hurewicz be used to compute the lowest homotopy group w1 (7>115%) =
Te+1(S®). In the next step we would continue looking at the fibre sequence

K(Wk+1<8k), l{?) — TZIH_QSk — Tzk_HSk — K(?Tk+1(sk), k + 1)

and try to compute the (co)homology of 7>j,25% and so forth.
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